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Preface 


During the past twenty-five years many of the advances in 
differential geometry of surfaces in euclidean space have had to 
do with transformations of surfaces of a given type into surfaces 
of the same type. Before this period Bianchi and Backlund had 
established their transformations of a pseudospherical surface into 
pseudospherical surfaces, the essential feature of which is that 
a given surface and any transform are the focal surfaces of a W 
congruence. Furthermore, Bianchi (Lezioni, § 383) established the 
so-called theorem of permutability of such transformations; that 
is, if S, and S, are two transforms of S there can be found a fourth 
surface S’ which is a transform of both S, and S,. Later (foot- 
note 41) he showed that there is a similar theorem of permutability 
for transtormations such that a given surface and a transform are 
the focal surfaces of a W congruence. 

In 1899 Guichard (f. n. 100) announced two theorems con- 
cerning the deformations of a quadric of revolution which led to 
the transformations of Darboux of isothermic surfaces. In such 
a transformation a surface and its transform are the sheets of 
the envelope of a two-parameter family of spheres with the lines 
ot curvature corresponding on the two sheets. Families of spheres 
of this type are associated with cyclic systems of circles, which 
Ribaucour was the first to investigate extensively, and consequently 
two surfaces which are the sheets of the envelope of a two-para- 
meter family of spheres with lines of curvature in correspondence 
are said to be in the relation of a transformation of Ribaucour. 
Bianchi showed that for transformations of Ribaucour (f. n. 54) 
and in particular for transformations of Darboux of isothermic 
surfaces (f. n. 64) there is a theorem of permutability in the sense 
mentioned above. 

When two surfaces are in the relation of a transformation 
of Ribaucour, the lines joining corresponding points on the surfaces 
form a congruence whose developables meet the surfaces in their 
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lines of curvature. The transformations of Darboux are a particular 
case of transformations of conjugate systems, or nets, with equal 
point invariants, such that the lines joining corresponding points 
of such a net and a transform form a congruence whose deve- 
lopables meet the surfaces on which the nets Jie in these nets and 
corresponding points of the two nets divide harmonically the focal 
segment of the corresponding lines of the congruence; these trans- 
formations were first studied by Koenigs (f.n. 17) and are called 
transformations K. 

When two nets and the congruence of the joins of corre- 
sponding points are so related that the developables of the con- 
gruence meet the surfaces on which the nets lie in these nets, 
we say that either net is obtained from the other by a fundamental 
transformation, or more briefly a transformation F. We have 
remarked that transformations of Ribaucour and transformations A 
are of this type. The general transformations /’ for 3-space have 
been studied by Jonas and the author (f.n.15) and a theorem 
of permutability of these transformations has been established. 

Most, if not all, of the transformations which have been 
developed in recent years are reducible to transformations F’ or 
to transformations of the type such that a surface and a trans- 
form are focal surfaces of a W congruence. It is the purpose of 
this book to develop these two types of transformations and thereby 
to coordinate the results of many investigations. 


October, 1922. 2 
Luther Pfahler Eisenhart. 
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Chapter I. 
Conjugate nets and congruences. 


. 1. Geometric entities of euclidean n-space. A point in 
‘ euclidean ee of m dimensions is determined by a system of 
mn numbers x’,....a”, called the coordinates of the point, which 
bare a generalization of cartesian coordinates in euclidean 3-space. 
\We refer to the point as P(~). Thus ~ typifies all of the coordinates. 
In like manner P(y) is the point whose coordinates are y',....y”. 
The distance d between P(x) and P(y) is defined by the equation 


2? = (yi— x')?+ SET + (y"— ar? => (y—2)?. 


As thus used = indicates the sum of all terms of the type 
(y'— x*)?, but we write it in the above form without subscripts or 
superscripts, and shall do so in what follows. 

If X',....X” are » numbers, the points whose coordinates are 
of the form 


where wu is a parameter, lie on a déne through P(x). The quantities _X 


“are called direction-parameters of the line. Evidently they are deter- 


mined only to within a factor. This equation represents each of 
the n equations 7 = «’+uX*. It is important that the reader 
should become familiar with this notation. It is understood that w 
is the same for all » equations. 

Two non-coincident lines whose corresponding direction-para- 
meters X and Y are proportional are said to be parallel. The angle 
of inclination of two non-parallel lines of direction-parameters X* 
and Y* is defined to be 

DX 


V xe y? 


When cos 6 = 0 the lines are said to be perpendicular. 
: 1 


cos 8 = 


2 J. Conjugate nets and congruences 


The locus of the points whose coordinates are of the form 


y=atux-+vyY, 


where u and v are parameters, is a plane. The locus of the points 
whose coordinates satisfy a relation of the form 


wait aa?t+....ta%a+ a"t1= 0, 


where the a’s are constants, is called a hyperplane. For the sake 

of brevity we write the above equation in the form az Ss gt eee t 

In particular, 7; = 0 is the equation of a coordinate hyperplane. 
Two hyperplanes 


7 n 
a datarti= 0, bia + p$"+i— 0 
=I aah 


are said to be parallel when the corresponding quantities a’ and b* 
(i = 1,....n) are proportional. The angle of inclination 4 of two 
non-parallel hyperplanes is defined by 


n 
Da be 


t=1 
V Sao? oi? : 


When cos 6 — 0, the two hyperplanes are said to be perpendicular. 
In particular, any two coordinate hyperplanes are perpendicular. 

A line is a special type of curve, which by definition is the 
locus of a point whose coordinates x are functions’) of a parameter w. 
The tangent to a curve at a point is the line through the point 


CONG = 


: ‘ dx 
whose direction-parameters are ar 
UYU 


A plane is a special case of a swface, the latter being defined 
to be the locus of a point whose coordinates 2 are functions of 
two parameters wu and v. The points of the surface for which 
v has the same value is called a parametric curve v = const. There 
is a one-parameter family of curves v = const. on a surface. 


') In this treatment the parameters may be real or complex, and the only 
requirements made of the functions is that they and their derivatives (to such 
order as the latter appear in the development) are uniform and continuous. 
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When w and v are replaced by functions of two new parameters w’ 
and v’, we get new parametric curves, and conversely any two 
one-parameter families of curves can be made parametric. 

As in the case of 3-space [§ 25]”), it can be shown that the 
tangents to all the curves at an ordinary point P of a surface lie 
in a plane, called the tangent plane at the point. 

2. Conjugate nets. Normal parameters. When the para- 
meters of a surface are such that the coordinates x are solutions 
of the same equation of the Laplace form, 


6-0. Bt.0.losG, 208 
dudv Ov du 


dlogb 06 
du dv’ 


(1) ae 


the parametric curves are said to form a conjugate net, or simply 
a net. As a consequence of this definition a net in 3-space consists 
of a conjugate system of curves [§ 80]. Equation (1) is called the 
point equation of the net. We speak of the net as N(z). 

As in the case of ordinary space, if we put 


Be oe an Shr a ea gcc Mees 
(2) BD (I, aie ou Ov’ e=2 (+), # ee ae 


it is readily found that [cf. § 63] 


OE OG 0G 0H 
dloga Ce oe O1loeo ie meee, 
fy aa) de hive ce ae ee 


(3) 


The functions #, F, G@ are called the fundamental coefficients of 
the net. 


. Ox : . 
The functions -. and ae are direction-parameters of the tan- 


gents to the curves v = const. and uw — const. respectively, of a net 
whose point equation is (1). The same is true of the functions «’ 
and §’ defined by 

On et Cie, 


qb, 


Me 


2) A reference in square brackets, thus [§ 25], is to the author’s Differential 
Geometry, Ginn and Co., 1909; in parentheses, thus (§ 25), is to the present volume. 
1* 
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p’ and q’ being functions of « and v. If these equations be dif- 
ferentiated with respect to v and wu respectively, we have in con- 
sequence of (1) 


0 / 0 / 
(4) = myo! + 148", . e = mye’ + nf’, 
where 
) a gq dlogb 
UGE OE ye Sclerosis 
_ p dloga alin ee 
eG aaa a pe wae A Oa we gq 


The coordinates of points on the tangents to curves v — const. 
and w= const. have the respective forms 


xtra’, 2tth’. 


By means of (4) we find that the derivatives of these functions 

with respect to v and wu respectively are linear in @’ and #’. 
Conversely, if a surface is referred to any system of para- 

metric curves, a point on the tangent to v — const. has coordinates 


0 : ; : 4 
of the form ee When v varies the direction-parameters of 


the tangent are 
Ox Ot Ox 02a 
dv av Ou Ou dv 


Hence if this tangent is to be in the tangent plane to the surface, ~ 


: : : Aled quel 0x 
the preceding expression must be a linear combination of eat and rage 
U v 


and we have the theorem: 

A necessary and sufficient condition that a system of curves on 
a surface form a net is that any point on the tangent to a curve 
v = const. moves in the tangent plane as v varies. 

This theorem gives a geometric characterization of a net in 
the sense that the tangents to v = const. are characteristics of 
the tangent planes along a curve w= const. It will be convenient 
at times to refer to the tangent plane to a surface on which 
a given net lies as the tangent plane of the net. 
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Evidently any functions proportional to @’ and #’ are also 
direction-parameters. We wish to consider now the particular 
parameters « and #, such that 


0x Ox 

(5) . Bley: = aa, vlad. bs 
in which case equations (4) become 

: Ce D) Bie 

(6) ov We ae ee 


where m and » are functions of wu and v given by 


Ba ate 0 ee 
Cues Og eet 


(7) 
Following Guichard we say that the @’s and §’s are the normal 
parameters of the net. 

Conversely, if we have pairs of functions @& and £ satisfying 
equations of the form (6), where m and n» are given functions of u 
and v, each pair of functions a and 0 satisfying (7) leads by 
quadratures of the form (5) to a net. Thus the complete integration 
of (7) determines a family of nets, such that at points with the 
same values of wu and v on the nets the tangents to the curves 
v = const. and «= const. are parallel. A representation of all 
these nets is given by drawing through the origin lines whose 
direction-parameters are the «’s and 4’s. We call this representation 
a point net. 

3. Determination of nets on a surface. Consider the 
differential equation 


0°6 076 076 06 


(8) 4 6u nee dudv ge Ov oe 0u 


fog ay 
Ov 


where A, B, C, D and # are functions of wu and v. It we change 
the independent variables, putting 


wu’ = 9, (u,v), v' = g2(u,v), 
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the resulting equation is of the form 


076 070 070 09 06 
/ 4 } A Tt —0o0 
(9) -A ul? aes aloud a apf? pol) Aa ap! , 
where 
du’ \? Ou’ a oxy 
i Penh] 2 
a AS <\'4 wv OU ere dees 
du’ dv’ Ou’ dv’ av’ bu Ou Ov 
fmm eas =| eee. 
tae Ou i av | au ut) 4 oS Ov 


Cad -\ +2322 e+ o(% -\. 


Ov 


From these expressions it follows that if ¢, and gz are resolutions of 


4(32) dupy ee s * o(32) 25: 
Ou Ou Ov 


equation (9) is of the form (1). Since gy; and gz must be functionally 
independent, they are obtained by solving the two differential 
equations of the first order which are factors of 


(10) Adv?—2 Bdudv+ Cdw? = 0. 


Darboux*) has called (10) the differential equation of the characteristics 
of (8). 
There is only one such function g when 


(11) AC— B? = 0. 
ff we take it for wu’, equation (9) is reducible to the form 


070 
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Let S be a surface in 38-space whose cartesian coordinates 
x are functions of any two parameters w and v. We can find by 
differentiation an equation of the form (8) satisfied by the three 
coordinates and by any function of them, say F(a", 2, 2°). Then 


3) Legons, vol. 1, p. 193. 


4. Parallel nets 


the curves defined by (10) form a net, which is determined by 
the character of #'; or if (11).is satisfied, a family of asymptotic 
lines [§ 77]. 

If S is a surface in 4-space*), an equation of the form (8) can 
be found which is satisfied by the four coordinates, and this equation 
is unique to within a factor. Consequently there is a unique net 
on S, unless (11) is satisfied, in which case equation (10) defines 
a self-conjugate family of curves. 

When S is a surface in a space of order higher than the 
fourth, it is not always possible to find an equation of the form (8) 
satisfied by all of the coordinates of S. Consequently in such spaces 
there are surfaces upon which there are not any nets. 

4. Parallel nets. When the points of two surfaces are in 
a one-to-one correspondence of any sort, and two corresponding 
systems of curves are taken as parametric, the parameters can be 
chosen so that wu and v have the same values on the two surfaces 
at corresponding points. It is understood that this plan will be 
followed hereafter whenever we are dealing with point-to-point 
correspondence between two surfaces. 

We inquire under what conditions the tangents to the curves 
of the parametric systems at corresponding points on two surfaces 
are parallel. When these conditions are satisfied we say that the 
two systems are parallel. The coordinates x and x’ of the two 
systems, expressed as functions of the parameters w and v, must 
satisfy the equations 

0a’ Ox On ie too 


(2) Ou ae Au’ VE ea 


where # and 7 are functions of wand v such that the conditions 
0 a Le 
dv \au/] du dv 


are satisfied. These equations show that the ’s satisfy an equation 
of the form (1), where now a and b are given by 


*) When we speak of a surface in n-space, it is meant that the surface 
is not contained in any space of order less than n. 
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oh eee 


(13) oh yay ih us 


c= (h ee ae: 


Hence a necessary condition that a system admit a parallel system 
is that it be a met. Evidently the parallel system also forms a net. 
In fact, it follows from (12) that the coordinates x’ are solutions 
of the equation 


a6’ st Bloga 06" h dlogh 36’ 


(14) dudv h Ov du Epa. ome 


which may be written in the form 


076’ —s dloga’ 00’ , dlogb’ 30’ 
(15), dudv ov Ou 1 Ou dv’ 
where 
(16) US thaw Psi, 


Assume that we have a net whose equation is (1). Each pair 
of functions satisfying (13) gives by quadratures (12) a parallel net. 
If 6 is any solution of (1), the function 6’ given by the quadratures 


a6’ 00 a6’ 06 
1 ay i 
(17) Ou “Su "be Ov 


is a solution of (14); we call 6 and 6’ corresponding solutions of 
(1) and (14). 

The analytical problem of finding parallel nets may be ‘given 
another form. If we define a function » by 


(18) h—l= q, 
equations (13) may be replaced by 


dd _—s Odlogb Ot a) 
ee) Geo bu ee 


logag. 


») A particular solution of these equations is h = 1 = const., in which case 
the surfaces are homothetic transforms of one another with respect to the origin, 
to within a translation. We exclude this case hereafter. 
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The condition of integrability of these equations leads directly to 
logb a9 pe 


0° dloga Oy 
i Ou Sas 


) 
(20) OUdvV Ov pear 


logab = 0, 


Each solution of this equation leads by a quadrature (19) and by 
(18) to a pair of solutions of equations (13), and consequently to 
the determination of a parallel net. 

Equation (20) is by definition the adjoint of equation (1). Hence 
we have the theorem: 

The determination of nets parallel to a given net N is equivalent 
to the solution of the adjoint of the point equation of N. 

The functions h and / are determined by (18) and (19) only 
to within the same additive constant k. Hence if h and 7 are 
one set of solutions of (18) and (19), and x’ the corresponding 
solution of (12), the other solutions h+k, (+k lead to a’+kza. 

Suppose now that we have two nets N and N’ such that the 
tangents to the curves of parameter uw at corresponding points are 
parallel. We shall show that N and WN’ are parallel, unless they 
are planar nets. 

By hypothesis the first of equations (12) holds. Differentiating 
it whith respect to v and making use of the fact that x satisfies 
(1) and a’ (15), we get 


dlogb’ dx’ ees ip ha 0« 
du dv dv” a! 


, Slog b Ox 
au | du  ov- 


Tf the eoefficient of = is zero, the theorem is established. If it 


is not equal to zero, we express the condition of integrability of this 
equation and the first of (12). The resulting equation is reducible 


to the form 
ol Se hen RC 5 Ox 


mrs 


Sue POU av" 


Expressing the condition of integrability of this equation and (1). 
we get an equation of the form 
024 


6 Ox GHG 
ie he ees 
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In § 40 it will be shown that at most two linearly independent 
functions can satisfy two such equations and (1). Hence: 
If two non-planar nets correspond and the tangents to the 
parametric curves in one family are parallel, the nets are parallel. 
If N(x) and N’(x’) are parallel nets, the coordinates of any 
point on the line LZ joining corresponding points are of the form’ 


° 


a+ t(a’— 2x). 


In consequence of (12) the derivatives of this expression are 
reducible to 


Ox Ot ae 


Ou On AA 


Hence the points for which ¢ has the respective values 


describe surfaces =, and 2 such that the lines Z are tangent to 
the curves v = const. on 3, and w= const. on 2,. The coordinates y 
and z of 3, and 3, are 


(21) Ur eee 


A one-parameter family of straight lines tangent to a curve 
or meeting in a point, or having constant direction-parameters is 
called a developable surface’). _Any other one-parameter family of 
lines constitutes a skew ruled surface. In a two-parameter family 
of lines each relation between the parameters determines a surface, 
developable or skew. Hach line of the family belongs to an infinity 
of these surfaces. In space of three dimensions two of these 
surfaces are developable [§ 163]. In spaces of higher order there 


Necks (SPA NS ati) 3-space we use the terms cone and cylinder for the 
second and third types here mentioned. 
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are not necessarily two developables of the family through each 
line. We call a congruence in n-space a two-parameter family of 
lines such that through each line pass two developable surfaces 
of the family. Hereafter it is understood that the parameters x 
and v of the congruence are such that these developables are given 
by w= const. and v = const. 

The preceding results may be stated thus: 

The lines joining corresponding points on two parallel nets form 
a congruence whose developables meet the surfaces on which the nets 
lie in the nets. 

The points, /, and F, whose coordinates are given by (21) 
are called the jirst and second focal points of the line of the 
congruence on which they lie; that is, the point at which the line 
is tangent to the curve of parameter w is called the first focal 
point. The focal points are also spoken of as being of the first 
and second rank. The surfaces, 3, and 22, the loci of F, and Fy 
respectively, are called the first and second focal surfaces of the 
congruence. 

We remark that the tangent planes of the second focal surface 
are the osculating planes of the curves of parameter wu of the first 
focal surface, and the tangent planes of the first focal surface are 
the osculating planes of the curves of parameter v of the second 
focal surface [cf. § 163]. 

By differentiating equations (21), we obtain 


OT POT MOY = Lah jo Coa oka 
[a — (1—h)? du’ av 1—h\dv 1—h . Oy’ 


(22) 
Tole ee Ee et x’ —x a OG hee soe 
du 1—l\du 1—i du }’ dv (1—J)? dv’ 

and 
Or yny a a an oy 0 ( at) Se 
dude av te du] ou r ae 1—h!} dv’ 

(23) 
| he = Atos (oA=t) 22 + 2 to (2 ou te 
ao a liad weoie Paden, eects Deolnaal 


From these equations it is seen that the parametric curves on 
=, and >, form nets [cf. § 163]. In the next section we show that 
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any congruence consists of the joins of corresponding points on two 
parallel nets. Hence: 

The developables of a congruence meet each of the focal sur- 
faces in a net. 

Following Guichard, we say that a net and a congruence are 
conjugate when the developables of the congruence meet the surface 
of the net in the curves of the net, provided that the surface is 
not a focal surface of the congruence. Accordingly we may state 
the next to the last theorem in the form: 

The lines joining corresponding points of two parallel nets form 
a congruence conjugate to these nets. 

5. Congruences conjugate to a net. We consider a net 
N(ax) and a congruence G of direction-parameters X passing through 
points of the net. We seek the general conditions to be satisfied 
by the parameters X in order that N and G@ shall be conjugate. 

A necessary and sufficient condition that N and G be conjugate 
is that on each line of G there be two points defined by equations 
of the form 


(24) y =a2x—hX, Ce eed 9. 


such that as u and v vary respectively the corresponding point moves 
tangentially to the line. This is expressed analytically by 


Oy ; dz 
25 —_—_ = Oux —— aN 
2) Ou : dv ee 


where o and + are determinate functions. Substituting the above 
values, we arrive at equations of the form 


Ou OX 
ha ee a 7 
ae) Ou Ou oe 


0 pve 
Ov 


a s. 
Sait + eX. 
Expressing the condition of integrability of these equations, we 
find that the parameters Y must satisfy an equation of the form 


070 Ny OlomAy 00. Cloes 200 
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(27) OU0v Ov Ou Ou Ov 


+ C@. 
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Hence we have the theorem: 

The direction-parameters of a congruence referred to its develop- 
ables satisfy an equation of Laplace. 

We call (27) the direction equation of the congruence. 

When now we require that the point M of coordinates x 
describe a net whose equation is (1), we find on differentiating 
equations (26) with respect to v and w respectively that the 
coefficients in (27) have the respective values 


(28) 
wee lor fa elf eo loeb ] vee ot RO a aoe 
Lae Ou a Ou Ak C= F(z-loee +2 Ou / 
and 
(29) 
dlogA 1 /, dloga wh, lb =£(2 b 7 Soe 
Ov ="(2 av ey Son eres, Fis ocr Oo fF 


Tf these two sets of values of the coefficients be equated, we 
- get the following equations of condition: 


amr 0 mes (2 *) = 
ae or O02 \ Ame lb a! 


sk dv 4 
(30) ) 1 vo ee | 7) =0 
Dapeord ee 2 lark Wed ‘ 
0 Vv ce 0 Q 1) 
dv A OU fe 


If the last of these equations be replaced by 


#47) Vue MeOdOs to On SOOT 
(31) AER FOG REE ope 


where ¢ is thus defined, the first twoeare reducible to 


0 ¢ ome (5) 0 

du A Ov A le : 
ia ) = SE? (£4) —o 
OU ou \w aA i 


) We note that if we put + zal - = 1, y= = 0, equations (26) and 


(30) reduce to (12) and (138). 
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Moreover, equations (26) can be written 


Dae hs 0 OD, Uae 
ie Bales Aes Du ca ina naan 


Comparing these equations with (12), we see that the locus of the 
point whose coordinates x’ are given by 


(34) OS D.G) 


is a net parallel to V. Hence by a quadrature (31) we can deter- 
mine direction-parameters of the congruence which are the cartesian 
coordinates of a net NV’ parallel to N, and we have the theorem: 

Tf a net N is conjugate to a congruence G, a net N' parallel 
to N can be found by quadratures whose cartesian coordinates are 
direction-parameters of the congruence. 

Conversely, if N’ is any net parallel to N and through points 
of the latter we draw lines parallel to lines joining the origin to 
corresponding points of NV’, that is, lines with direction-parameters 2’, 
the coordinates of any point P on such a line are of the form 


~ (35) x—rex'. 
The first derivatives of this expression are of the form 


or oe 
) 


0x Oe a ae Pedy 
(36) ry Claas aera en ope (1 Y l) ey 
When 7 takes the values 1/A and 1/1 respectively, the points are 


focal points of the line, and hence the lines form a congruence. 
The coordinates of the focal points are of the form 


Hy ON ea eames 
(37) | et ais ee ie 


From these results follows the theorem: 

Any congruence conjugate to a given net N can be obtained by 
drawing through points of N lines parallel to lines joining the origin 
to corresponding points of a net N’ parallel to the given net; and 
every parallel net determines in this way a congruence conjugate to N. 
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It is evident from the above investigation that lines joining 
any fixed point to ’ determine the directions of a congruence con- 
jugate to N. ‘ 

If two congruences with corresponding direction-parameters 
equal or proportional are said to be parallel, we have, as a corollary 
of the above results, the theorem: 

If two nets are parallel, every congruence conjugate to one is 
parallel to a congruence conjugate to the other. 

From (36) it follows that the point P with coordinates (35) 
describes a net parallel to N when 7 is a constant, and only in 
this case. Hence we have the theorem: rs 

A congruence conjugate to a net N is conjugate to an infinity 
of nets parallel to N. 

Combining this result with the third theorem of § 4, we have also: 

Any congruence conjugate to a net N consists of the joins of 
corresponding points of N and of a parallel net. 

6. Focal Surfaces of a congruence. From (37) we have 
by differentiation and reduction by means of (12): 


LS ae tee Oy f “(22 x saad 


Ou non Lew hy \O0 h ov 
(38) 
BORA AN (1 *) es i “teat Og ay Lod sar 
err RE eC Ce pen cy meen eae On 
and 
Cy eee a a oy ) | nee) ae 
lauon v0 log (+ du] Ou az Ou pene h vy’ 
(39) » 


aaa Eee a es 
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From these equations we see again that the developables meet the 
focal surfaces in nets. 

In order that the point midway between the focal points shall 
describe the net N(x) conjugate to the congruence, we must have. 
as follows from (87), 


(40) l==—h. 


16 I. Conjugate nets and congruences 


From (13) and (16) it follows that in all generality we may take 


1 

es b = —- 

(41) a ae 
(42) oy 


We recall that for an equation of the Laplace form 


076 


> dudv eee a 
the fungtions 
sa ab 
(44) H=—>" +abte, Ra ti 


are called the invariants of the equation, since these functions are 
invariant when equation (43) is transformed into an equation of the 
same form in 6,, where 6,46, 4 being any function of w and v. 

From (41) and (42)/we have for n-space the theorem announced 
by Ribaucour for 3-space: 

A necessary condition that the developables of a congruence meet 
the middle surface in a net is that the direction equation of the 
congruence have equal invariants; im this -case the point equation 
of the net on the middle surface also has equal invariants. 

We are in position now~to establish. the theorem: 

When two congruences are conjugate to a net, the joins of 
corresponding focal points of the same rank form a congruence 
conjugate to the nets described by these focal points. 

Let N(x) be the net, and let the direction-parameters of the 
congruences be the coordinates «’ and x” of nets V’ and N” parallel 
to N, determined by solutions 2, 7 and fy, 1, of (13). The coor- 
dinates of the focal points of the congruences are of the respective 
forms (37) and , 4 


(45) Y, = x— = 4 e«— 


The coordinates of any point on the line joining the focal points 
of coordinates y and y, are of the form y+t(y—wy). If we 
differentiate this expression with respect to wu and v and make use 


7. Laplace transforms ard 


of (38) and similar equations for y,, we find that its first derivatives 
are proportional to the corresponding first derivatives of y when 
t—h,. Consequently the points of coordinates y and 


(46) y +h yn) 


generate parallel nets, and hence by the third theorem of § 4 the 
congruence is conjugate to these nets. In like manner we can 
show that it is conjugate to the net of coordinates y. 

7. Laplace transforms. In [§ 165] we have derived for 
3-space the expressions for the cartesian coordinates of the second 
focal surface of the congruence of tangents to the curves v = const. 
or w= const. of a net. The method followed is equally valid for 
spaces of higher order. If (1) is the point equation of the net, the 
coordinates of these respective second focal nets are of the form 


; 1 Ox iL 0x 
CDF ist hy? oe Boga. ay" 
Ou Ov 


In fact we have 


es) ab 8a 
Ox_—1 e270 (2x) 20 ODiNr ee ee (ae Jax 

iy NOD: Ou’ du Oa Gy ab/ av" 
Ou Ov 


The nets N, and N_, with the respective coordinates x, and x_1 
are called the first Laplace transform of N and the minus first 
Laplace transform respectively. If the point equation of N_1 is 
written in the form 


peter ae Ly hee igi leer 96—1 
CO tet a ee ry gr ry peel ae 
we find that 
aD 
ab per ha sb 
ea Tee on ah. Blogh 
Ou Ou 


The Laplace transforms of a net parallel to N are defined by 
equations of the form 
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1h oa" Lalise 2) 
AU face tN ad Se ine ee op 4 a pee 
(51) as, dlogb’ By?’ oe A dloga’ dy" 
Ou Ov 


From these, (14) and (48) we have 


0x1 Dt 0x1 ie eee Ov—1 
| ; ath : 
(52) Ou au av hK dv 
DMN 1 al eae F) , om 
Cy SVG ous Our gg? 


where H’ and K’ are the invariants of (15). 

Hence we have the theorem: 

If Nand N' are parallel nets, their respective Laplace trans- 
forms are parallel. 

8. Transformations of Levy. By means of (38) equations (37) 
can be written in the form 


i! 1 
Mech wae ol 
et OM Va 01 0 

Ouh Ov il 


It is readily shown that 1/h and 1/2 are solutions of the respective 
equations (39). By a change of notation the second of these 
equations may be written 
ies OO 
oriiaming. Hye 
ei) Ge 
where now the congruence consists of the tangents to the curves 
wu = const. of N(x) and @ is a solution of its point equation, and 
the y’s are the coordinates of a net conjugate to this congruence. 
In like manner the first of the above equations may be written 


oem 
00 bw 
Ou 


2— 2x 


Since N(x) in (37) may be any net conjugate to the tangents to 
the curves u = const. of N(y) or v = const. of N(z), we have the 
first part of the following theorem of Levy: 
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The coordinates of any net conjugate to the congruence of tangents 
to the curves wu = const. or v = const. of a net N(x) whose point 
equation is (1) may be expressed in the respective forms 


‘ gr 6 0x a 6 0x 
(53) i inelaes R oe OO ae 
dv Ou 


where @ is a solution of (1). Conversely, every solution of (1) gives 
two nets conjugate to the congruences of tangents. 

In order to prove the latter part of this theorem, we note 
that if @ is a solution of (1), we have from (53): 


dy  dlogB dz 0 log A 


(54) ou té“‘iéi y— 2), Cum koe Yh, 
where 
ao bé 
u Ov 


From (54) we have by differentiation 


Oy fae: OF MES dy , dlogB dy 
(56) at = slog (4 Ou ae Ou dv’ 
5 d*z _—s dlogA dz a 6 log (Bp 228*) 22 
dudv dv du Cua a Ov Ov. 


Hence the points of coordinates (53) describe nets. We call these 
nets the Levy transforms of N by means of @. 

As a corollary of the above theorem we have: 

There are nets conjugate to any congruence. 

It is evident that, if 6 is a solution of (1), the function 


pay MEN L) 
gee dlogb ax 
Ou 


is a solution of (49), the point equation of the minus first Laplace 
transform of NV. We call 6-1 the minus first Laplace transform 
of @. From these equations, (47), (48) and (53), we have 


Q* 
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Consequently the net of coordinates z in (53) is the Levy transform 
of the minus first Laplace transform of N by means of 6-1. Similar 
results follow when we consider the net of coordinates y. Hence: 

The Levy transforms of a net determined by a solution @ of 
the point equation of N are Levy transforms of the minus first and 
jirst Laplace transforms of N by means of the corresponding Laplace 
transforms of 6. 

g. Determination of congruences. We saw in § 5 that 
the direction-parameters X of a congruence are solutions of an 
equation of the form (27). If in (27) we put 


eX caps, 
we obtain 
07! 0 A\ 0x’ ) B\ b2' Sa; 
OMe oo" (=) eee og (5) ay ee 
where 
j= 1 (ologA 06° -alopBaa0 a50 7) 
2 i ie a dv du du ‘Femi ss ae 


Hence a necessary and sufficient condition that the quantities x’ 
are the cartesian coordinates of a net is that @ be a solution 
of (27). 

By the above corollary of the theorem of Levy there are nets 
conjugate to any congruence. FHrom the second theorem of § 5 it 
follows that any one of these nets is parallel to a net whose 
coordinates are direction-parameters of the congruence. Hence: 

in order to obtain a congruence with a given set of direction- 
parameters X, we jind a solution 0 of the equation of Laplace 
satisfied by the X’s; then the quantities 

x 
0 


(59) a 


are the coordinates of a net N'; through points of a net N parallel 
to N’ draw lines with parameters X; these lines form a congruence 
conjugate to N; all congruences with divection-parameters X can be 
Sound in this way. 
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From (38) we find by means of (12) and (16), that the direction- 
parameters of the tangents to the curves « = const. and v — const. 
respectively, on the first and second focal surfaces defined by (37) 
are expressible in the form 


On ad dloga’ ax’ a 0 log b’ 
Ov TL ah) eee Ou 


When x’ is replaced by the value (59), the resulting expressions 
are reducible to the same form in terms of X and the coefficients 
of (27) to within the factor 1/6. Hence: 

If the direction-parameters X of a congruence G are solutions 
of an equation (27), the functions 


OX 0 log A OX (eqn... 

(60) adv —s«éW sy du sé 

are direction-parameters of the tangents to the curves u = const. and 
v = const., respectively, on the first and second focal surfaces of G. 

We say that these congruences of tangents are the first derived 
and minus first derived congruences of G, and we denote them by 
Gand G1. 

As a corollary of this theorem we have: 

When two congruences are parallel, their focal nets of the same 
rank are parallel. 

Let My (a) be a generic point on the middle surface of a con- 
gruence with direction-parameters X, the parameters u and v being 
those of the developables of the congruence. The coordinates of 
the focal points are of the form 


(61) - Y= %HtOX, ¢=%—oex. 


Expressing that these values must satisfy (25), we have equations 
of the form (26). In order that these equations be consistent, they 
must reduce, on the assumption that the X’s satisfy (27), to 


We ek Le 
Ar ee Fy 12085, We BVe, 
(62) 

0X OeXG 


BAM, eel, V 
ee ee 


22 I. Conjugate nets and congruences 


and e@ must satisfy the equation 
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dlogA de , dl o A ae 
(63) @— 4. SOBA Fe 2 + (log AB—C)e=0, 
which is the adjoint of equation (27). 

Conversely, each solution of (63) and m linearly independent 
solutions of (27) determine a congruence for which the surface of 
coordinates 2 is the middle surface. 

As a consequence of these results and the preceding corollary 
we have: 

The determination of nets parallel to the focal nets of a con- 
gruence is equivalent to the integration of the adjoint of the direction 
equation of the congruence. 

10. Congruences harmonic to a net. From (54) it follows 
that the points of coordinates y and z defined by (53) are the focal 
points of first and second rank respectively of the congruence of lines 
joining these points. Hence: 

The two Levy transforms of a net N by means of the same 
solution 6 of the point equation of N are the focal points of the con- 
gruence of the joins of corresponding points of the transforms; that 
as, the points defined by (53) are Laplace transforms of one another. 

The mutual arrangement of V 
Ry and the congruence is shown in 
fig. 1 where w and v indicate the 
v parameter varying along the curve; 
this notation is used in all sub- 
Nix) sequent figures. 
v A net and a congruence are said 
to be harmonic when the foci of the 
Fig.& S@ congruence lie on the tangents of the 
net, and the developables of the con- 
gruence correspond to the curves of the net. As a consequence of 
the above theorem and the first one of § 8 we have: 

When a net N is conjugate to a congruence G, the congruence 
of tangents to one family of curves of N is harmonic to one of 
the focal nets of G and the congruence of tangents of the other 
family of curves is harmonic to the other focal net of G. 
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This situation is illustrated by fig.2. We have also the theorem: 

If N is conjugate to a congruence G, 
the osculating planes of the curves of 
parameter u(v) of the first (second) focal 
net of G are determined by the lines of G 
and the tangents of the curves w(v) of N. 

Suppose that we have a net NV 
and a congruence whose lines lie in tan- 
gent planes of N and the developables 
of G correspond to the curves of N, % 
taken as parametric. As wu varies, the 
corresponding focus of a line of the con- 
eruence must lie on the characteristic of 
the developable of the tangent planes 
along a curve v = const.*). Since these 
characteristics are tangent to the curves wu = const., we have 
the theorem: 

Tf lines of a congruence lie in tangent planes of a net and 
developables of the congruence correspond to the curves of the net, 
the congruence is harmonic to the net. 

We shall prove that any congruence harmonic to a net N(x) 
may be obtained as in the first theorem of this section. In fact, 
the coordinates z and y of the foci R and S of a congruence 
harmonic to N(x) are of the form 
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Expressing the condition that this is proportional to Ue era 
we get 
ote Mrolog a. il clog b 1 
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8) This can be shown analytically by making use of the fact that the w’s 
cannot satisfy. (1) and two equations of the form referred to in § 4. 
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: 0 
In similar manner the condition that the expression for a shall 


: 0x CDs 
be proportional to i a a, is 
Oe dolore ne 1 dlogb 1 
OU se ge, Oe t Ou tr° 


Hence there must exist a function 9 such that 


LO oe i nee 
nm. O Oe te 8 ae, 


Substituting these values in (65), we find that @ is a solution of 
equation (1), and consequently equations (64) become equivalent 
to (53). Hence we have the theorem: 

A necessary and sufficient condition that a congruence be harmonic 
to a net N(x) as that the focal nets of the congruence be Levy 
transforms of N by means of the same solution @ of the point 
equation of N. 

Since the direction-parameters of the harmonic congruence are 


of the form 
00 0a 00 Ox 


Ou Ov Ov Ou’ 


o 
it follows that if a second harmonic congruence, determined by 


a function 6,, is to be parallel to the given one, 6, must be a function 
of 6. Since both must satisfy (1), 6, is a linear function of 6 with 
constant coefficients. Hence we have: 

A necessary and sufficient condition that two congruences, 
harmonic to a given net N and determined by solutions 0 and 6, of 
the point equation of N, be parallel is that 6, be a linear function 
of 6 with constant coefficients. 

Consider now a congruence G' and two nets .V, and N, harmonic 
to G. Corresponding tangents to NM, and N, meet in a point of 
a focal net of G, and the congruences of these tangents are con- 
jugate to this focal net, by the theorem of Levy. These two con- 
gruences and the nets MN, and NN, are in the relation discussed in 
the last theorem of § 6. Hence we have the theorem: 
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ae 


If two nets are harmonic to a congruence, the joins of corre- 
sponding points of the nets form. a congruence conjugate to the nets. 

11. Derived nets. Derivant nets. Let G, and Gs be con- 
eruences harmonic to a net N, determined by solutions 6, and 4. 
of the point equation (1) of N, it being understood that 4 is not 
a linear function of 6,. The function 


is a solution of the second of equations (56) with 6 replaced by 4,, 
that is, the point equation of the second focal net of G,. The 
coordinates of the Levy transform N(z) of this focal net by means 
of g» conjugate to G, are of the form 


which in consequence of (53) and (54) is reducible to 


00> 060,\ Ox 00> 00,\ Ox 

Oe oa mot) ge — [Og — OG Gi 
06, 00, 06; 00 = 
Ou Ov Ov Ou 


The coordinates vy. and Z of the focal points of Gs, are given 
by (53) when @ is replaced by 6,. The point equation of the second 
00; ee 


focal surface of G, admits the solution 6, — 44 which deter- 


4 


Ou’ 


Ou 


mines a Levy transform of this surface 
conjugate to Gz. The expressions for the 
coordinates of this transform are reducible 
to (66). Hence: 

If two congruences are harmonic to a 
net N, the point of intersection of corre- 
sponding lines of the two congruences de- 
scribes a net conjugate to the two congruences. 

This result is illustrated by fig. 3, 
where Jy, and Ly, are Levy transforms 
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of N by means of 6, and Ze, and Ley by means of 6s. Nis called 
the corresponding derived net by Guichard. 

We shall prove the following converse of the above theorem: 

Tf two congruences are conjugate to a net N, the planes determined 
by pairs of corresponding lines of the congruences envelop a net 
harmonic to the congruences. 

Let the coordinates of the focal points of the congruences be 
taken in the forms (37) and (45). We have seen that the point of 
coordinates (46) describes a net parallel to the net of coordinates y, 
and is conjugate to the congruence G of the lines joining the points 
ot coordinates y and y,. If the expression (46) is differentiated with 
respect to v, the resulting expression is reducible by means of (12) 


and (38) to ro where 
hl,—hyl 


fe pat 


If we apply the formulas (21) to his congruence G, we find that 
the coordinates of the second focal net are in the form 


y+hy—n)—ly 
1—l 


which is reducible to 


oe (4,— hy)— a" (Z —h) 


Oe a hl—hl, 


In like manner we find that the coordinates of the first focal point 

of the congruence conjugate to the nets of coordinates z and 2 

are of the form (67). Hence the above theorem is proved. We 

say that the net of coordinates (67) is the derzvant net of N. 
From (66) we have by differentiation 


00. 00, 
oe Gy Gy 
Ou ee 00s 06, 04s 00, 

Ou Ov Ov Ou 


(68a) 
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00. 06: 
Oe ube aa ay 
oe DOr 00 NODS 00.4: 


Ow Ov Ov Ou 


"i 070, 00. 826, 00,\ Ox 070, 00, 870, 00,\ da 
o®x Ov? Ov Ow? ‘Ov as Ou Ov? dul dv 
au 00, 00, 06: 00, 

Gu Ov Ov Ou 


(68) 


We remark that if we replace 6, by 6,-+ const. the expressions in 
‘the parentheses are unaltered. Consequently: 

The c0* derived nets of N determined by 6, and 62+ c, where 
c is a@ parameter, are parallel to one another and conjugate to the 
congruence harmonic to N determined by 6,. 

12. Determination of nets harmonic to a given con- 
gruence. We establish the following theorem which may be looked 
upon as a limiting case of the second theorem of the preceding 
section: 

If two congruences are parallel, the point of intersection of 
lines joining corresponding focal points generates a net harmonic 
to the congruences. 

Let N(x) and N’(2’) be the first focal nets of the congruences. 
The second focal nets are the minus first Laplace transforms of NV 
and WN’, and their coordinates are given by (47) and (51). From 
these expressions we find that the coordinates of the points of 
intersection of the lines joining the focal points of the first and 


y, Uy tes 

second ranks respectively are of the form eer By (21) this 
is the second focal point of the lines joining corresponding points 
on N and N’. In like manner it can be shown that it is the 
first focal point of the congruence conjugate to N_1 and N“,. 

From these two theorems it follows that the problem of finding 
nets harmonic to a given congruence G' is equivalent to the deter- 
mination of congruences conjugate to a net conjugate to G, or of 
congruences parallel to G, or of nets parallel to either focal net 
of G. In this section we give another means of finding nets harmonic 
to G, arising from the solution of the last problem. 

If G and @’ are parallel congruences, and we use the notation 
of the above paragraph, we have from (47), (51), (52) and (14), 
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x sg x4 
= 7-4 — 
l 9 


(69) L=x— 


—S 


where ~ is thus defined. Consequently for the congruences conjugate 
to N and N_, with direction-parameters x’ and x‘; corresponding 
lines meet in the points of coordinates x, which is the second 
and first focal point respectively of these two congruences, in con- 
sequence of (52). Hence: 

If G and G' are parallel congruences, and through the focal 
points of G lines are drawn parallel to the lines joining a fixed 
point to the corresponding focal points of G’, these lines are tangent 
to the curves of a net harmonic to G. 

From these results and the last theorem of § 9 we have: 

The determination of nets harmonic to a congruence is equivalent 
to the integration of the adjoint of the direction equation of the 
congruence. 

13. Congruences harmonic to point nets. If y and z are 
the coordinates of the first and second focal points of a congruence, 
we have 


by >, clogg 02 dlogp 


Ou Ou ey, ioe eae y—2), 


(70) 


where p and qg are determinate functions. These equations are 
reducible to the normal form (6), if we put 


(71) a=ep, R= ye 
with 

Op oq 
72 SOS | ee 
(72) ae qn, > = pm. 


Hence we have the theorem: 

The lines joining the origin to the foci of a congruence constitute 
a pont net. 

We say that the congruence is harmonic to the point net. 

The direction-parameters of the congruence are given by 


(73) Z = agq—Bp. 
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Conversely, suppose we have any point net of parameters 
« and 8, and a pair of solutions p and q of the equations (6). The 
functions y and z given by (71) satisfy the conditions (70). Hence 
the joins of the points whose coordinates are y and z form a con- 
gruence for which these are the focal points, and consequently the 
congruence is harmonic to the point net. Accordingly we have 
the theorem: 

If the parameters of a point net are in the normal form, each 
par of solutions of the corresponding equations (6) gives directly 
a congruence harmonic to the point net, and all such harmonic 
congruences are so determined. 

It is readily seen that if the parameters are not in the normal 
form the determination of harmonic congruences reduces to the 
solution of the equations (4) of the parameters. 

Consider a net NV with normal parameters of its tangents given 
by (6). If » and q are a pair of solutions of (6), it follows from (5) 
that 6, given by the quadrature 


Aap P; av.” q; 


(74) 
is a solution of the point equation (1) of NV. Making use of this 
function 6, we get a family of parallel congruences harmonic to 
N whose direction-parameters are of the form 


0x 00 0x 00 


du Ov foun ab(aqg—8p). 


From (73) it is seen that these congruences are parallel to those 
harmonic to the parallel point net determined by p and q. 

Conversely, when a céngruence harmonic to a net NV is known, 
we have by a quadrature at most a solution of the point equation 
of N in consequence of the theorem of Levy (§ 8). If the parameters 
of the tangents of N are in the normal form, then p and gq given 
by (74) satisfy the corresponding equations (6). Hence: 

When the congruences harmonic to a point net are known, all 
the congruences harmonic to a parallel net can be found by quadratures; 
when a congruence harmonic to any net is known, by a quadrature 
at most a congruence harmonic to the parallel pont net can be found. 


30 I. Conjugate nets and congruences 


Because of this theorem and the second one of § 12 we have: 

If N is a net harmonic to a congruence G, and lines be drawn 
through the focal points of a parallel congruence G’ parallel to the 
corresponding tangents to N, these lines are tangent to a net 
harmonic to G’. 

We have also: 

Of all the parallel nets harmonic to the family of congruences 
parallel to a given congruence, one is the point net of the family. 

Since the direction-parameters of any congruence harmonic 
to a net can be given the form (73), we have: 

Each pair of solutions p, q of equations (4) satisfied by the 
direction-parameters of the tangents to a net N determine a con- 
gruence harmonic to N; its direction-parameters are of the form 
«'qg—B'p; all congruences harmonic to N can be obtained in this way. 

From (73) we have by differentiation, and with the aid of 
(6) and (72), 


0Z 0a Op OA: 2.409 08 
Ot au 2 Ou B, dvs Av aa av 


eZ «ag ba sop OB 
dudv  +=av du du av | me 


Hence the direction equation of the congruence is 


0°Z dlogg 0Z , dlogp 0Z dlog p ologa\ 
oy. bu but ba aad a aa, Pe Ec 


(75) 


This is of the form (27), where now 


dlogp dlogqg _ 


76 = AU. ae 
(76) q , p= BY, mn ee Db 


. 

C, 

U and V being functions of « and v alone respectively. Hence: 
The direction-parameters of any congruence whose direction 


equation is (27) are expressible in the form 


(77) 4=aAU— BBY, 
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where « and B are normal parameters of a net harmonic to the 
congruence. 

14. Radial transformations. Suppose we have a net whose 
point equation is (1) and let @ be any solution of (1). From (57), 
and (58) it follows that the locus of the points of coordinates x 
given by 

% 


(78) L= - 


is a net N, whose point equation is 


826 3 a 00 99 b 30 
79 - = lo ; 
oy) v 8 1 OU 86 Ov 


Conversely it follows from (58) that only when @ is a solution of 
(1) does the point x describe a net. We call N the radial transform 
of N by means of 6. 

The tangents to the curves v — const. at corresponding points 
on N and NW meet in the point whose coordinates are 


(te eee 
i Or Oa 5 |, its Oe Moe 
er ai jaded du’ 
Ou Ou \@) 
and the curves w= const. in the point 
ent 
- eg ee as 00 Ox 
Cee aye (4 av’ 
Ov dv \6 


These points generate the Levy transforms of N by means of the 
function @6—1, and of NV by 1—1/6. Hence we have the theorem: 

The lines of intersection of the tangent planes of two nets 
N and N in the relation of a radial transformation generate 
a congruence harmonic to both nets. 


Exercises. 


1. The coordinates of any point on a line joining two points of coordinates 
x, and a‘, are expressible in the form (1, a',+ l.2%)/(lit+ le). 

2. The! coordinates of any point of a plane determined by three points of 
coordinates 2',, vs, x, are expressible in the form (1, v4, +l. 22+]; v)/U tht). 
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3. The tangents to the curves v = const. of all nets conjugate to a given 
congruence at points of the same line of the congruence are coplanar; likewise 
for the tangents to the curves w = const. 

4. A necessary and sufficient condition that a point P on the join of corre- 
sponding points of two parallel nets describe a net parallel to them is that 
P divide the segment between points of the nets in constant ratio. 

5. Show that if in (12) is a function V of v alone, then (1) must be of 


the form 
070 dloge 00 


a 00 
SICEs aaa Age Ou dv’ 


one of whose invariants is zero. In this case 1 = V+1/p. 
6. When in equation (1) we have a= U and b=YVJ, where U and V are 


. ; 3 ae 6 
functions of w and v alone respectively, the point equation is Rate a OF gein: 


this case we say that N(x) is a net of translation [cf. § 81]. Show that all nets 
parallel to a net of translation are nets of translation. 

7. The curves on the surface S of a net N which are defined by Edu? 
+2Fdudv+Gdv?= 0 are called the minimal curves of S (cf. § 35]. When the 
curves of N are the minimal curves of S, Nis called a minimal net. Show that 
every net parallel to a minimal net is a minimal net. 

8. If a net N’(x’) has equal point invariants, that is b’= a’, the equations 

On — “Tew Oe =~ eae! 


9 


Oui) gu soe 9 sal Oe. 


are consistent, and the w’s are coordinates of a net VN. The congruence conjugate 
to N and of direction-parameters xv’ has for focal points x—2'/a’?, x+a'/a’?. 
Consequently N lies on the middle surface of the congruence. 

9. If N and N’ are parallel nets, and @ and @’ are corresponding’ solutions 
of their point equations (§ 4), the point of coordinates (w@’— w’6)/(6’—@) describes 
a net conjugate to the congruence of the lines joining corresponding points on 
N and N’. 

10. If N and N’ are parallel nets, and @ and 0’ are corresponding solutions of 
their point equations (§ 4), the corresponding Levy transforms of N and N’ by means 
of these respective functions are parailel nets; also the lines joining corresponding 
Levy transforms meet in the points of the net of Kx. 9. 

Martin, Comptes Rendus, vol. 139 (1904), p. 82. 


a cr . oe Sees me a 1 0 
11. If 6; is a solution of (1), then 6,—0 Batibo and 6,—4 Sul du ae 


solutions of the respective equations (56); and the former admits the latter as 
its minus first Laplace transform. 
12. To each solution g of the first of equations (56) there correspondends 


a solution 6, of (1) such that ¢ = 0,—6 a ere 
13. If Nis a derived net of a net N, the osculating planes of the curves of 
parameter w and v of N pass through the corresponding points of the minus first 


and first Laplace transforms of N. 
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14. If Nis a derived net of a net N, the first and minus first Laplace trans- 
forms of NV are derived nets of the first and minus first Laplace transforms 
respectively of NV. Tzitzeica, Comptes Rendus, vol. 156 (1913), p. 374. 

15. If N is the derived net of N by means of solutions 6; and 6, of (1), the 
0a%00, dx eral 00, 00: 06. 00; 


quantities a’ = oly ges GPF — are the coordinates 


Ou Ov Ov Ou 
of a net parallel to N. 

16. A necessary and sufficient condition that a net N and a parallel net N’ 
defined by (12) be radial transforms of one another, to within a translation of 
either net, is that h—=1= const., say c; then if N’ is a radial transform, x’ = ca. 

17. A necessary and sufficient condition that two nets, N’ and N”, parallel 
to N and determined by pairs of solutions 1, li, and he, ly of (13) be ey trans- 

bg 2 


jks Ey = const. 


18. If more than two ruled surfaces of a congruence are developable, all 
the ruled surfaces are developable and the lines of the congruence are concurrent. 

19. If Nis a radial transform of a net N by means of a solution 0 of 
the point equation (1) of N, the minus first and first Laplace transforms of N are 
radial transforms of the corresponding Laplace transforms of N, the respective 
functions being 


forms of one another, to within a translation of either, is that 


pene pe COU 
Ob Ou’ Oa Ov" 
Ou Ov 


20. If N is a radial transform of a net N by means of a solution 6 of the 
point equation of N, and 4, is any other solution of this equation, then 0,/6 is 
a solution of the point equation of N. Show that the Levy transforms of N 
and N by means of 0, and 6,/0 are radial transforms of one another. 

21. If G and G, are parallel congruences and lines be drawn through 
the focal points of each parallel to the lines joining the corresponding foci of 
the other to the origin, the two nets determined by the intersections of these 
pairs of lines are in the relation of a radial transformation. 


oo 


Chapter II. 
Transformations F. 


15. Fundamental equations. In this chapter we are 
concerned with the determination of all nets NV, such that for a net 
N, and a given net N the lines joining corresponding points form 
a congruence G conjugate to N and N,*). These transformations 
of N into nets N, are fundamental in a general theory of nets, 
and we call them the fundamental transformations, or for the sake 
of brevity transformations F. We say also that N and J, are in 
velation F. We call G the conjugate congruence of the trans- 
formation’). An example of this relation is afforded by two parallel 
nets and the lines joining corresponding points (§ 4). Also the 
second theorem of § 6 and the last theorem of § 11 may be state 
as follows: 

When two congruences are conjugate to a net, corresponding focal 
nets are in relation F, or are radial transforms of one another. 

When two nets are harmonic toa congruence, they are in relation F, 
or are radial transforms of on another. 

We turn now to the general study of this relation. From 
the second theorem of § 5 it follows that if N and A, are in 
relation F’, the direction-parameters of the conjugate congruence 
of the transformation are proportional to the coordinates x’ of 
a net N’ parallel to N, and also to the coordinates x’ of a net NV; 
parallel to N,. Hence these coordinates must satisfy a relation 
of the form 
(1) a= ae 

°”) A statement of the history of these transformations is given in the Preface. 

”) Two nets in the relation of a radial transformation (§ 14) satisfy this 
requirement, since all the lines of the congruence meet in a point, and then 


every ruled surface of the congruence is developable. However, we exclude 
this exceptional case from the definition of transformations J’. 
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where, as follows from § 14, 6’ is necessarily a solution of the 
point equation of NV’. 
The coordinates x, of N; are necessarily of the form 


(2) by age x, 


where @ is to be determined. The coordinates x’ are given by 
equations of the form (cf. I, 12) 
oan On Ox. Ox 


(3) an ” bi 0 d Ov" 


Hence the first derivatives of x, are reducible to the forms 


0x4 =(4 7 02, 4 21(G 06’ of) 
dul 2 AA Ou oh W ose du)’ 


Oxy (4 | 52 (4 06’ a) 
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(4) 


From these expressions it follows that N, is parallel to N’, if, 
and only if, 6 and @’ satisfy 


i 06’ 80 96' _ ,08 
Sipe BY WOE Bs 


Expressing the condition of integrability of these equations, we find 
from (I, 13) that 4 is a solution of the point equation of N, namely 


0°90 _-dloga 00 , dlogb 00 
dudv Ov du du Ov’ 


(6) 


Moreover, from (5) it follows that 6’ is the corresponding solution 
of the point equation of N’ (cf. § 4). Conversely, if 6 is any solution 
of (6) and 6’ the corresponding solution of the point equation 
of ’, then (2) defines an F transform of N. Hence: 

Any transformation F of a net N is determined by a net N’ 
parallel to N, such that the joins of corresponding points of N and N’ 
are not concurrent, and by a solution of the point equation of N; 
and any such net N’ and a solution determine an F transform. 


8* 
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In consequence of (5) equations (4) may be written 


Os. t OD, On, oO Ox, 


au h du’ av ay os 


(7) 


where we have put 


(8) t=ho—d’, o = 1lo— 6’. 


By means of (1), (3), and (5) equations (7) are reducible to 


dv—si«é? 
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which, in consequence of (2), are equivalent to 
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From (9) it follows that the point equation of JN, is reducible to 


(11) 070, _ Sloga 36 dlogb, 06, 
Ou Ov Ov Ou Ou dv’ 
where 
C o 
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This equation may also be put in the form 


(13) 
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In consequence of (I, 37) equations (2) can also be given 
the forms 


6lz 
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From (8) and (I, 18) follows 
(15) t—o= 90. 


Incidentally we observe that « and o satisfy 
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Suppose we have any congruence G. There is a net N con- 
jugate to G (§ 8), and a net N’ parallel to N whose coordinates x’ 
are direction-parameters of G (§ 5). Each radial transform of N’, 
say N{, determines an F' transform N, of N, and J, is parallel 
to Nj. Since there is an infinity of parallel nets N, satisfying 
this condition (§ 5), we have the theorem: 

If the coordinates of a net are the direction-parameters of 
a congruence, there are an infinity of nets parallel to the former 
net and conjugate to the congruence. 

As a corollary we have: 

If two congruences are parallel, every net conjugate to the one 
is parallel to c+ nets conjugate to the other. 

For, if NV is a net conjugate to the first congruence, there is 
a net N’, parallel to VN, whose coordinates are direction-parameters 
of both congruences, and by the theorem there are ! nets conjugate 
to the second congruence and parallel to N’. 

16. Inverse of a transformation F. Parallel trans- 
formations F. Evidently N can be looked upon as a transform 
of WN, and now we seek the functions 9-1 and (6’)~' giving this 
transformation. Since the roles of N’ and N; are interchanged 
it follows from (1) that 4 


(17) (One. rik 


Hence if we make (2) conform to 


(18) eas 
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we find that 
(19) 9-1 = ——,, 


It is readily verified that equations (7) are satisfied by these values 
of 6-1 and (6’)-1. Hence 67! is a solution of (11). Moreover, 


we have 
Chae te el a ee 
lee rene ra 
a eae 
dv \6—1 du \oe]° 


Hence equations (9) can be written 
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From these equations follows: 

If N and N, are in the relation F determined by a solution 0 
of the point equation of N, and 6~1 is the solution of the point 
equation of N, likewise determining the transformation, the radial 
transforms of N and N, by means of 6 and 61 respectively are 
parallel. 

We have observed in § 15 that two parallel nets are in 
relation /’, since they are conjugate to the congruence of lines 
joining corresponding points. We wish to find the form of equation (2) 
in this case. 

From (9) we see that: 

A necessary and sufficient condition that N, be parallel to N 
is that 0 be a constant. 

Now 94’ also is a constant, which must be different from zero. 
Hence the equations of the parallel transforms are of the form 


(20) 


(21) 


ty = £— cx’, 


where c is an arbitrary constant. 
In a general transformation /’ the function @ corresponding 
to a given 6’ is determined by (5) only to within an additive 
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constant. Suppose we consider the transforms NV, and No, corre-. 
sponding to the values 6 and 6 +c, where ¢ is a constant and to 
the same 6’. Now the coordinates of N, are given by (2) and 
those of Ne by 


From these follows 
Xe == % — Cx). 
In consequence of the above results we have: 

When the conjugate congruence of two transformations is the 
same, and the two functions @ differ by an additive constant while 
6’ is the same, the two transforms are parallel to one another. 

In the definition of transformations F' we have required that NV’ 
be not a radial transform of NV. It is readily shown that in order 
that N’, parallel to N, be a radial transform of NV it is necessary 
and sufficient that x’ = cx, where c is a constant. In this case 
corresponding solutions 6 and 6’ of the point equations of NV and N’ 
are in the relation 6’ —cé-+d. Substituting in (2), we have 


wan od 
~ .c6+ ¢@’ 


that is N, is a radial transform of NV. Conversely, in order that 
(2) define a radial transform of N it is necessary that WN’ be 
a radial transform of N. Consequently, if the restriction is removed 
from the definition of transformations F, radial transformations 
form a sub-group of transformations #. But we shall retain the 
restriction and thus distinguish between the two types of trans- 
formations. 

17. Harmonic congruence ofa transformation F. From 
(20) and (21) we have 
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eg oy ome de 6 Ox 
ran 

oD) Ov 


Hence the corresponding tangents to the curves « = const. of the 
nets N and A; meet in points of a net which is a Levy transform 
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of Nby 6 and \; by 6~', and likewise the tangents to the curves 
v =const. Furthermore as follows from the theorem of Levy 
(§ 8) the line joining these points of intersection generates a con- 
eruence harmonic to the nets N and Wj. Hence we have the 
following converse of the second theorem of § 15: 

When two nets N, Ni are in the relation of a transformation F, 
their corresponding tangent planes meet in a line generating the 
congruence harmonic to N determined by the function 6 and harmonic 
to Ni determined by 07}. 

We call this the harmonic congruence of the transformation. 

From the above theorem and the second of § 15 follows: 

If Nis a net and G a congruence harmonic to it, the nets 
harmonic to G are obtainable from N by transformations F imvolving 
the same function 6, or by radial transformations of N. 

Since 6’ is determined by (5) only to within an additive constant, 
we have as a corollary to this theorem: 

All the nets N, obtained from N by transformations F deter- 
mined by the same function 0, and differing only in the additive 
constant of 6’, are harmonic to the same congruence, and consequently 
their tangent planes form linear pencils. 

The coordinates of the point of intersection of the conjugate 
congruence of a transformation #’ and the hyperplane 2? = 0 
(cf. § 1) are of the form 


Since x and a* are corresponding solutions of the point equations 
of N and N’, we have the result: 

The developables of any congruence meet a hyperplane in a net. 

In the above case the 7th coordinate of N’ is 1, as follows 
from (1). Consequently N{ also is a net in a hyperplane. 

18. Tansformations F and radial transformations. 
Let N(x) be a radial transform of N(x) by means of a solution 
of the point equation (6) of N, so that 7 —2/m. From § 14 we 
have that the point equation of N is 


. 029. 0 6 
(23) 0 3 a 06, 94 b 30 


es oO 
OuUdv dv - w bu Ou OE lg, Ov 
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If @ is any other solution of (6), then 6 = 6/@ is a solution of (23). 
Also it can be shown that if ¢ is a solution of the adjoint of (6), 
then y — po is a solution of the adjoint of (23). 

From (16) it follows that if c and o are functions of the trans- 
formation F of N by means of 6 and y, these functions, « and 4, 
serve also for the transformation F of V into a net M (x1), deter- 
mined by 6 and gy. Hence similarly to (20) and (21) we have 


Seles aN ae) 3 ip a 
— aes ="5, (4) ="aa (GF) dv Ls =o | 


ae) ae x Ie C (Be 
0 Z (2) = 8-26) SA) 6) 
Ou \@-l) du \@ OUVO}. eu \g=t dv \6 


From these equations and (21) we have 


(26) Se 


to within an additive constant of integration. If we define a 
function », by 

6-10, = 6-1, 
equations (24) become 


aes. (ab satel ana 
e a era Ale iad ee oe hes 


Comparing these equations with (21), we note that w; is a solution 
of the point equation of N;. Hence from (26) it follows that Mis 
the radial transform of NV; by means of ;. Thus by the quadrature (27) 
we obtain a net N, which is an F' transform of NV. Moreover, 
there are an infinity of such nets Ni, since = ,-+c0—1, where 
c is an arbitrary constant, satisfies (27). Hence: 

If Nand N are nets in the relation of a radial transformation, 
uid N, is an F transform of N, there can be found by a quadrature 
co! nets M,, which are F transforms of N and radial trans- 
forms of Ni. A 

When in particular 6 =, then 6—1 and consequently N 
and the nets N; are parallel, the functions #; being c@—1. Hence: 
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A transformation F is equivalent to the combination of a radial, 
a parallel and a radial transformation"). 

19. Transformations F with a common conjugate 
congruence. Suppose we have two solutions 6; and 6, of 
equation (6). We seek the two nets obtained from WN by trans- 
formations #’ determined by these respective functions and by 
a net N’ parallel to V. We denote these nets by Mi,1 and M2, 1"). 

The point coordinates of Mi,1 and N21 are expressible in 
the forms 


/ 
(28) Ol ere Lyi Oe 


where 61, 0; and 62, 62 are pairs of corresponding solutions of the 
point equations of N and N’, that is 6{ and 62 are obtained from 
6; and 62 respectively by quadratures of the form (5). 

We consider the functions 


Crh, 
(29) 6 Oh 
A, 


44 
Ai” 


From (2) and (1) it follows that these functions are solutions of the 

point equations of N;,1 and j,i respectively, and their derivatives 

are in relations analogous to (7). Hence a transformation of Ni,i 

is given by 

(30) X14 2 a ee Ces 
2 


By substitution we find that this expression is reducible to that 
of 2,1, given by (28). Hence No. is the transform of Ni; by 
means of Mii, and the functions (29). It follows then from § 16 
that Ni1 is obtained from Noi by the functions 6; — 62 61/05 
and 64/63. 

20. Transformations F determined by the same func- 
tion 6. Let N’ and N” be two nets parallel to a given net 


"') In fact Jonas developed the transformations from this point of view 
(see Preface); this theorem follows also from the first of § 16. 

2) In this notation the first subscripts refer to the subscripts of 6, and @, 
and the second to the subscript of common function, gi, determining the con- 
jugate congruence. 
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which are not radial transforms of one another. The coordinates 
a rand 2” of Nand NY respectively are given by quadratures 
of the form 


Oe ke Oa Ox 

au Ou’ av Ov’ 
(31) 
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where fy, 1; and he, lz are pairs of solutions of equations (J, 13). The 
coordinates x’ and x” are the direction-parameters of two congruences, 
G and G” respectively, conjugate to NV. By means of them and 
a solution 4; of the point equation of N we obtain two transforms 
Ny, and Ni,2 of N, whose point coordinates are of the respective 
forms 


(32) Dol tk = UGS 


It is our purpose to show that Mii and Nj;,. are in relation F’. 

There is a net which is the F' transform of N” by means 
of 6;’ and N’. Its coordinates are of the form 
; Oe! Py 
(33) a = oto: 

6, 

Differentiating and making use of (19), (31) and similar equations 
for 6; and 64’, we get 


yr 


0: i 
at = (hn 6 — hs ns aes. 
(34) mr 
0 UA,A 0 AA 
5 A == (Jy 6 ls 0) — EO . 


Hence Ni as defined by (33) is parallel to Wi,1™). . 

We have seen that the solution of the point equation of Ni,1 
giving N by the inverse transformation is —6,/6;. When 2,1 in 
(34) is replaced by this value, we have by a quadrature a solution 
of the point equation of Ni’i. By means of (20) we find that the 


13) We have used the notation ay" to mean that the net is parallel to 
Ny 141 and determines a congruence qr mane to N; 3. 
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corresponding solution of (34) is — 61//6;. Hence a transformation #’ 
of Ni,1 is given by equations of the form 


0 
(35) ee 
61 


By substituting the above values we find that this expression is 
reducible to the second of (32). Thus Ni,2 is a transform of Nii 
by means of the same function, —6,/61, which gives the trans- 
formation of Mi,1 into N. Hence we have the theorem: 

If a net N is transformed into two nets Ni,1 and Ni, by 
means of the same function 6,, the latter two nets are in the relation 
of a transformation F’; moreover, in the triad of nets N, Ny,1 and Ni, », 
any two are the transforms of the third by means of the same solution 
of its point equation. 

Hereafter we say that three nets so related form a triad under 
transformations F. Now equation (33) may be interpreted as follows: 

Tf the ‘nets N, N,, and Ne form a triad, and if N’ and N” 
are the nets parallel to N determining the transformations from N 
to N, and Nz respectively, the net N1', determining the congruence 
of the transformation from N, to Nz can be so placed. in space that 
it 7s an F transform of N", the conjugate congruence of the latter 
transformation being determined by N’. 

As a particular case of this result, suppose we use for 4, the 
coordinate .«™. Then the two transforms are the nets in which 
the hyperplane «” = 0 is met by the lines of the two congruences, 
and in accordance with the above theorem these two nets in the 
hyperplane x” —0O are in the relation of a transformation F. 
In general, we have: 

If a net N is conjugate to two congruences G' and G", the 
developables of these congruences meet any hyperplane in two nets 
im the relation F. 

We shall prove the converse of the above theorem: 

If two nets Ni and No, transforms of a net N by means of 
congruences G’ and G', are F transforms of one another, the three 
nets form a triad, unless Ny and No are parallel transforms of N. 

Let the coordinates of 21 and wg of N; and Ne be given by 

61 62» 


' / 
1 ee ay lg ae Oe are 
6, ) 65! 
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If these nets are to be in relation F’,. it is necessary and sufficient 
that on the lines joining corresponding points there be focal points, 
that is that there exist functions 41, 42, wi, “2 such that 


~ aed Cos = ts A, Ge X2)] = My (i — Wy), 


a [ay As (@, — Xs)] = ts Gs — 2). 


When the above values are substituted in these equations, we get 
equations of the form 


A!+Bie"+Q52—=0, Aga’ + Ben" + G52 =0, 
Evidently we must have 
A, = B= C, =A = B= =0. 


These conditions are equivalent to 


i ie A) 7,03 — A, t,0,=0, hs + A,) 0, 63 — A, 0,6, = 0, 

” 0d, " Louk 

00 * OAs . Be 
ET AE ae galls hg oe 7 9288 (i =) = —0. 


If ¢,= 4, =z, =o, — 0, then h; = 1, = const. and h, = 1, = const. 
(§ 4), and consequently G’ and @” are not distinct. If 6, and 6. 
are constants, then N, and N, are parallel (§ 16). Excluding these 
cases, we find that the above equations necessitate 62/6, = const., 
that is N, N,, Ne form a triad. 

21. The theorem of permutability of transformations F. 
The equations (1) and (2) apply to any pairs of solutions of the 
point equations of N and N;1. Making use of (1), (2) and (18) 
we can show that any solution of the point equation of M1,1 is 
expressible in the form 


(36) O45 = == 63 -—— 
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where 6, is a solution of (6). Incidentally we remark that from 
(21) it follows that 


3 (0 fs) =n 2 (4) 
| eu Ph Soa oe gota a 


f) 6; d | Os 
lof) ak (8) 
eee 1 av \6, 
This function 61. determines a transform of Nj,1 such that its 
points lie on the lines joining corresponding points on Ni,1 and N4,. 


that is, G’’’ is the conjugate congruence. From (33) it is seen 
that the corresponding function 61% is given by 


(37) 


AME 
(38) of; — of —— 
ai 


05 


2e 


Hence the coordinates of the transform Ny are of the form 


(39) 12 = X11 


The function 6, and the congruences G’ and @” define two 
transforms of N, namely No. and No.2, whose coordinates are 
respectively of the forms 


As A, / 
(40) 2,1 = L—— sy a X2,9 = L£— ra nie 
9 9 


Corresponding points of the nets VN, Ni,2 and No, lie on a line, 
and from (29), (32) and (40) we have that No.2 is a transform of 
Ny. by means of the function 


(41) ae 


In like manner it follows from (29) and (35) that Ny is obtain- 
able from Ni,2 by means of the function 61.— 6,6}5/01. But by 
means of (386) and (38) we show that this expression is reducible 
to (41). Hence No» and Mp, being transforms of Ni. by means 
of the same solution of the latter’s point equation are themselves 
in relation /. We wish to show further that Ny bears to 
Noo and No a relation analogous to that born to Ni, and Ni, > 
used to determine jp. 
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Since No» and No are obtained from N by 6, they are in 
relation #. The corresponding net parallel to No». is defined by 
equations of the form (cf.(33)) 


I 
(42) a9 Fran"), 
2 


A solution of the point equation of No,» is 


(43) 021 = 9, — sr 


and the corresponding function 63/7’ is given by 


f 
02 


(44) 6 == 61 — =, 
93 


64’. 

The net No obtained by this transformation is defined by 
equations of the form 
6102 — 0261 yyy, 


(45). CO = IO at a ID ae LA Oe 
°~ gay — oer 


Making use of the above values, we find 


(611 62—- 05! 63) ae’ ++ (02.61 — 61.62) a” 


(46) W12— XL = Xa XL 6. 64 — gi! 8) 


Hence the nets Mi: and Nei coincide and the congruences G’ 
and G’’” are conjugate to No.1"). 

In view of the above results 
we have that when two nets N’ 
and N” parallel to N are known, 
and two solutions 6, and 6, of 
equation (6) are given, the four 
functions 61, 64, 63 and 65 (each 
involving an additive constant of 
integration) can be found by as 
many quadratures. When these 
are known, we have a group of 


M241 


My, 


“) The mark '’”’ indicates that the net is the parallel to N, . determining 
the conjugate congruence G’’”’. 

) Cf. Jonas, Sitzungsberichte Berl. Math. Gesell., vol. 14 (1915), p. 103; 
also Transactions, vol. 18 (1917), p. 111. 


48 Il. Transformations F’ 


six nets pictured schematically in the fig. 4 by corresponding points 
of these nets. We say that any four nets as NV, Nii, Noo, My, 
such that the first and fourth are in relations #’ with each of the 
second and third form a quatern. 

We note that 4,1 and NN,» determine the additive constants 
in 6; and 6%, but that the additive constants of 63 and 6% are 
arbitrary and consequently there are oo” transforms My» of a given 
N,,1 and No». However, it follows from (33) and (42) that when 
one of these constants is fixed, the oo’ transforms Mj. are conjugate 
to the same congruence. 

We may gather together the foregoing results into the following 
fundamental theorem of permutability: 

If N11 and Ns,2 are two transforms of N by means of functions 
6, and 9, and congruences G’ and G", there exist «©? nets My, 
each of which is an F transform of Ni,1 and No.2, their determination 
involving two quadratures; there are obtained incidentally two other 
mets Nox and Ni» such that No1, N11, No.2, Niz is a quatern, and 
also N, Noi, Ni,2, Miz, Moreover, the six nets can be associated into 
the triads N, 1,1, Ni,2; N, No,1, No.2; Ni.2, No.2, Miz; Nos, Mii, Me. 

Any set of corresponding points in the above configuration 
are the vertices of the complete quadrilateral formed by corre- 
sponding lines of the four conjugate congruences of the trans- 
formations. Each point generates a net which may be taken in 
place of NV as the given net from which the configuration is obtained. 

With each net there are associated two parallel nets whose 
coordinates are direction-parameters of the two congruences con- 
jugate to the former net. These twelve auxiliary nets may be so 
chosen that they may be constituted into four groups such that 
corresponding points of the three nets of a group lie on a line 
through the origin (cf. (1)). These four groups are N’, Ni1, N31; 
NY, Nija, Noo; Nii, Ni, Nis Not, Noir, Niz"®). 

In consequence of (32), (36), (38), (40) and (43) equation (46) 
can be written } 

63) 65 


60; ——— 645) a 
6, 21 03 12] 2 


6 
(47) O49 x12 = 09! “ t11-44 


6 
= 2] abe (ous aoe 
6, 


9. 
'*) In this notation Vj; means that the radius vector is parallel to a line 
of G’’”’ and the net is parallel to Ni,;. 
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From the expressions (36), (38), (43) and (44) we find 


61 03 
0; Os 


(48) 04 O19 === 65) 654" aes (05 621 — 0, 042 — 6129 a1). 


Hence the above equation may be written 


pes 
(05 621 21,1 + 9; O12 22,2 — 912 O21 &). 
3 


(49) 0, O45 x12 


From (34) it follows that the functions Ay. and di of the parallel 
transformation determining G’; the congruence conjugate to M1 and 
Ni2, have the values 


64/ ARES oy , 
(50) Nees 61h an hae hoi —b 6 


Ty O7 


The functions 712, 012, giz of the transformations from Nj, into M2 
are given by equations similar to (8) and (15), namely 


rrr ver 
(51) t= hip O1e— 012, 9 012 = he O12 — 019, Gz O12 = T12— 1p. 


In consequence of the above values these functions have the 
expressions 


Foun +o O42T2 + O12 on), 
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In an analogous manner the functions ho: and Jz; of the trans- 
formation from 2. to Mio are of the form 


he 05— hy 05 1, 03— 1, 05! 
(53) hoy == RENE Le 02) b= He CEE eee 


T2 02 


a 


and the values of the corresponding functions 121, 621, g21, defined by 


rod vee veer 
(54) G21 == ho O21— O91, G21 = 11 21 — 921, 2 821 = T21 — 921, 
4 
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are reducible to 


T_ 091 — 712, 02021 = 01049, 


(55) 1 68 : 
yo = VEER (01 — 11 02+ Go 4} 612). 


Consider in particular the case when N22 is a parallel trans- 
form of NV. If we take 


Ge i 
then 


and consequently Ny. is a parallel transform of Ni,1. From (43) 
we have 

62, = 01— 07, 
and consequently from (49) 


(56) Oy (%12— 2,2) = (6,— 61’) (ei 1-2). 


Since 6; involves an additive arbitrary constant, we have the theorem: 
If N; is any transform of a net N and Ne is parallel to N, there 
are 00+ transforms Ni: of NM, and Ny which are parallel to Ny; corre- 
sponding points of these nets lie on the line through Mz parallel toMM,. 
Consider also the case where 6: = 61-+c, ¢ being a constant. 
We have accordingly 


63== Oi-+o', > 63 = 07+ ¢", 
(57) Gi, 


° 05 
eae — " Cad ’ ‘ 1 
‘ 4 Cy Ao4 € ? C 3 Oi ——4 rn O ; 
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where c’ and c” are constants. If c’ = 0, 6 is constant; it follows 
from § 16 that My» is parallel to Nix. Also No» is parallel to Nie 
if e'== "0, 

In order to determine the effect of the additive arbitrary 
constants of 65 and 61, we replace them by 65+ (c—1) and 
6;'-+ (e—1) in (33) and (36). If we denote the new functions by 


ttt 


%e1 and Oc2, we find in consequence of (1) and (19) 


(58) Le = ay's—(e—1) a1, Oc2 = O12 + (c—1) 671. 
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Hence the co’ nets Mie obtained by varying c and holding e fixed 
are conjugate to the same congruence conjugate to Mi1 also; 
similarly as e varies and c remains fixed the oo’ nets Ny and No,» 
are conjugate to the same congruence. 

The foregoing formulas are interesting also in another connection. 
Thus if we look upon NW and a net Ny» as F transforms of No, », 
there are ©” nets, including Nii, each of which forms a quatern 
with No», N and Ny». The above results lead to a means of finding 
these nets NV... In fact we replace M,,1 by the transform of V 
by means of the functions 


(59) 6¢= 0,+(c—1) 4s, xO = g'+(e—1)2", 


the quantities «© being taken as direction-parameters of the con- 
eruence of the transformation. Now we have 


0a 0x 020 Ox 
(60) Ou ele Ou’ aur in, cous 
where 
(61) he = hy=F (e—1)he, b=k+tle—lDs; 
also ”f rr mf Ld 
(62) 92. = 65-+ (e—1) 65, A¢ = O04 + (e—1) 6%, 


Oo — 6; (C1) 6-1) 61 + (a1) (e1) 6 


When these values are substituted in the following expression which 
is the analogue of the right-hand member of (46), it is found that 
the result is reducible to the latter: 


(G0! 0 — 65 Be) 2° + (89 be — 0 63)" 


Hence: 

Let Ni,1 and No,» be F transforms of N by means of functions 6, 
and 92, x and x" being the direction-parameters of the congruences 
of the transformations; if Nee is the transform of N by means of 
6,+ (c—1) 62 and a congruence of direction-parameters x’ + (e—1)x", 
c and e being constants, the 0? nets Nix forming quaterns with N, 
Mi,1 and N22 form quaterns also with N, Nee and No,» whatever 
be c and e. 

“ 
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22. Derived nets and transformations F. If N(x) is 
a net with the point equation (6), and 6, and 6, are solutions of 
(6), they determine a derived net M(x) of N (cf. § 11), whose 
equations may be written 


es Ox Ox 
(64) ae me rR hey 
where 
kahit | 0 Os a 
(65)) 4 (. 00, ey __ 962 80, 90s 96, 
PAY, ou)’ au Ov dv Ou’ 


Let 6, be another solution of (6), and NV’ a net parallel to N. 
An F transform NN; of N is given by 


0 
(66) Ls = L— 7 ax’. 


The functions 631 and 63. defined by 


Coase Ree 
(67) 63; = 01 — “gr 84 i= 1p 9) 
where 
0 6} 00; 00} OO ere 
6 Perr ass as a se 
Be) au : OU’ dv t av (2 1, 2, 3), 


are solutions of the point equation of V3. They determine a derived 
net WV; of 3, whose coordinates are of the form 


(69) Ly = Xg3-+ Ps a + qs 


where ps and gs are given by (65) when 6, and @, are replaced 
by 43: and 639 respectively. 
From (66) and (67) we have 


au 63° 
Ons 63 1 — 03 (x' 50 2) 
; sn 


0 2X 03 h— 03 | , 00s ' = 
_— xv ; 


Ov 63° 
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0 034 - 63h — 03 (oi 0 As 6h et), 


De 65" ‘Ou Ou 


0635 63 1— 03 (oi 002 504) (a 
dv 63” ( 


On substituting these expressions in (69), the resulting expression 
in reducible to 


(70) Car eae 0s kd) Bh aan 
a 1{ ,|00, 06, 063| , x Oa l 
— 6 edie 
2 eae du Ou du ag, 105-8 av es a al 
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Since 6; and 45 are solutions of the point equation of J’, 
a derived net WV’ of N’ is given by equations of the form 


Ox" Pee 


==) / , in 
Pe sae: Ou +4 dv" 


where p’ and q’ are obtained from (65) by replacing 6; and 63 by 
6; and 63. From equations analogous to (I, 68), we find 


ax’ Easy, Ox 0x _ 72% 
ou ee SOO Onn aay 
where 
' 005 ’ Onn , 065 , 00, 
reed Piggy Ter Be a) 1 oy Ou 
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Consequently W’ is parallel to N. 
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The functions 6, and 65 defined by 


oe 8 Os 005 a ie 


Ou | dv’ rag eae 


eee 


are corresponding solutions of the point equations of NM and WN’. 
Hence quantities of the form | 
pl 

03 
are the coordinates of an F transform of N. When the above 
expressions are substituted in this quantity, it is reducible to (70). 
Since 6; and 63, as given by (68) involve additive arbitrary constants, 
there are oo? nets N3. Hence we have the theorem: 

If N is a derived net of N and N, is any F " transform of N, 
there can be found by two quadratures «© nets Ns, each of which 
is a derived net of N; and an F transform of N. 

23. Derivant net and derived net of two transfor- 
mations F. We note that the corresponding points of six nets 
in the relation of the theorem of permutability are coplanar. From 
the second theorem of § 11 it follows that these planes envelope 
a derivant net N of N. Since the four congruences of the con- 
figuration are harmonic to N, it is a derivant net of each of the 
six nets. By means of (32), (40) and equations similar to (8) and 
(15) the expressions (I, 67) for the coordinates of N are reducible to 


v, 03 ee V9 0; te Os yg At " x 
im 1 2 
‘ 6; 92 89 0, 
(71) f 
T 02 — Tp OF iis O2 1 
= av 1%2,2 P2%1,1- 
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From § 17 it follows that corresponding tangent planes of J, 
N;,1 and N2. meet in the point which generates the derived net N 
of WN determined by the solutions 6, and 6, of the point equation 
of N. We shall show that the corresponding tangent planes of 
the oo? nets Ny» pass through this point. In fact from (I, 66) it 
follows that the coordinates x of this point may be given the form 

18/8) da 8 (2) Oa 
dv Ou Ou \O0,! Ov 


alee Fak: Ov (*)— - ler macal | 


24. The extended theorem of permutability 55 


Consider now the net 4; and look upon XN and a net My as F 
transforms of it by means of 6>1— — 6,/6; and 6. The corre- 
sponding formula for this case is 


a) | he OX, 0 


CH Ne Glen 
“ 04 dv 129, du Ou (412 7" dv 
i Dak-c8 | 1) 9 
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By means of (9), (20) and (37) this is reducible to the preceding 
form. Hence: 

The corresponding tangent planes of N, N1,1, No, and the 2° 
nets Ni. meet in the point which generates the derived net of N by 
means of the functions 6; and 4. of the transfor AES of N into 
Ni; and No». 

24. The extended theorem of permutability. In this 
section we extend the theorem of permutability so as to involve 
three transforms of V. Let M4, No and N3 be these transforms. 
of N by means of the functions 4; and w; (¢ = 1, 2, 3), where 


ee eee 


Applying the theorem of permutability to the three pairs of these 
nets, we get three families of nets Ni, Nog and N31, since N;; = Nj:. 
From (48) and (49) we have 


(72) 0; Oj Wij = Wj (0; Oi + 6; 05; — 0:3; 64), 
0; 05; Wij Vij = Wj (0; Opi Xi + 4; 05 5 Lj — 94; Os, 0) (2 a I). 

Since a net My and a net Ms are transforms of N,, there exist 
co? nets N for each of which Ni, Mo, Ms and NV form a quatern. 
It is our purpose to show that one of these nets WV is such that 
No, Ni, Nos, N form a quatern; and likewise N3, Nis, Nog and N. 

We denote by 6;; and wij the functions by means of which 
N;; is transformed into N; from their definition it follows that 
5 = 6; and Wi; = w;;. According as we look upon N as s belonging 
to the one or the other of the quaterns, Vi, Ni, Nis, NV; Ne, Ni, 
N23, N, the coordinates z of N are given by the respective equations 
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(73) 612012 Wie —= Wig (613 O13019 + 612 O12 L1g— 612 1801 ) 


O01 O01 Wr LH = Wg (O03 A03.L12 + O21 21X23 — 921 808X2), 


which are analogous to (72). When we equate these two values 
for x, the resulting equation is reducible by means of (72) to an 
equation of the form Azi+ Ba,.+Cx = 0. Since A, B and C are 
necessarily equal to zero, we have the following equations of 
condition: 


6016 — 
718 + 65 wos 003 01 We O28 


aa, LP 6 2 6 — 
61 W32 942 (0 W13 913— 43 Ws 3 = — 011g 413 Ag We 


12 


O21 439 
0 


01012 O12 (02 W23 423— 93 Ws — 6g 23 B05 64 Wz O03 -+ O1Wi8 613 As We 


643 


61 W12 419 (01 23 032 — 45 Ws O31) — 91 W13 013 03 We 
aA: 


By subtracting the last of these equations from the first and adding 
it to the second we find that the above system is equivalent to 


616112612 = We (02 421 013 + 81 012 823 — 43 812 401), 
(74) 61 613013013 = Ws (43 O31 912 + 41 O13 832 — 42 413 31), 
02 O08 2g 003 —= Ws (43 O32 821 + O9 423 831 — 01 O08 O32). 


From (38) and (44) it follows that 
(75) W 1 W412 04 642 — We Wo21 Oy O21, 
so that the above equations are consistent with the requirement 
that 6;;— 0; When equations (74) are compared with the second 
of (72), it is found that 4; is a solution of the point equation of J;;. 
which is a necessary, condition. The analogue of the first of (72) is 


Ay O19 Wr — wWi3 (O43 613 -- 612012— 615 618). 


Substituting in the right-hand member the expressions for 612 and 615 
from (74), we have 


6 =) 
r 7 + Os Wes O03 81 We O23 = 


61613 


25. Transformations AK 


or 
~] 


63 Oy. 20 2Wy . 
ee ey (On bene 613 832— 832 823) 


We Ws 
» + O9 (B23 431 $+ 901 813 — 13 931) 
+ Os (031 O12 + 932 021 —— 921 412) 
— 042 403 631 — 421 613 939, 


which in consequence of (75) is consistent with the requirement. 
that wj— wj: By means of these results equations (73) reduce to 


Dix = 21 (Oe 23 O31-+ 03 O32 021 — 81 028 O32) 
(76) | + 2, (03 031 812+ 01 913 O32 — 99 931 418) 
ee | + x3 (41 012 423-+ 2 O21 013 — 43 O12 801) 
— 2 (012 023 431+ 621 413 932). 


Since this expression is symmetrical in the functions involved, it 
follows that N defined by (76) forms a quatern with M, Mi. and 
Nog and also with Nz, Mis and Mo3. 

25. Transformations K. We inquire under what conditions 
a net N and a transform i meet the lines of the congruence in 
points harmonic to the focal points. From (J, 37) and (2) we have 
that the necessary and sufficient condition is that 


(77) a = =(ht)o.. 


When we require that this function satisfy (5), the resulting 
equations are reducible, in consequence of (I, 13, 18), to 


‘ 0 6 4 dlogb 0 6, dloga 
uy pan yp Lae du ’ av ee ritbais: 100 cu 


From this it follows that the point equation of NV is necessarily 
of the form aes 
(79) a9  dlogVe 00 , dlog Ve a6 


OUdV Ov Ou Ou Ou’ 


where @ is defined by 
(80) oy 120: 
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Then from (I, 18) and (77) we have 


f 


8 6’ 6 6 
==—+—, J/=——-+—. 
(81) h 5 ae 3 F 


Now the equations (5) may by written 


cy (es Pa Wea a a le 
(82) Bu & |= @ Ow’ av & eG ae. 
From (8) it follows that 
6° 
83 Sa) ‘ 
(83) . 
Hence equations (10) become 
Bar 15 a9 20 Ba 
| ou = o 6’ (( Fu i ut 
(84) 
jee Oe ee Aras 28 
One! O60, | ee av dv)’ 


and the point equation of J, is 


(85) 076, «Blog Vg, 01 | 8 log V or 301 
audv Ov Ou au au’ 
where 
— 6? 
86 Yo = 
(36) 1 Vee" 


We note that the invariants H and XA of equation (79) are 
equal, or, in other words, WV has equal point invariants. Since the 
same in true of \,, as shown by (85), we have the theorem: 


’ 


In order that a net N and a F transform N, meet the lines of 


the conjugate congruence in points harmonic to the focal points, it 

as necessary that both N and N, have equal point invariants. 
Koenigs solved this problem for 3-space*’). Accordingly we 

call a transformation of this sort for space of any order a trans- 


Jormation K. 


“) Comptes Rendus, vol. 113 (1891), p. 1022. 


25. Transformations K 59 


When two nets in the relation of the above transformation are 
parallel we say they are associate'*). In all generality equations (84) 


are in this case 
Oxy Log 0 wy Lroe 


87 — === " 
au du 0 bw’ dv 0 dv 


Suppose now that NV has equal point invariants. The know- 
ledge of a parallel net N’ gives h and/, and consequently a solution » 
of the adjoint (I, 20) of the point equation which in this case 
is reducible to 


che ee a ee Z 
(88) eee Vo)=Vo nee (iq) Ve). 


Since equation (79) can be written 


0° ei BP eno" 1. WOES 
co areca celitiney G7) Vier 


a solution of this equation is given by (80). It is readily shown 
that 6’ given by (77) satisfies (5), and thus we have: 

When N has equal point invariants, each parallel net N’ deter- 
mines without quadrature a transformation K into a net Ni, the 
function 6 of the transformation having the value g:o/2, 0’ being 
given by (77). 

In particular, pe is a solution of (88). In this case 


6 =1 from (80) and consequently JN; is associate to N. 

Suppose conversely that we have a solution 4 of the point 
equation. From (88) and (89) it follows that g = 26/o is a solution 
of the adjoint equation. From § 4 we know that by means of ¢ 
we find oot nets N’ parallel to N, of the form x’+kxz, where 2’ 
are the coordinates of one of these nets and k is a constant. 
Accordingly we have the theorem: 

When N has equal point invariants, each solution of the point 
equation determines by a quadrature, an infinity of transformations K, 


18) This is a generalization of the idea of associate surfaces in 3-space 
[§ 155 and Ex. 22, p. 425]. 
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such that corresponding lines of the conjugate congruences of the 
transformations which pass through a point of N are coplanar. 
26. Theorem of permutability of transformations K. 
If MN, and N, are two nets, each in the relation of a transformation K 
with a given net N, we apply the theorem of permutability of 
general transformations F', and seek the nets Mis, which are K 
transforms of Ni; and N2. For this case we must have 


119 —= — 9}, 91 = — 02. 
Since 
; 6? 6? 
(90) y= — 9, = —, 2 == — 02 = 2 


these conditions are equivalent, in consequence of (52), to 


63 


(91) fora 


61 
-+- Tiger = 0. 
1 


In consequence of (90) equations (37) for the case of trans- 
formations K are reducible to 


a (5) = @ (oe ae 


2 2 £ 
(92) " Ou OU 
7 00, oes) 
— (6,;.—| = — As —- E 
av ( rh o \~ dv a Ov, 


From these equations and similar ones in 6; we find that the left- 
hand member of (91) is necessarily constant. Since each term of 
this expression is determined to within an additive constant, there 
are oo’ sets of solutions satisfying (91). In fact, in consequence 
of (36) and (43) we can put (91) in the form 

O10. 


65 0 
fee AY — 05 = 0. 


93 a 
(93) 6, Fi 


From (52), (86) and (93) it follows that 


O12 O04 
2 = 2— go == 2—. 
i Qi” ip Og 


Hence each Ny for which (93) is satisfied is a K transform of N, 
and Np. 
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Now equations (48) and (49) become 


04 » Oi oH 
0; 013 = O12 (0: — —§— + O19 |, 
0 6, 6, 
(94) 63. 6! 64 
0; O15 X2—= Oye (0 ee 3,9 — 02— 13+ oti), 
62 6, 6; 


By means of these results the coordinates (71) of the point of 
contact / of the plane of the quatern with its envelope are reducible to 


lpn Ine pvr , 
A 62 O03 X2,2—0103 X11 42 OF Xy2— O1 On 


05 03 — 0103 O19 Oi — 05 Of 


Hence WM is the intersection of the lines MM,, and M, M32; con- 
sequently the points M4. of the oo? nets lie on a line, M@M,,. There- 
fore in consequence of the theorem of permutability of general 
transformations F' (§§ 21, 23), we have the following theorem of 
permutability of transformations K: 

If N, and Nz are K transforms of a net N with equal point 
imvariants, there can be found by a quadrature c' nets Ny, which 
are K transforms of N, and Nz; corresponding points My, of these 
nets Nyy lie on a linel through the corresponding point M of N and 
in the plane 7% determined by M and the corresponding points M, 
and Ms of N, and Ne; the plane ~ touches its envelope at the inter- 
section of 1 and the line M, Mz; the parametric lines on the envelope 
form a net to which are harmonic the congruences generated by the 
lines MM,,.MM,, M,My2, MzMi2, and the tangents to this net are 
harmonic to 1 and M,M,. 

27. Transformations F of applicable nets. We say that 
a net N in n-space and a net N in p-space are applicable, when 
their coordinates x and x satisfy the condition 


which is equivalent to 


. sey) s (24), Eye 0m, Si 0m be 
, pes ~ du av ae ~ Ou dv’ 


ee 


ib 
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From (I, 3) it follows that the point equations of the two nets are 
the same. Hence a pair of solutions h and 7 of equations (I, 13) 
determine a net N’ parallel to N, as well as a net N’ parallel to N. 
Moreover, it is evident that N’ and N’ are applicable. Hence: 

If Nand N ave applicable nets, the knowledge of a net parallel 
to either enables one to find by quadratures a net parallel to the 
other, to which it 1s applicable. 

Suppose now that we subject V to a transformation #’ determined 
by a parallel net NV’ and a solution 6 of the point equation of N. 
From (9) it follows that the fundamental coefficients of the 
new net J, are given by 


Bs 12, 
ar 6/4 (De (38) — aes ae 


t 00 00 On 00 Oz 
F, = Fi | HERS Ae MED, ah / I, 9 le 
; a0 Ou Ov at ow OU ars bu. — Le Ov des ; +6 


Gi a (a (2°)—2 Ste 6 a +076), 


Ov 


ae 0B), 


We transform N by means of the net NV’, applicable to N’, 
and the same function 6 used above. In order that N, and N, 
shall be applicable, the expressions for the fundamental coefficients 
for VN, must be equal to the above. Equating the corresponding 
expressions, we get three equations, which in fact are equivalent 
to the two 


o am 
(Soi Sahar Sy ee 
(Lx — Da) = 2 ( St Boe oe) a". 
= - 
By integration we find, to within a negligible constant factor, 


(95) 6 =D a'?§ — De"? 


It is readily shown that this function is a solution of the common 
point equation of the applicable nets N’ and N’. Consequently 
the # transforms of NV and N by means of 6’ and @ given by 
the quadrature 


28. Nets corresponding with orthogonality of linear elements 63 


26 _, 0@\ 06 ox 1, 02 
Ek ona | Pe eee cE 
are applicable. Hence”): 

If N and N are applicable nets, each net parallel to N deter- 
mines a pair of applicable nets N, and N, which are respectively 
F transforms of N and N. 

We shall establish a theorem of permutability of these trans- 
formations. Let two applicable nets N and N be transformed into 
pairs of applicable nets M,, NM, and N,, N, be means of parallel 
nets N’, N’ and N”, N” and functions 6; and 6% given by 


(96) => 2?— Dz", of =a”? —D> 7". 


We apply the results of § 21 to this case and seek whether My» 
and ,. are applicable. To this end we take 


> vrF > say hhh) > v > e 
i. = Loh 2 fos ae! LY : O54" = ay”? ee mpgs 


Substituting the values of these functions from §§ 20, 21, we get 


(97) of’ + 0 —2 (Sa! x” —Dz'z") = 0. 


In consequence of (96) we find by differentiation that the left-hand 
member of (97) is constant. We have observed that in the general 
case 6; and 65 involve additive arbitrary constants. Hence they 
can be chosen in an infinity of ways to satisfy (97), and we have: 

Of the «* transforms Ni, and Ny2, ©* pairs are applicable, 
these cases arising when the constants in 61, and 63 are chosen so 
that (97) is satisfied. 

28. Nets corresponding with orthogonality of linear 
elements. Two nets in m-space are said to correspond with 
orthogonality of linear elements, if corresponding directions on the 
surfaces of these nets are orthogonal to one another. We say 
that two such nets are in relation O. A necessary and sufficient 
condition that N(x) and N(x) are in relation O is [ef. § 153] 


Ox Ox Ox Ox OREO Ui Ox Ox 
tke — — = (0), 
(SI) ae au ae re av De Ou 0, dv Ov 


19) Transactions, vol. 19 (1918) p. 170. 
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Let (6) be the point equation of M(x) and let 


6°69  dloga@ 96 , dlogb a6 
dudv dv Ou du av 


be the point equation of N(z). If the first and third of (98) be 
differentiated with respect to v and w respectively, we have in 
consequence of the second of (98) that N and WN have the same 
point equation. Hence: 

When N and N are two nets in relation O, they have the same 
point equation. 

From this result and § 4 it follows that if % and / are a pair 
of solutions of 
oh dloga al 228” 


ihe | eeey )) pe SUEr A ee 


(99) Ov CU, meme ; 


the nets N’(a’) and N’(x'), whose coordinates are given by 


0a! Ot. ba Oat Jy Saas’ On. Ox Ox 
1¢ -_ ==} —_ / — f = —_ 
1m) Ou “ou? dv Ov’ 0 “Ou 8D Ov 


are parallel to N and N respectively. Moreover, from (98) it 
follows that V’ and N’ are in relation O. If we say that N’ and N’ 
are corresponding parallel nets of N and N, we have: 

If Nand N are two nets mm relation O, corresponding paratins 
nets are in relation O. 

We seek transformations / of nets V and J in relation O 
into nets N, and N, in relation O. Let N’ and N’ be two corre- 
sponding parallel nets of N and N, and let 6 and 6’ be corresponding 
solutions of the point equations of N and N’ respectively, that is 


06’ - 00 06’ 06 
LOL ——_ == fJ{——, ——_ = ] : 
(101) Ou h O02 VP On Ov 


The equations of the transformations are 


7) : ee 
(102) WN=2t—-se’, 4S 


28. Nets corresponding with orthogonality of linear elements 65 


From the first we have by differentiation equations (9) and similar 
Ox a 
Ov 

When we express the condition that these quantities satisty 
equations of the form (98), the resulting equations give, to within 
a negligible constant factor, 


(103) 6 = De’ x". 


Since NV’ and N’ are in the relation O, this function 6’ satisfies 
their common point equation. 

Hence: 

If N(x) and N(x) are nets in relation O, and N’ (a) and 
N'(x') are two cor responding parallel nets, the nets N, and N, which 
are F transforms of N and N respectively by means of the equations 


Ox. 
expressions for - : = and, —— 
u 


(104) See 


where @ is given by 


00 10 a 06 0 Re pe 
fe Dn a", aN aes 1 Sy 


05) bu =A Ou 


are im relation O. 

We shall establish a theorem of permutability of these trans- 
formations. Let two nets N and N in relation O be transformed 
into pairs of nets M,, N, and Ns, N, by means of parallel nets 
N’, N’ and N”, N” and the functions 6; and 0% given by 


(106) = D>aw'z', Of = Ddx"n". 


We apply the results of § 21 to this case and seek under what 
condition N,, and Aj, are in relation O. For this to be the case 
we must have 


01> x VILE STA 65, = VALS Seen 
ee be a 


where x’ and x” are given by (33) and (42) and x1’ and 73” have 
analogous expressions. Substituting the values of at and fy! from 
§ 21, we have 


(107) 1 Oo a a! awe") = 0. 


or 
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In consequence of (106) we find by differentiation that the 
left-hand member of (107) is constant. We have observed (§ 21) 
that in- the general case of the theorem of permutability the 
functions 6; and 6) are determined to within additive arbitrary 
constants. Since these can be chosen in an infinity of ways so 
that (107) holds, we have: 

Of the ©? F transforms Nis and Me arising from the theorem 
of permutability of any nets N and N in relation O, there are co} 
pairs in relation O; they arise when the constants in 65 and 64 are 
chosen so that (107) 7s satisfied; all these cc pairs of transforms 
can be found by two quadratures, when ™,, N, and No, Me are 
known. 


Exercises. 


1. If N is a net of translation (cf. I, Ex. 6), the only F transforms of V 
which are nets of translation are parallel to NV. 

2. If N is a minimal net (cf. I, Ex. 7), the only # transforms of N which 
are minimal nets are parallel to N. 

3. If N is any net and N, is the F# transform defined by (2), and (N),, 
(N,); and (N’), are the first Laplace transforms of N, Ni and NV’ respectively, then 


(iby ay 
(a1); a (x), — or (a ‘G 
where \ 
= = 1 06 i \ eens 1 od’ 
@):=6 dlog a Oy? (@ ee 
a Ov 


4. If N, is an # transform of a net N, any Laplace transform of N admits 
as F’ transform the corresponding Laplace transform of Ny, the equations of the 
transformation being 


) = (yr (6),.* ' 
(ey pe (x), =a O),. (x dy 


where (6),., (0'),. and (w’), ave the r™ Laplace transforms of 6, 4’ and 2’. 

5. If N and N, are in relation #, and ¢ and g, are corresponding solutions 
of their point equations, the Levy transforms of N and N, on the tangents to 
the curves v = const. of NV and N, are in relation F, and also the Levy trans- 
form on the tangents to the curves « = const.; moreover, the lines of the conjugate 
congruences of these transformations are tangent to the net which is the F 
transform of N by ¢ conjugate to the congruence of the transformation from V 
into N,. 

6. By means of Ex. 5 and § 11 show that if N and N; are nets in relation /’, 
and ¢, g, and ¢, ¢, are corresponding pairs of solutions of the point equations 
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of N and Nj, the derived net of N by ¢ and /& is in relation #' with the derived 
net of Ny by ¢, and ¢y. 

7. It N and N, are nets in relation J’, and Ny and Nis are parallel to N 
and NV, respectively in accordance with the second theorem of § 21, corresponding 
lines of the congruences of parameters 2 and x12. conjugate to N and N, meet 
in a point describing a net forming a triad with N and Nj. 

8. Show that if in § 24 we take 0; = ws = 1, 04 —=— 0% = 0, the nets Ny, 


Mis, Nos, N are parallel to N, Ni, No, Nis respectively. 
9. If N, Mi, No, Nis are nets of a quatern, the respective functions 45, 44», 
— 6,/0, —0,./618’ determine radial transforms N, Ni, No, Nis, forming a quatern 
under transformations F. Transactions, vol. 18 (1917), p. 123. 
10. If N is a net and @ any solution of its point equation, the equations 
x, = x«—cé, where the c’s are constants define a net Ni which is a transform 
of N, the congruence of the transformation consisting of parallel lines. The 
tangent planes to V and N, meet in the harmonic congruence of NV determined by @. 
11. If N and N are applicable nets, the equations «) = a—c@, x1 =x — CO 
determine applicable nets Ni and M, if @=2 (Ye¢x— 2Zex)/(2e—Je?). 
12. When the functions a and b in equation (6) satisfy the condition 


; Ora CLO E* (= b\ da Ob 
@) “Bude ze Oudv \b 4 Ov Ow’ 
the equations 

Slog Vp __ 1 8b BlogVYp _1 da 


Ou a Ou’ Ov b Or 


are consistent, and the functions 


(ii) hy = Ve es scales jee 
: pa Vev 
satisfy equations (I, 13). The two nets N and Np parallel to a net N’ with 
equation (6) determined by the solutions (ii) have equal point invariants, and 
are associate (§ 25) to one another. 
Conversely, if a net N’ with point equation (6) admits a parallel net with 
equal point invariants equation (i) must be satisfied. 
13. When the condition (i) of Ex. 12 is satisfied, equation (6) admits the 
: — 06’ a) 
solution 9’ = [ (a? — b?). If we put = = V p (a— b), we have 7 aa 2 cad 
, ‘ / ? A 
oe = vz ae These values satisfy (81), and consequently # and 6’ and the 
pP 


congruence conjugate to N whose direction-parameters are the coordinates x’ 
of N’ determine a K transform of N. 

14. Let M, M,, Ms, Mis be corresponding points of four nets N, Ni, No, Nie 
of a quatern under transformations #. Show that a necessary and sufficient 
condition that another net Ni. obtained by varying the additive constants of 
6% and 6, be such that its points lie on the corresponding lines MM is that 
the transformations be IK. 
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15. If NV isa net with equal point invariants, V,, No, NV; are K transforms 
of NV, and Ny, Ni3, Nog are the nets with equal point invariants which together with 
the respective groups N, Ni, No; NV, Ni, Nz; N, No, Ns form quaterns wider trans- 
formations A, then N defined by (76) is a K transform of Nis, Nis, Nos. 

Transactions, vol. 16 (1915), p. 296. 

16. Determine whether transformations A are the only transformations I” 
of a net with equal point invariants into nets with equal point invariants. 

17. In order that the Levy transforms conjugate to the tangents to the 
curves of parameter « of a net N with the point equation (6) and determined 
by solutions 6 and 6, of (6) be #K transforms of one another, it is necessary 
that 96, = b?V, where V is a function of v alone. 

18. If N and N; are two nets in relation K, their respective associates 
can be so placed in space that they shall be in relation K. 

19. If in (46) 67 and 0, are replaced by 6+ c and 6, —c, where ¢ is 
a parameter, the corresponding points of the oo! nets Ni» lie on a conic which 
passes through the corresponding points of V, VN; and N.; this conic is degenerate 
when the transformations are. K, and only in this case (cf. Ex. 14). 


Chapter III. 
Sequences of Laplace. 


29. Homogeneous point coordinates. If the cartesian 
coordinates of a point Pare xz’,....2”, the n-+1 quantities y, of 
which 7” ~1+ 0, satisfying the conditions 


are called homogeneous coordinates of P. If the coordinates ¥ are 
given, P is determined, but if the cartesian coordinates x are given, 
the homogeneous coordinates y are defined only to within a factor. 
In homogeneous coordinates the equation of a hyperplane is 
of the form (§ 1) 
OY prtateycs aa aaa ya): 


Now y'= 0 @ =—1,....,) is the equation of a coordinate hyper- 
plane. Also 7” 1= 0 is taken as the equation of a hyperplane, 
namely the hyperplane at ifinity. This hyperplane likewise is 
a coordinate hyperplane in homogeneous coordinates. Thus we 
have +1 hyperplanes forming a coordinate (7 -+1)-hedron. More- 
over, a point all of whose homogeneous coordinates save one, 
say vy’, are zero lies in all of these hyperplanes except the hyper- 
plane 7’ = 0; it is a vertex of the coordinate (7--1)-hedron. 
Suppose now that we have any 7-1 hyperplanes, say 


eis cc Oe yo a ONE a= Lael ,n+1), 


subject to the single condition that they do not have a point in 
common, that is, the determinant of the @’s is not equal to zero; 
thus |a@/|+0. If we put 


CAA Yee er tae Poy aes Ga Lah Hl), 
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where @ is a factor independent of 7, the quantities 2’ serve also 
as point coordinates. For when the y’s are given for a point the z’s 
are BoUeny determined except for a factor. Conversely, when 
the z’s are given, the determination of the corresponding y’s requires 
the solution of a linear system of equations, whose determinant is 
different from zero. We call the 2s general homogeneous point 
coordinates, and as such they are distinguished from the particular 
system of y’s, corresponding to the case where n of the coordinate 
planes are mutually perpendicular, and the other is at infinity. As 
in the case of tetrahedral coordinates in 3-space, the transformation 
is not completely determined by the (2 -+1)-hedron, but is defined 
when it is required that a particular point. not on the faces of 
the new (n+ 1)-hedron is to have the coordinates (1,1,...,1) in 
the new system. 

Since the steps used in the preceding are reversible, we have 
that there exist linear transtormations Py) by means of which from 
a general system of homogeneous coordinates z we pass to a system y 
so that y'/y"" 1... y/y"~* are cartesian coordinates. Hereafter we 
understand that when homogeneous coordinates are used they are 
of the general type. 

We are prepared to prove the theorem: 

The homogeneous coordinates of any point on the line joining 
two points P, (z,) and P.(z2) are of the forin 


he es 
and conversely. 

Consider the point with these coordinates and apply a trans- 
formation Po (referred to above). The resulting expressions will be 
of the form 4y,+-wy.. Hence the cartesian coordinates of the 
point are 


y) wr hes rly ware Liyt 3 
arta, Ya = Yi ~ fan Ys —— (Gis Leesa ee 
dy? + yn ar ae A 


rar 


which shows that the point lies on P, P, (cf. 1, Ex.1). Evidently 
the converse also is true. 

In like manner it can be shown (ef. I, Ex. 2) that: 
The homogeneous coordinates of any point on the plane through 
three points P,(2,), P2(22) Ps3(23) are of the form 
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Az + jee +025, 
and conversely. 
From § 1 the locus of a ott whose homogeneous coordinates z 
are functions of a parameter w is a curve. We wish to prove: 
The homogeneous coordinates of ary point on the tangent to 
a curve z(u) are of the form 


and conversely. 
If the coordinates of a point are in this form, and we apply 
a transformation Py we get for the new coordinates of the point 


ay 3 é : 
Ay + oe Hence the cartesian coordinates of the point are 
i dy* dat 
Ay 7 ine ae 2 du 
y) 1 VN =i -+ wu ap dey, a -|- 8 Nog yn +1 
Y du us du? 


AS these are of the form x + 4—, the point lies on the tangent 


dx 
du 
($1). Conversely, the cartesian coordinates of any point on the 
tangent being of this form are readily transformable into the form 
of the theorem. 

Consider a point on the tangent to a curve with its coordinates 


: lz : : 
in the form 2z + w We Two functions o and ¢ are defined by 


In terms of o and? the coordinates of the point are of the form 
0 (tz). Hence we have: 


The homogeneous point coordinates z of a curve can be chosen 
so that the coordinates of a given point on the tangent other than 


‘ b whe 
the point of contact are of the form 


The osculating plane of a curve z(w) at a representative point is 
by definition the locus of points whose coordinates are of the form 
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dz az 
ae y 
du 


he +p y ——, 

cr du? 
coordinates and proceed as above, we can show that the cartesian 
coordinates of any point of the osculating plane are of the form 


If we apply a transformation P to the 


dix dex 


I Ua 
du Di ite 


rts 


We observe that this is the result previously found for 3-space [§ 7]. 

30. Laplace transformations. We have seen in § 2 that 
a necessary and sufficient condition that a system of parametric 
curves be a net is that any point on the tangent to a curve 
v = const. of a system moves in the tangent plane to the surface 
as v varies. Given a net NV with 2 + 1 homogeneous coordinates x. 
The coordinates of any point P on the tangent to a curve v = const. 


. Ox ; : : 
are of the form Axa + wu ce As v varies, the point moves in the 
VU 


cal ait 
Og 


: a | ; : ‘ 3 
tangent plane, provided ——- Az + wu is expressible linearly in 
Uv 

Ox Ox 

terms of x, —, and : 
Ou dv 

cally by the condition that its homogeneous coordinates are solutions 
of the same equation of the form 


Hence a net is characterised analyti- 


8°6 _ dloga 06 | dlogh 00 , 
Oudv Ov Ou ou Ov 


(1) 


C 


We call this the point equation of the net. 

If, in particular, the point P moves tangentially to the tangent 
to v = const., that is if P describes the minus first Laplace trans- 
form of N, we must have 

0 log b 
A-+- w——— = 0. 


Q 


Ou 


Since similar results follow for the first Laplace transform, we have: 
The coordinates of the minus first and first Laplace transforms 
of a net with the point equation (1) can be taken in the form 


(2) ' i bes OE oe EE Ne Ls Hy ee Ok . 3 a. 
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In consequence of the fourth theorem of § 29 the equations 
of a Laplace transformation can be put in the simple form indicated 
in the following theorem: 

The homogeneous coordinates z' and y' of the focal points of 
a congruence can be chosen so that 


Oz 0 
(3) ven ai ne at ie: 


From (2) we have by differentiation 


O04 dloga OX dlogb 
4 = — 71+ Ke == % ae 
(4) Ov Van aed ei Ou Ou ell; 


where H and K are the invariants of (1) namely 


d*loga , dloga dlogb 
d= a i 
5) Oudv | Ov OU ru 
: cK d*logh , bloga dlogb | 
al a a ene 


If K =0, we get on integration x1 = Ua, where U is an 
arbitrary function of «w alone. As the arbitrary function U varies 
with the integral but @ remains the same, the point J/—; describes 
a curve, and not a net; we say that N_, is degenerate. Substituting 
in the first of (2) and integrating the resulting equation, we find 


(6) r=o(V+ J ae an), 


V being an arbitrary function of v alone. 
In like manner, if H = 0, the integral of (1) can be given 
the form 


aa! es oot La av), 


a 


Hence we have the theorem: 

When either invariant of an equation of Laplace is equal to 
zero, the equation can be imtegrated by quadratures. 

31. Sequences of Laplace. When the invariants H and K 
of (1) are different from zero, by the iteration of the first Laplace 
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transformation upon a net N with (1) for its point equation, and 
also of the minus first transformation, we get a sequence of nets 


WN G5, Sateen eee are nn Ve eae 


such that any net of the sequence is a first Laplace transform of 
its predecessor (sense being from left to right), and a minus first 
transform of its successor. We say that these nets form a sequence 
of Laplace. 

We are interested in finding the Laplace equation of each net 
of the sequence. In order to write these equations and others 
associated with (1) in abbreviated form, we denote by 


(8) [0:5 as, bi, er] 
the equation 
076; are log aj; 06; 


 dlogb; 66; 


4 ys Qs 7 l a3 
(9) OUdv 01 Ou Ou 01 
0° dloga; @logb; dloga dlogb 
2 . lo re; S)BEU Seas Due | A 
Ths Be av Ou Ov Ou ie 
Then from (5) it follows that 
0 ej dloga dlogb 
H; = 5 ee 5 ; 
(10) | Pie iad oe av ou 2G 
ee & , Sloga dlogd , 
| ayes ho a ee 


If in equation (1) we put 
(aly a 


where 4 is a function of «# and v, the Laplace equation satisfied 
by x’ is denoted by 


CL2)) Medgears ey 88h 


Then from (10) we have H’— H, K’= K, showing that H and K 
are invariants of (1) for transformations of the form (11). 
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In order to find the Laplace equation of N,, we differentiate 
the second of (4) with respect to v. Making use of (2), we find 


that the Laplace equation of N, is denoted by 


cr ens a 
(13) Ou: aH, b, a 
a 
and that 
0? aH 
(14) A, Sa F5 Die jy 108 ae er 


Proceeding in a like manner with the first of (4), we find that the 


Laplace equation of N_; is denoted by 


(15) |o—s; at, DK) 
and that 

ine) Vediiae 40" aU 
(16) fe RSS Cy Rae Pus log a 


The coordinates x» of N. are given by the equations 


(17) = 


a 
-— 9, —-logaH 
a atggt  , ok e 


analogous to (2), and the point of equation of NV. is denoted by 


é b* 
(18) |: oH Hy, b, reap 


In general the coordinates of N, are given by 


Lees OLy—1 


oe _ Flog (a HH, ee 


Ov 


and the point equation is 


br 


(20) [63 aH Eh... Hy—1, 8, 


TOA 2 aos Bo i 
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The equations analogous to (4) and (17) are 


00, 2. 0102 bs 
Taney Pct dat 
(21) Ox a) 
| —— —log(af... Us Peay Ly Ky 
a 
The coordinates of N_, are given by 
oe Q ; 2 
2) ee 08 AOR ae 


and the point equation is 


ar 
22> ne L e ~ met 5 
(23) & A, OL Koen ged br Kr—1 K’=? Kos | 


Also we have 


24 
i OX—r 0 loga oe 
Aap Aas ae oe ete 1° V—y-}-1 


32. Periodic sequences of Laplace. Ordinarily a sequence 
of Laplace is unlimited in both directions. If H; or A _, is zero, 
the sequence terminates in the positive or negative sense (cf. III, 
Ex.5). In the present section we are concerned with the case when 
the sequence is periodic, that is when a certain net V, coincides 
with V. In this case we must have 


(25) Lp == MX, 


where m is at most a function of wand v which is the same for 
all a coordinates «’. Since 2 is at least equal to 3, the coefficients 


of (12) and (20) for += p must be equal. Hence we must have 
0 H eee Virb Sh 0 n 
26 =| oO’ eee ae z= ((\) a i 
(26) 5p 108 - 0, Vr logm = 0, 
bP 
21 Se yy one 0 
( ) OuUdU z OU PS P= Ss espe 
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Differentiating the first of (26) with respect to w and making 
use of the second, we find that 


(28) Jallgl, ee fd 4, —— UF, 


where U and V are functions of w and v respectively. If we change 
the independent variables in accordance with the equations 


u= pw), v=’), 


we find that the invariants H’, H{,....H} of the transformed equations 
of the nets N, N,,....Np, are given by 


H= 9 W)WW)H, i= W)WO)H C=1,....9), 


where gy’ and wu’ denote the derivates of y and w. Hence ¢ and wy 
can be chosen so that (28) becomes 


(29) 1eMe Bite Wa Pee w= ks 
‘Then from (26) it follows that,m in (25) is constant”). 


Suppose now that (27) and (29) are satisfied for equation (1). 
Applying (10) to (20) for 7 = p—1, we get, in consequence of (27), 


0? GP Ae —* Fe? Haws 
- log f dere: 
duoyv ° bp-1 
(30) 


In like manner, making use of (27), (29) and (30), we obtain 


a? end ee ee Ft 
— | oO 9 d = 
Hp it dudv °8 pr 
0° gals ees 0? bk 4 
— ey = = log’ — Kee ° 
zz Ou av 08 am IS budv - a re 


0) Cf. Tzitzeica, Comptes Rendus, vol. 157 (1913), p.908; also Hammond, 
Annals of Mathematics, ser. 2, vol. 22 (1921), p. 245. 
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Hence in general we have 


(31) Ay -j = Kee 4.35 


If we differentiate (25) with respect to w, and make use of (2) 
and (21), we can reduce the resulting equation to 


(32) Hy 1 Lp—1 = ML=1 
which gives the analytical form of the condition that the nets Np,—1 


and N_; coincide. Again differentiating (32) with respect to w, 
we get, in consequence of (21), (24), (30) and (32), 


And in general because of (31) we have 
(33) Hy—1Hy-2. Puente Ay—i Lpy—t Uae 


which in consequence of (29) is equivalent to 


(34) Ly —i mH H, ape wre ET yea te ie 
Finally we have 
(35) 4 oe INX— pny 


showing that N and N_» coincide. 

Conversely if we differentiate (35) with respect to v we get 
(34) with <= p—1. In general, if we differentiate (34) with respect 
to v, we get (34) with ¢ replaced by i—1. Hence according as 
we differentiate (33) or (34) with respect to w or v we increase 
or diminish ¢ by 1. In order to point out the significance of this 
observation, we note that the expressions (19) and (22) for x, and 
x—, are expressible in the forms 


0"x Sages 

Ly = “Bor = + Ay, ee ie ameae a1 pe ow as An ok, 
pea 

ic, Se BE A ha 


Ou” +g ue 
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where A’s and B’s are determinate functions of the derivates of a, 
b and ¢ obtained by repeated use of (19) and (22). Hence equation 
(33) involves the derivatives*of 2 with respect to wv of orders 
1. p— 7, and.of « with respect to u-ofiorders 1, o..% 016 
this equation is differentiated with respect to w and all derivatives 
with respect to w and v are eliminated by means of (1) and the 
equations obtained by differentiating (1), we obtain an equation 
involving derivatives of x with respect to v of orders 1, ....y—7z—1 
and with respect to « of orders 1,....7¢-+ 1, which necessarily is 
(33) with ¢ replaced by i—1. 

Suppose now that we consider a periodic net of odd order, 
and write p=2n-+1. If in (34) we put =n and in (33) 
1==n-—-1, we get 
i cpea i) els heme Usb ycon ee 


(36) 1 
| Ly -—- 1, Gy Hen Hon—1 pea 6 Ay, Xn, 


nly on FL» 


ours nk Cu 


These two equations express 
of the 2%-++1 quantities 


linearly in terms 


(37) SS ie das ae 


We have seen that the consistency of (36) and (1) leads to other 
equations of the series (33) and (34), by means of which and (1) 
we can express all the derivatives of order higher than » in terms 
of (37). Since m does not appear in (27) and (29), for each value 
of m there exist p independent solutions of (1), (33) and (84) 
including the condition (25); and not more than p independent 
solutions. 

When p is even, and we put p — 2n, we have in place of (36), 


it 
Ly, mH H, chetene 1G lryaset L—ny ee —An—1 —— Ay Ys Pee 0] ee Valens) eon—1 


Then all the derivatives of order » and higher are expressible 
linearly in terms of the p quantities 


ory On ot tg Ox 


See COND AL a DAO HO a at oO 
oul’ Cn eh mead dv’ 
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Hence we have the theorem: 

When an equation of Laplace (1) satisfies the conditions (27) 
and (29), an infinity of sequences of Laplace of order p exist im 
space of order p—1. 

33. Harmonic congruences. We wish to establish the 
theorem: 

The homogeneous coordinates x of a net N can be so chosen that 
homogeneous coordinates of the focal points of any harmonic con- 

Ox Ox ; 

gruence are —- and Ga respectively. 

Let V(x) be a net with homogeneous coordinates x satisfying (1). 
Let F, and Fy be the foci of any harmonic congruence, these 


points being on the tangents to the curves v = const., «= const., 
respectively. Evidently « can be chosen so that the coordinates 


Ox ‘ : 
ol Fare ar ($ 29). Then the coordinates of Fs according as 


it is looked upon as on the tangent to the curves w — const. at JZ or 


on the tangent to the curves w= const. at / are of the respective 

On Ou 07a 

forms Aa +  £ , se forms must be pro- 

f hai + | nie Cs: These f t be } 
OV Ou OUdV 

portional to one another in consequence of a being a solution of 


the corresponding equation (1). Expressing this requirement, we 


: dlogb ox 
find that both of these must be proportional to ate? = + Cx. 
C Uv 
é 
: dlog! : she. : 
Evidently ae +0, otherwise F, and M coincide. Looking upon 


F, as the minus first Laplace transform of /, we must have 


Oo tf logd Ox 
au ee 0u dav me 


+ ca). 


on & logb dx 
OUNCE OG 


/ 


As this equation must be satisfied identically, we must have either 

, Ologb a ak ; 
c=0, or V’ ——— = Ve, where V is a function of v alone and V’ 
its derivative with respect to v. In the latter case the coordinates 


. ; ie : 
of F, can be chosen of the form =~ (Vix). Replacing Vx by a, 
" y &, 


: ; Oa é 
which does not change the form pans the coordinates of £1, we 
U 


have the result stated in the theorem. 
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Furthermore, when the coordinates of F, and Fy are of the 
a) 0 : ; : 

form 3 and me in the point equation of N we have c= 0. 
If we put 6 = 6,6) where 4 is any function of uw and v, in 
equation (1), the function 6, satisfies an equation of the type (1), 
and for this new equation c — 0 in case 4 is a solution of (1) and 
only in this case. As a result we have the corollary: 

The homogeneous coordinates of the focal points of any con- 
gruence harmonic to a net N(x) are expressible in the form 


38) S (FI, es @) 


in which case @ is a solution of the point equation of N. 

We have also the converse theorem: 

If 6 ts any solution of the point equation (1) of a net N, the 
points whose coordinates are of the form (38) are the focal points 
of a congruence harmonic to N. 

For, as v varies the direction-parameters of the path of the 
first of these points are of the form 


Sib ela twt Bilt tnt 2 
Gu NO CODA Gu Oe eon Vale 


which evidently are the parameters of the line joining the two 
points; similarly when w varies. 

We have also the theorem: 

When 6 = Da x’, where the a’s are constants, the points of 
coordinates (38) lie in the hyperplane S,max = 0. 

34. Levy sequences of the first order. If 6 is any solution 
of the point equation (1) of a net NV, from (2) it follows that the 
functions 


(39) 3 SS 0, Ch = Se SS 


are solutions of the point equations of N_1 and J, respectively. 
We call them the minus first and first Laplace transforms of 6. 
6 
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The points of coordinates (38) are the Levy transforms of V 
by means of 6 (cf. I, 53). In consequence of (2) and (39), we can 
take as homogeneous coordinates of these respective points 


(40) L—1,1 RT aR? LON ty — Be. 
Moreover, the net of coordinates xo,1 is the first Laplace trans- 
form of the net of coordinates x~1)1. 

By differentiation and reduction by means of (2), (4) and (39), 
we find that the point equations of these nets are denoted by 
(ct. § 31) 


ag a 
(41) [ons 6 Me mal 
7) b 
(42) [6,13 one b, |. 


From the form of (40) it follows that N_11 and No.1 are 
Levy transforms of N_: and N, by means of 6_; and @,. More- 
over, from § 10 we have that the tangents to the curves of para- 
meter v of No.1 are harmonic to N,, and consequently this harmonic 
congruence G, is determined by the solution 6, of the point equation 
of N,. Its focal point of the first order generates a Levy trans- 
form 4,1 of NV, whose coordinates are given (analogously to (40)) by 
Oo 


7 “41> 


(43) Ure | eee map) ne ae 6, 


where 6, is the second Laplace transform of 6. In like manner 
the function 6—, determines a congruence G_, harmonic to N_; 
whose focal nets are N_11 and N_21, where 


(44) L—2, 1 = L—1 = wt L—2, 


#2 being the minus second Laplace transform of @. 

Continuing this process we obtain a sequence of Laplace whose 
focal nets are Levy transforms of the nets of the Laplace sequence 
arising from NV. We call it the first Levy sequence of N determined 
by 6. The coordinates of the nets N,.1 for positive and negative 
values of r are of the form 
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(45) Lr = Bri — Grits ae 
6, 
where 6, is the r*® Laplace transform of 6. 

35. Levy sequences of higher order. Derived se- 
quences. Let 6 and 6’ be two solutions of the point equation (1) 
of WN linearly independent of the coordinates of NV. By means of 
6 and 6’ we determine two first Levy sequences W,,.1 and N;1. 
These nets are the focal nets of two sequences of congruences 
G, and G; harmonic to the nets N, respectively of the Laplace 
sequence obtained from N. From § 11 it follows that the point 
of intersection of corresponding lines of G, and G describe a derived 
net of N,. Moreover, from the results of $11 it follows that 
these derived nets form first Levy sequences of the sequences of 
N,,1 and N;; and consequently we call them Levy sequences of the 
second order. We shall obtain the analytical expressions for their 
coordinates. 

We consider first the derived net of N by means of 6 and @’. 
The functions 9—1,1 and 60,1 defined by 


(46) O24 4 == 9' — ae Gea. 60,1 — A; ——— ‘ 6’, 

0-1 0 
where 6’; and 6; are the minus first and first Laplace transforms 
of 6’, are evidently corresponding solutions of N—1,1 and Mo,1, which 
as we have seen are Laplace transforms of one another. Hence 
the coordinates of the Levy transform of N_i,1 by means of 6-11 
are the form 


60,1 


(47) © BEES) == Ca) al —— H—1,1- 


In consequence of (40) and (46) this is equivalent to 


| 
| 
| 
6, A; Ly | 


if we make use of the following lemma concerning determinants: 


6* 
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If D=||\ am|| (l,m =1,....n) is any determinant of the n™ | 
order, and we write 


Gr+-1,1 Ar,s =e 
—__ #7, 37 


Ar4t-1,s 
us Ar,1 
then 
Aj,2 Aj,3 od «iepe) (6 PE es 
Ag 2 Ae Sb avails ol As n 
(48) D ia 2 , 
An—1, Qype eee eevee An—1,n 


Hence the coordinates of N_1,2 can be taken in the form 
(49) L—1,2 = | 0-4 6’ x, |. 


From the symmetry of this expression it follows that N_1,2 is also 
a Levy transform of N“1,1, which shows that it is the derived 
net of WN for the functions @ and 6’. Evidently the derived net 
of N, for 6, and 6; and of N_; for 6_1 and 6; are given by 


(50) oo == 10 Ol atl, isa 3) Oe, Oo peek 


Since N_i,2 and No» are the Levy transforms of Mo,1 determined 
by 60,1 they are Laplace transforms of one another; similarly N_.2 > 
and N_1. are the Levy transforms of N_11 determined by 6-11, 
Hence the solutions 6 and 6’ determine a Laplace sequence of nets 
N;,2 Which are derived nets of the nets N,4+1, and a first Levy 
sequence of the nets V,,1. The coordinates of N,,2 are of the form 


(51) yp | 0, Or-+-4 Dyit-s 


for r positive and negative, and where No = N. 
If 0” is another solution of (1) independent 6, 6’ and the 

coordinates of N, the functions 

, 0 ’ r arr 

6.141 = 0 —— 61.1, Gi oa 

O_4 —1 

solutions of the point equation of N_11, determine a derived net 
of N_i,1. Analogously to (49) we have that the coordinates of 
this net are of the form 


[O21 0% 13 x1]. 
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Applying the lemma to this case, we have that the coordinates of 
the net may be taken in the form 


(52) X—2,3 = |0—» 614 6” Xy|. 


Hence the functions 6, 6’ and 6” determine a sequence of Laplace 
whose coordinates are of the form 


(53) Iy,3 = | Or Oy 41 Or +2 Fr+s|. 


We remark that from the symmetry of (52) it follows that the net 
N_»,3 is a derived net also of the Levy transforms N“1,1 and N”1,1 
determined by 6’ and 6” respectively. 

In general m independent solutions 6, 6’,....6—» of (1) 
determine a Levy sequence of order m whose coordinates are of 
the form 

(m—1) 


(54) Lr, m = 6, OF 44 Or +9 SORE Gated Sg elim, b 


for positive and negative values of 7*?). 

36. Periodic Levy sequences. Suppose that we have 
a Laplace sequence of period py We seek under what condition 
the Levy sequence of the first order determined by a solution 6 
of (1) is also of period p. It is necessary that xp,1—= 40,1, where 4 
is at most a function of wand v. In consequence of (40) and (45) 
this condition is equivalent to 


(55) Lp. “tes! Lah (e.— 2, 
p 


From (19), (25) and (29) we have 
+. 
06 7) 
(56) p+ a MIX y Op+1 — Fy Bp oe Op. 


Consequently from (55) it follows that 


0 6 
A= mM, ages: ===1()) 


1) Cf. Hammond, l.c., p. 252. 
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In like manner the condition vp—1,1— x—1,1 is equivalent in 
consequence of (21) and (32) to 


fb — mM, 


Hence we must have 
(57) Op = m 4, 


where m, is a constant. We have seen that equation (1) admits 
solutions of this type. If we have such a solution, the Laplace 
transforms of 6 satisfy equations (33) and (34) with m replaced 
by m. Hence we have 


Op—i+1 


(58) %p—41 = %p—i4.1— Dye SL. oes Ay a 54. 


Oni 
Therefore: 

If N is a net of period p in (p—1)-space such that cp = mx 
and 0 is a solution of the point equation of N such that 0)—= m9, 
where m, is a constant, the Levy sequence determined by 6 ws of 
period p; when m =m, 6 is necessarily a linear function of the 
x's and the nets of the Levy sequence lie in (p— 2)-space. 

The latter part of the theorem is a consequence of the last 
theorem of § 33. 

If we take two solutions 6 and 6’ of (1) satisfying the con- 
ditions 6) = m6, 0) = m,6', the first Levy sequences determined 
by 6 and 6’ are periodic. Also in consequence of (56) and (33) 
we have from (51) 


Xp, 2 —= MM, My Xo, 2, 
, vs 3 
Lp —i,2 — MM, Me (HE. eee Hy—i—1) Hy ~iHp—i+1 XL—i,2 


Consequently the second Levy sequence determined by 6 and 6’ is 
of period p. 

Similar results hold for the Levy sequences of. higher order. 
Consider in particular, the case of the Levy sequence of order p 
determined by the p independent solutions 6, 6’,....0°-» of (1) 
for which ay = m, 0% = 0,....p—1). From (54) we have 


Xo, p = 0 oH 6s eevee Oe oP — (m—m,)|6 604 ee aa ‘pe 


Similar results hold for a,» Hence: 
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If N is a net of period p in (p—1)-space, such that 2p = max 
and 0,6',0",....0°%—» are p independent solutions of the point 
equation of N such that 0% = m,0(¢ = 0,....p—1), the p™ Levy 
sequence coincides with the given sequence”). 

37. Transformations F in homogeneous coordinates. 
When two nets NV and J, are in the relation F, the tangents to 
the curves v = const. at corresponding points M and M, meet in 
the focal points of a congruence harmonic to both N and A, (§ 17). 
In accordance with the first theorem of § 33 the coordinates of V 
and JN, can be chosen so that we have 


0a Ox Ox 
(59) De ees MOE Oe x 


O07 —— 
Ou au’ av ° an’ 


where t and o) are functions of « and v. Hence the equations 
of any transformation F can be given this form. As previously 
remarked, in this case c= 0 in (1) and likewise c= O in the 
point equation of M,. 

When c + 0 in (1), the equation can be reduced to this special 
form by replacing x by x6, where @ is any solution of (1). Hence 
when the point equation of the net N has the general form (1), 
the equations of a transformation F' are 


(60) 0% 6) (=), 0X4 ae ) (=). 


Ou Ou \@ Ov Ov 


In order that the conditions of integrability of (60) be satisfied 
for any solutions x and @ of (1), it is necessary and sufficient 
that + and o be solutions of 


Or 3 OAs BO: Ss 8 0 
oy) a ee Spinds Garou ae a) a b’ 
or in other form 
ra) TA Ce20 a a ob Daa b 
Ce ga he a ee 


22) Cf. Hammond, 1. c., p. 256. 
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If we put 
(63) 6 = 906; 


we get equations (II, 16), and find that » is a solution of the 
adjoint of (1), which is denoted by (cf. § 31) 


ait sleka 
(64) 93 a’ b? ab ¢ 


Suppose we have any pair of solutions of (61), and the net A, 
whose coordinates x, are given by the corresponding equations (60). 
The points /, and #, whose coordinates y and z are of the forms 


(65) DTA ea eg eee 


lie on the line joining corresponding points of the nets N and J. 
Moreover, as u, or v, varies the point F,, or F:, moves tangentially 
to this line. Hence F, and F, are the focal points of the con- 
eruences of these lines, and N and A, are in relation F. 

With the aid of (61) we show that the point equation of A, is 


07 6, 0 TA 0 6; 0 ob 004 
Saeae log Se, 
(66) dudv Do "8 Be a au? 8 BD 


When we put 6=—1 in (61), we get the conditions of inte- 
erability of (59), namely 


0% 
av 


009 


(67) ay 


= (T) — 4p) en log b. 


= (6) —t) = loga, i 
As a consequence of these results we have: 

Whenever the homogeneous coordinates of two nets are in either 
of the relations (59) or (60), the nets are in relation F. 

From the manner in which equations (59) were obtained it 
is evident that the transformations F' obtained by taking all possible 
solutions of (67) possess the property that all the corresponding 
tangent planes of the nets pass through the line of the congruence 


: 5 0 : 
whose focal points have the coordinates an and a Hence in 
v 
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order to obtain general transformations F, especially in dealing 
with two such transformations, it is desirable to take the equations 
in the form (60). However, when a solution of (1) is known, we 
can write (60) in the form (59), and then the analysis of the 
transformations F’ in homogeneous coordinates is the same as that 
of parallel nets in cartesian coordinates. 

38. Transformations F with the same conjugate con- 
gruence. Triads of nets. Suppose we have a transformation in 
the form (59), so that the new net N’ (z’) is given by 


(68) Ox Ox Ox 0x 


= TT) —— ee ae Ghee 
Ou 0 Fy! av ° On 


Now the point equation of N is necessarily of the form (1) with 
c=0. If 6 is any solution of this equation and 6’ is given by 
the quadratures 


(69) 06 2 00 006 00 


oS ee SSS fi SS 
au ae av 0 Dy? 


then the functions x,, defined by 
Ory 
(70) 2 ee clei x, 


are the homogeneous coordinates of a net M,, since 


a (9) = @—" au (Gp 


(71) Nae 
a a = (6090) (=). 


From the form of (70) it follows that corresponding points M, 
M', M, on the three nets N, N’, M are collinear. Hence not 
only is MN, an F' transform of N, but also of N’. In the latter 
respect it differs from the case of § 15 (cf. III, Ex. 24). 

As an application of the foregoing results we prove the theorem?”’): 


23) This theorem for 3-space is due to Ribaucour, Comptes Rendus, vol. 74 
(1872), p. 1491. 
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Tf a net N lies on a hyperquadric 


> ainx® xe = 0, 
i, lt 


each congruence conjugate to N meets the hyperquadric again in 
a net, which consequently is an F transform of N. 

We assume that the given conjugate congruence is conjugate 
to a net N’ whose coordinates are given by (68). From the above 
equation we have by differentiation 


> 02 Ox) ax 8 am 
ai = 
ie | Ou Ov dv OU : 


since the coordinates x satisfy (1) with c= 0. In consequence 
of this result it follows readily that @ given by 


6 = Dain (x z’® + ez!) 
is a solution of (1), and that 6’ where 
6g’ = Dp ainx! Oz!” 


satisfies (69). If N, denotes the corresponding transform of NV 
with the equations (70), it is found that A, lies on the quadric. 

If t,, 0, and t., o, are two sets of solutions of (61) for the 
same 6, by means of equations of the form (60), we get by quadratures 
two nets, NV, and Ne, transforms of N. From their equations we find 


02, rhea Tg OX, OX Ry’ 02 On, 


Ou ty Ou Oy i = Op OM} 


Consequently WN, and N, are in relation F, and form with N a 
triad (§ 20). 

39. Theorem of permutability. In view of the remarks 
of the preceding section it follows that the results of §§ 20, 21 
can be translated at once into analogous forms for transformations F’ 
in homogeneous coordinates. 

Suppose then that we have two solutions 6,, 6, of (1) and 
two solutions 91, gz of the adjoint of (1), so that by quadratures 
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of the form (II, 16) two pairs of functions 1, 0;; v2, 62 are to 
be found. Transforms N,(7,) and No(x2) are given by — 


OX; Qouea 0X; ORES 
1A = FT z = 0; — | —- ;— . 
(7?) P | a av *% av ( a (@ 172); 


Ou “Bu 
Solutions of the point equations of N,; and N, are given by 
a 0 63; 0 (72) 06;; 0 | ) == GBs } 
13 — fT; 2 fe. tee a pee 4 7%) ¥ 
cel Ou marry 6;/’ dv ae & fe pes +i). 


The coordinates of the transform N,»(%2) are given by (it being 
understood that N,, and Nz, are the same net) 


OD; Oe ian OGio4 @ if 58 
74) —— —-r,;, ( ‘pee ele ( 
Bee. 3 vi cea ah ee 0: 


Comparing these results with (60), (71) and with (II, 21, 37) 
we have from (II, 52, 49) 


Oo O01 Ty 1 197s 


(rig "U3 tot —— 


01 =r Bs 12 801, 
626010, , 014199 
(75) {01 O19 = 030;) = — re +4 — a — 612 601, 
1 2 


6 
fig = ‘sae (601 0391 + 01% — 02 T1), 
and 
(76) 0; 042X149 = 02 801%, + 4; 12%2 — O42 O01 © aay 


Exercises. 


1. The homogeneous point coordinates of any point of the tangent plane 
to a surface are expressible in the form 


0 0% 
data tYae 


2. Show that equations (8) hold for the special homogeneous coordinates 
such that y‘/y**+ and 2/z"*+ are cartesian coordinates of the foci; also that if 
the direction-parameters of the congruence are taken in the form 


4) In making this comparison it must be noted that the quantities x,6//6,, 
6; ;91/8;, ari2015'/A12 of Chapter II must be replaced by — w,, — 0; ;, — a2 respec- 
tively in order to conform to the usages of the present chapter. 
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i A 
i uaa 
OF ee nt1? 
Yy z 


we have 
7X dlogy#t? OX , dlogzt = 
Oudv Ov Ou Ou 


aot CA — 8. 


3. The invariants of the Laplace transforms N; and N_. of a net N are 
given by 


0? — . 
H, =2H—K—- log H, K,= 48; 


Hi=K, K..=2K—H— log K. 


a 
Budv. 
Darboux, Lecons, vol. 2, p. 28. 
4. The invariants of the Laplace transforms N, and N_, of a net N are 
given by 


A, = H,-1-- H — K— ———_log ..... H—1, Te —— ers 


0? 
Oudv 


i, = Ka, VG = eps + K— H— ~~ log K.. A Gareth 


? 
Oudv 
Darboux, Legons, vol. 2, p. 30. 
5. If Hi =0 for a Laplace sequence, then 
. dv), 


where f, A,.... A: are determinate functions; U and V are functions of uw and v 
respectively, and U@ is the 7 derivative of U with respect to wu. 
Darboux, Lecons, vol. 2, p. 33. 
6. When an equation of Laplace admits a solution of the form 


a=A(U+[Vpdv) + A, (u'+fv = ao) a eta 


e= AU+4,U0'+....—- A UO, 


where the A’s are functions of w and v and U® is the i” derivative with respect 
to w of a function U of u, then Hi = 0. Darboux, Legons, vol. 2, p. 35. 

7. If Hi=0 and K_; = 0 for a sequence of Laplace, the point equation 
for N admits solutions of the form 


CAT Ea AU BY ic. ive. 


where the A’s and B’s are determinate functions; U and V are arbitrary functions 
of uw and v respectively, and U and V denote i* derivatives with respect to w and v. 
Darboux, Lecons, vol. 2, p. 38. 

8. A necessary and sufficient condition that the point coordinates of a net 

can be chosen so that the coordinates of the minus first and first Laplace trans- 


a) a) ; : A F 
forms are sed le: respectively is that the point equation of the net have 
equal invariants. 
9. If the parametric curves on a surface S form a net N, the tangents to 


the curves defined by Adu?+ Bdv?= 0 meet the lines joining the points M_, 
and M, of the Laplace transforms of N in points harmonic to M_, and M,. 
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10. Show that if a point equation (1) satisfies the conditions (27) and (29), 
it satisfies also the conditions 
Q2 aP 


BES Sone Ca dudv log a elas eaten tO GEER 


= 0. 


11. Show that if equation (1) admits solutions of period p, so also does its 
adjoint equation [cf. § 37]. Hammond, Annals, vol. 22 (1921), p. 260. 
12. The point equation of N, , defined by (43) is denoted by 


[6.33 ane, b, maa 


This may be obtained from (13) by multiplying the second term by 6./6,, retaining 
the third term, and multiplying together the third and fourth terms of (13) and 
dividing by 6,. Show that the same method applied to (1), denoted by [0; a, b, 1] 
gives (42). 

13. Apply the method of the preceding exercise to (20) and obtain for the 
point equation of N,, the following 


sgn San re oh 

napa ys) athe POM me RCCL mine ts a cremet lls te Ook 

Verify this result directly for r= 2. Hammond, l.c. p. 249. 
14. The point equation of Ven ony is denoted by 


This may be obtained from (15), by multiplying the second term of the latter by 
0_,/@_., retaining the third term and taking for the fourth term the product 
of the second and fourth of (15) divided by 6_,. Show that (41) is obtained 
from (1) by the same method. 

15. Apply the method of the preceding exercise to (23) and obtain for the 
point equation of han 


[0 10+ DEK K one 
Srl, t 6 amy FA ik Caimi apr iienN aeedl A Lis i 
Hammond, l. c. 
16. Show that for the derived net N_ am for m>s the coordinates are 


expressible in the form 


asa a8—1@’ 9) gm—s—1 gim—I) a 
_s m Fes A ee ae fet Je ’ Qym—s—1 ¥ nea 


Tzitzeica, Comptes Rendus, vol. 156 (1913), p.375. 
17. If two nets N and N, are in relation F so also are the nets resulting 
from a projective transformation of N and Nj. 
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18. Show that equation (66) is denoted by 


19. From (65) we have 


ies OY 2 tehsil ue toe a= 
ae a hey (x). 93 pa eee Bee 


where (x); and (a)_, denote coordinates of the first and minus first Laplace trans- 
forms of N, and ¢, and g_, are first and minus first Laplace transforms of ¢ with 
respect to (64). Show that the coordinates of the first Laplace transform of F: 
and the minus first of /, are of the forms 


(@)e+y Fo logag_y @)_ ee log bey, 

20. If N and N, are nets in relation F, the lines joining corresponding 
points of their first Laplace transforms (minus first Laplace transforms) meet the 
corresponding lines of the conjugate congruence of the transformation in the focal 
points of the first (second) order (cf. Ex. 19). 

21. When two nets N and M are in relation F, so also are their Laplace 
transforms of the same orders; the equations of these transformations are 


0 0 : | 
rt da Ou ( i = es oo be |, 


0, 6, 
where 
0+9—r 
igs ao wr ti Res mg 
for r positive. Hammond, l. ¢., p. 260. 


22. If the coordinates of a net N of period p satisfy (25), and @ is a solution 
of its point equation (1) such that 0) = m,@ and ¢ is a solution of the adjoint 
(64) of (1) such that g = n¢g_p», where m, and n are constants, the F transform 
of N.by means of 6 and ¢ is a periodic net of the same period as N. 

Hammond, |. ¢., p. 261. 

23. If N(x) and N,(x,) are nets in relation F on the hyperquadric 


: i) (k 7 ') (Kk t) (i 2 
Zainx x = 0, then Larrea + cx) = k, where k is a constant. When 
4,% i,k 


k = 0, the congruence of the transformation consists of generators of the hyper- 
quadric [ef. § 38]. 
24. Show that if corresponding points of three nets in relation F” are 
collinear the relation between their coordinates may be put*in the form (70). 
25. Show that for a net with the point equation (1) with a= b == pf 
the equations of a transformation A (§ 25) are 


Ou. p Ou 


dv =p dv \ 


Odi. -02 0 a Oxy a 0 i 
0 ? 

26. Let N be a net in 3-space and N, an F transform of N given by (60). 

Let corresponding points M and M, of these nets and the two focal points F; 
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and F, of the harmonic congruence of the transformation be taken as the vertices 
of a tetrahedron of reference of homogeneous coordinates x, y, z, w such 


M (0, 1, 0, 0), M, (0, 0, 0, 1), F, (1, 0.0,0), #2 (0, 0, 1, 0). 


Show that the pencil of conics tangent to the lines MF, and MF, at the points 
(M)_1 and (M), of the Laplace transforms (N)_1 and (N), of N are given by 
2 
2ALe = Ales ra 2 + tog ss , 
where 2 is a parameter; also that according as 4 is K, or H, the conic osculates 
the curve u = const. of (N)_1 at (M)_1 or v = const. of (N), at (M),. 
Annals, vol. 18 (1916), p. 11. 
27. A necessary and sufficient condition that a conic of the pencil of Ex. 26 
osculate the curve u = const. at (M)_1 and v = const. at (M), is that N have 
equal point invariants. Darboux, Lecons, vol. 4, p. 38. 
28. Show that the pencil of conics tangent to the lines M,F, and M, fF, 
at the points of the Laplace transforms of N; are defined, in the coordinates 
of Ex. 26, by 


crt Ab oad) b z 0 Oe ao Ne 
gE ON a epg ape gt Gel 


that this pencil and the pencil of Ex. 26 determine involutions on the line F’, Ff; 
and that a necessary and sufficient condition that the two involutions be identical 
is that the transformation F’ be K. Annals, l. ¢., p. 12. 
29. If N and N, are two nets in relation K, any two conics of the two 
pencils of Exs. 26 and 28, meeting on the line Ff, F, determine a pencil of quadrics 
which cut the line MM, in an involution whose double points are the focal 
points of this line for the congruence of these lines, and the two cones of the 
pencil are the quadrics tangent to MM, at these focal points. 
Annals, 1. ¢. p15. 
30. If N and WN, are nets in relation K, the doubly osculating conics of 
the pencils of Exs. 26 and 28 meet on the line FF, and the vertices of the 
two cones in the pencil of quadrics determined by these conics are the corre- 
sponding focal points of the conjugate congruence of the transformation. 
Tzitzeica, Comptes Rendus, vol. 147 (1908), p. 1086; also Annals, 1]. ¢., p. 16. 


Chapter IV. 
Surfaces and congruences in 3-space. 


40. Nets in 2-space. It is evident that any three functions 
of two parameters, wu and v, satisfy an equation of the form 


dlogb a 
Ou 


2 
(1) a*6 __ Bloga 96 | 


OUdvV Ov OU 


ager’ 6. 


Consequently any two families of curves in 2-space form a net. 
It is likewise true that we can find two equations of the form 


= = 4 ‘— b ar 46 
(2) 


which the three given functions satisfy. 

Conversely, we seek the conditions which must be satisfied 
by the coefficients in (1) and (2) in order that they admit three 
linearly independent solutions. To this end the following conditions 
of integrability must be satisfied: 


y (<*)= 0 ( 0°0 ifirORO Fe G (a) 

dv \du?/} du\daudv/’ av Fees bu \dav?/* 
Reducing the resulting expressions by means of G) and (2), we 
get two equations of the form 


(3) Ai 3 Bs ~ 4 C,6 =0, St Be ~ + Oy 


where A,, By....Cs are determinate functions, which must vanish, 
if equations (2) are to hold for three linearly independent solutions. 
Putting them equal to zero, we get the following conditions: 


(4) 
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mh + Gt ses 1 4 4 lee 
BE tt + Gm ME (OE Ht 
ily eae oo ee Be ie Oat oe e+ o8, 
wh + Pa Pe ED 4 Sieh 
ieee Mik, we tic if Ase = aie! alt: (2282) ee 
bec + Ay ot =28° Cg + oes ot 35 


When these conditions are satisfied, the system (1) and (2) 
is completely integrable and there are at most three linearly in- 


dependent solutions. For, the derivatives of the second and higher 
orders of 6 are linearly expressible in terms of a = and 6. 
Hence all the integrals are expressible as linear functions, with 
constant coefficients, of three solutions. Therefore we have the 
theorem: 

When the homogeneous coordinates of a net satisfy equations 
of the form (2), the nét is in 2-space; and all nets whose homogeneous 
coordinates satisfy the same equations (1) and (2) are projective 
transforms oj one another. 

41. Tangential coordinates of a surface in 3-space. 
Let x, y,2,w be the homogeneous point coordinates of a surface S 
in 3-space referred to any system of parametric curves wu = const., 
v = const. Since the tangents to the parameteric curves at a point 
of the surface lie in the tangent plane to the surface at that point, 
the equation of the tangent plane must be satisfied not only by 
x, y, 2, and w, but also by the coordinates of any point on these 
tangents, that is by expressions of the form 


DOE eu 
Ae i Bain, 
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for any values of 21, #1, 42 and #2. Hence there exist four functions, 
X, Y, Z, W, of wu and v, the tangential coordinates of the surface, 
[cf. § 67] satisfying identically the three conditions 


Xx+ YytZ2+ Ww—0, 


| 2x =0, Lx =o, 


ie 


(5) 


where pe indicates the sum of four terms obtained by replacing x 
and X by y and Y; z and Z; w and W respectively. 

In consequence of the last two we have, on differentiating 
the first, the two equations 


aX aX 
(6) a == 0, >>, et 


42. Asymptotic lines. An asymptotic line on a surface is 
characterized by the property that its osculating plane at a point 
is tangent to the surface at that point [§ 55]. Hence along an 
asymptotic line oo must equal such a function of uw and wv that 
the equation of the tangent plane is satisfied by 42+ wdx+vd?*x, 


for all values of 2, w, and »v l[ef. § 30]. Hence we must have 


D> Xaax = 0. 


Eliminating X, Y, Z, and W from this equation and (5), we have 


(7) LdawW+2Mdudv+ Ndv? = 0, 
where 
poe Oe 0° x Ps Ox Ox 07x yok bx 02a 
(8) du Ov du? du dv dudv Ou dv dv" 
dy dy d*y 
Yona nts foe Sales y See tne 
du Ov OU 
i A ea rigs 
02 2 2 
“au ov dw : Co 
woe Ow 07 w mes 
~ Ou dv du? i. aL ET on eay 


(10) 
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This is the equation of the asymptotic lines on S. We have 
immediately the theorem [cf. § 77]: 

A necessary and sufficient condition that four functions x, y, 2, w 
be the homogeneous point coordinates of a surface referred to its 
asymptotic lines is that x, y, 2, w be four linearly independent solutions 
of two partial differential equations of the form 
6 
ot ae i se na “4 GO 


a 
Ou 
076 
— 9 6. 
Ov" tase thes tes 


We seek now the conditions upon the coefficients of equations (9) 
so that two equations (9) shall have four linearly independent 
solutions. It is necessary that the following condition be satisfied: 


me oe a Po 
Ov? \au?/ = Ou? \av?/* 


When the above expressions are substituted, the resulting equation 
is reducible by means of (9) to an equation of the form 


076 
dUdv 


arpetlme os EON Bie 
OU Ov 


where A, B, Cand D are determinate functions of the coefficients 
of (9) and their derivatives. These functions must be equal to 
zero, Otherwise we can have at most three linearly independent 
solutions of (9) [cf. § 40]. 

Putting them equal to zero, we obtain the four equations of condition 


Od, 0 be es 

av Ou A 
se FS (uty) tet — 2 — (aby) $2 $2 = 0, 
ee ei) oe ee a A a 2 si 
aa es, an ara hye 2M hy teed 


7* 
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When these conditions are satisfied, the system is completely 


integrable, and as all the higher derivatives are expressible linearly 


0° : ; 
in terms of z, me ae and ws , there are four linearly inde- 
du dv duUdv 


pendent solutions, and only four. Hence we have the theorem: 
A necessary and sufficient condition that a system (9) admit 
four linearly independent solutions is that the coefficients satisfy (10). 
All surfaces whose four point coordinates satisfy the same system (9) 
are projective transforms of one another. 
When the surface S is subjected to a polar transformation with 
respect to the quadric 


(11) ety? 224+ ww? 


the point and tangential coordinates of S are tangential and point 
coordinates respectively of the transform S’. Since asymptotic 
lines are transformed into asymptotic lines on 8’ [ef. § 84], we 
have the theorem: 

Any four linearly independent solutions of the system (9) are 
tangential coordinates of a surface referred to its asymptotic lines; 
all surfaces whose tangential coordinates satisfy the same system of 
equations (9) are projective transforms of one another. 

43. Nets in 3-space. Point coordinates. Consider a sur- 
face S referred to any system of curves, w= const., v= const., and 
upon it a net, or conjugate system. Any point P on a tangent 
at M to a curve of a family of the net has homogeneous 
point coordinates of the form 


i Ou Ox 
e=hatp [po du toe dv). 
au dV 


A necessary and sufficient condition (§ 2) that two families of 
: Ov 

curves determined by a and ie form a net is that, as MZ moves 

along the curve of the second family through it, P moves in the 


tangent plane to the surface at MM. sere the me whose 
coordinates are of the form x+0x7 =x B+—" bu+4 2” §y "must 


lie in the tangent plane. This gives the anes of pera 


X6z-+Yoy+ 767+ Wow — 0. 
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Combining this equation with the identities (5), we get 
(12) Ldudu+ M (dudu-+ dudv)+ Ndvov = 0, 


where L, M and WN are given by (8). This is in keeping with (7) 
which defines the asymptotic or self-conjugate directions, and could 
have been inferred directly from (7), since these differential equations 
in the parameters are independent of the point coordinates and 
consequently should be equivalent to the similar equations found 
when cartesian rectangular coordinates are used [cf. §§ 54, 55). 
As an immediate consequence of these observations and the results 
of [§ 56] we have: 

A necessary and sufficient condition that the curves defined by 
Rdu?+2 Sdudv+ Tdv? =0 form a conjugate system is 


(13) EN+- TE—2SM =. 


From this result, and from (12) also, it follows that a necessary 
and sufficient condition that the parametric curves form a net is 
that M0. But from (8) this means merely that x, y, z and w 
are linearly independent solutions of an equation of the form (1). 
In this case the equation of the asymptotic lines is of the form 


(14) dw? + rdv? = 0, 


where r = N/L is a function of wu and v. Comparing this equation 
with (7), we have in consequence of (8), 


a Ow Ox K Ona) oF a 
0u Ov Ou? Ov" 
Yy Peas 
Z 
w 


Hence we have the theorem: 

The homogeneous point coordinates of a net im 3-space are 
simultaneous solutions of two equations of the form (1) and 
076 
Ov" 


Oh ue ON) 0 OF v7 
Sas, 0. 
(15) Rae GE ae 


(17) 
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Conversely, we shall show that two equations of the form 
(1) and (15) admit at most four linearly independent solutions. 
In the first place in order that they admit a common solution it ~ 
is necessary that they satisfy the condition of integrability 


Z| 0°60 |= 0 (4) 
dv \audv] du \ov?] 


When the expression from (1) and (15) are substituted, the resulting 
equation is reducible to 


0°60 ee 

(16) a= Aa +B + G5 + DO, 
where 

78 GEASS REL Soe ie b  ,, dloga ) 
A= 5, oe, = B= ans Ou ee dv ; 

esl e*logb av! 
(se r (K+2 dudv “ 
Dee ( dloga yeh Cate D 4 0¢ siege) OC 

Y Ov Ou Ov Ou 


where K is one of the invariants of (1) [ef. I, 44]. 
From (1) we have also by differentiation 


0°60 

(18) ape aG.e oe By a o,-" o+ Dz 4, 

where 

(19) 

dloga Poy > o*loga Bats ) 

oe dv pola weirs dudv’? = »b du® seta Pes bo 
0°60 036 ; , 

Also from (15) we obtain APE and Tak expressed linearly in 

terms of 06, a — and et) me There remains the condition 


f ( 054 a ee 
du \ou2dv/ = av \ uP} 
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By means of (16) and (18) this condition is reducible to the form 


(20) Qe 4 Re 56 0, 


es Ou 


where P, Q, # and S are determinate functions. If the coefficients 
in (1) and (15) are not such that 


(21) P=Q=R=S=0, 


we have a system to be satisfied similar to (1) and (2), which, as 
we saw in § 40, admits at most three linearly independent solutions. 


Hence we must have (21) satisfied, in which case the third and 
Bill 


higher derivatives in 6 are linearly expressible in terms of 6, ay 


oa. 020 
Ov’ but 
fied, we see that there are at most four linearly independent solutions 
of a completely integrable system of equations of the type (1) and 
(15). Accordingly we have the theorem: 

The homogeneous point coordinates of a net in 8-space satisfy 
a system of equations of the form (1) and (15); conversely, a net 
whose coordinates satisfy such a system lies in 3-space. Any four linearly 
independent solutions of the same system of equations (1) and (15) 
are the homogeneous point coordinates of a net projective with the 
gwen net. 

When the expressions P, Q, R and S in (20) are calculated, 
it is found that equations (21) reduce to 


Since all further conditions of integrability are satis- 


ae =i4 


econ 


+ Ba, 


aa 0 By 


+ Cs 
au 


+ A,Be+ a Lone 
(22) 


S dlorb 
At AsCa+ By = 


ne 


ete mee 


+0'C,+D, = 


as 


+ AAC, 


+ A,De-++ Byet+Ci¢ = ea + A, D,+C,¢. 
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When the point coordinates of a net N are cartesian, we have 
from (14) and [(40) §55] that r= D”/D. Consequently by the elimi- 
nation of X from the first and third of the Gauss equations [(7) § 64] 
we find that the cartesian coordinates of N satisfy an equation of 
the form (15) with 


; 22 fet ; 22 pea ' 
f= 7th y= Phd OL Ga (Ue 


From (14) and [§ 82] it follows that a necessary and sufficient 
condition that N be isothermal-conjugate is that » = U/V, where 
U and V are functions of .« and v alone respectively. As a con- 
sequence of the preceding theorem, we have: 

An isothermal-conjugate net is transformed into an isothermal- 
conjugate net by a projective transformation. 

44. Ray congruence and ray curves. Consider a net NV 
in n-space, and the system of lines joining corresponding points 
of the first and minus first Laplace transforms of V. If this system 
of lines is to form a congruence, there must be two points of a line 
generating curves to which the line is tangent. The coordinates 
of any point are of the form 4x_1-+ wa,. Hence it must be possible 
for u and v to vary in such a way that d(Axv_1+ wa) is a linear 
function of x; and z,. From (III, 2, 4) we have 


Let ee La eo oe mode dx,  dloga 
(23) du du? +b dur ahaa dv —té«é YY idee 
da,  dlogb is Oey D2 1 024 dloga 
Ge dv Ow @ ove dy “» 
where H and XK are the invariants of (1). Expressing the above 
condition, we get equations of the following form to be satisfied 
by the coordinates «x: 
Sha a Ore 3 3 
( ya) dut+aK dv + yw Haut (Fo— slid 
(24) Ou b du dv® a by 


6x  dlogb 0x Odloga 
9 du a) bal av | = 0, 


where v and o are to be determined. 
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a°x 882 Ox Ox 
Ou’ du? Ou’ dv 
this equation must be satisfied by five or more linearly independent 
functions x, which is possible only when the coefficients of the 


2 


a 


au 
from (24) is seen to be impossible. 
When n=83, by means of (15), (24) is reducible to an ex- 
: : ah a) ) : 
pression linear in = a asin The coefficients of the latter 
CNG OU OU 
expression must then be zero, which gives the four equations of 


condition 
Adutprdv=0, wa’ dvtv=0), »b'dv+o=0, 


Equation (24) is linear in and x, If n> 3, 


quantities —, x are zero. This gives Adu = wdv = 0, which 


1 0b 1 d?a ) 
(25) , ow du Kav) + u|— Haw + (7 ao —c as] 
ao dlog b 40 dloga Coy 
OU Ov 


Eliminating 2, w, vy and o from these equations, we obtain 


(26) Hdw+ Rdudv—rKdv?= 0, 
where 

ee eS ea ; ee eee 
(27) k= eae a Bvt acer) 0 


Hence the system of lines forms a congruence. Following Wilczynski”) 
we call it the ray congruence of the net N, and the curves on 
the surface of the net defined by (26) the ray curves. Since any 
one parameter family of lines in a plane has an envelope, the 
developables of such a congruence for nets in 2-space have no 
significance. Hence we have the theorem: 

The lines joining corresponding points of the first and minus 
jirst Laplace transforms of a net form a congruence only when the 
net lies in 3-space. 

From (18), (14) and (26) we have the theorem of Wilezynski*®): 


25) Transactions of the American Mathematical Society, vol. 16 (1915), p. 318. 
AD Abe Go an, SHO) 
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A necessary and sufficient condition that the ray curves for 
a net N form a net is that N have equal point imvariants. 

In consequence of the fourth theorem of § 10 we have: 

The ray congruence of a net with equal point imvariants is 
harmonic to the corresponding net of ray curves. 

45. Nets R. We determine the condition that the tangents 
to the curves v = const. of a net N form a W congruence, that 
is the asymptotic lines on the surface of N and its minus first 
Laplace transform correspond [§ 172]. 

From (23) we have by differentiation, making use of (16), 


me dlogb\ dx-1 Ox Ox 
Du yin (4 Ou ] Ou mmc), coer ae Ov 
__ oQ; dlogb — leg 
(28) + (4:0,— 59! + Di) 2+ (4,7 08" — OF) oy 
Onin ae odOge (Oa sy OWS OLA LOG a 
eG utle wou bby ier pee dv am aia 


If we replace x and = by the linear expressions for them obtained 


from (III, 2,4) and then eliminate “= from these two equations, we 


obtain for the net N_1 an equation of the form (15), where 7_, has 
the value K/C,. 

From this result and (14) it follows that a necessary and 
sufficient condition that the asymptotic lines correspond on the two 
surfaces is that Cyr = K, which by (17) is equivalent to 


d*logb 0b) 
du dv EW) bln. 


(29) 


In like manner a necessary and sufficient condition that the 
tangents to the curves u = const. of NV form a W congruence is 


d* log a eth 
(30) 2 psa mperlea= o 
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Tzitzeica®’) has defined an R net to be one for which the 
tangents to the curves of both families form W congruences. 
Equations (29) and (30) are the analytical condition that N be an 
R net. When these conditions are satisfied, the first of (22) reduces 


to 


Sore logy = 0. Hence we have the theorem of Tzitzeica: 


An R net is isothermal-conjugate. 

By means of the first of equations (22) we establish the con- 
verse theorem due to Demoulin®’): 

If the tangents to the curves in either family of an isothermal- 
conjugate net form a W congruence, it is an R net. 

Since an #& net is isothermal-conjugate, the parameters can 
be chosen so that r= —1. Since a and 0 in (1) are determined 
only to within factors, which are functions of w and v respectively, 
these can be chosen so that (29) and (30) may be replaced by 


dlogb g — 9 2084 


a 
s a Oi, Ou 


Hence: 
The two differential equations satisfied by the homogeneous point 
coordinates of an R net are reducible to the form 


0°60 ~=—s«é Boga 30 , dlogb - 
dudv~— Ow hs Ou ae Y 
(31) 076 076 dlo 00 d log b oo 
a = Bay ael py ea0 000 
ay? Ou? Ou du av 


We return to the consideration of the net N-1. From (23) 
we have by differentiation 


Fares He ioy Kb—— 
OuUdv Ov Ou + Ou 


(32) , Be hic 
: (ee  alog K dloga a: 
auav Ou av es 


| OPP 2 LOS, 04 Ot—1 


23) Comptes Rendus, vol. 152 (1911), p. 1077. 
28) Comptes Rendus, vol. 153 (1911), p. 592. 
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Since r — —1, it follows from (17) that C,—— XK. Making use 
of (III, 2,4) and the third of (22), we find from (28) 


07x 4 
Ou? 


0774 
Ov? 


— 


(33) 


dloga 0x1 dlogKb 3x4 
——— -|-2 
Ou Ou av Ov 


= 2 +e 1440-1, 


where c_i is a determinate function. Comparing equations (31) 
and (33), we see that N_1i is an & net. Similar results hold for 
the first Laplace transform of WN. Consequently: 

The Laplace transforms of an Rk net are R nets. 

Making use of the terminology of [§ 165], we have: 

If either of the first derived congruences of a W congruence ts 
a W congruence, then all of the derived congruences are W*°). 

46. W congruences. Let S be a surface referred to its 
asymptotic lines « — const., 6— const. The cartesian coordinates, 
xz, 2, 2, of S are given by the Lelieuvre formulas of the 
form [§ 79] 


aa) bags 9) a ue 
(34) 9 a —— OVs OV: ; Ly OV, OV ; 
0a 0a a8 OB 


where 1, ¥2, vg are proportional to the direction-cosines of the 
normal to S, such that the total curvature of S is given by 


1 


Nant au 1 
) EGE Eee? man 


The functions »; are solutions of an equation of the form 


(36) = Mo, 


where & is a function of @ and £. 


29) Cf. Demoulin, 1. c., p. 591. 
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If 6, is any solution of (36), the equations [cf. § 172] 


= 0, V5 as 0, V5 

0 (61 ¥%) OE 
Ope ga oan OM |, Su) 00, 0; 
da da 08 a8 


are consistent, and the functions 7; are solutions of 


(38) 


0260 a? (4) a 
== 0; 
aaapB 6, 


The equations of the form 
(39) LY = ZY + VeV3— VgVe 


define the coordinates, 7, of a surface S, such that § and § are 
the focal surfaces of the congruence of lines joining corresponding 
points on S and S; this is a W congruence, since the asymptotic 
lines are parametric on S. Moreover, any W congruence with 8 
as a focal surface may be obtained in this way. We shall give 
this result another form. 

From (9) and the first of equations (10) it follows that the 
coordinates z® satisfy equations of the form 


074 og 00 00 070 Be Oe Og 00 
ay SARC CACAL UES ip OM Lio OAae 
Differentiating (34), we obtain 
V3 i V2 V3 
92) : 92.4) 
(41) ae O°v, O° vs |; weet O?v_ 07 Vs |. 


da* 0a? 06? 3a? 


The functions »; satisfy three equations of the form (1) and (2). 
From (36), (40), (41) and the first, second and fifth of equations (4), 
it follows that these equations are 
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02 y; _ Og On; ee aa 
’ 


Ga? §=6 Ba 0a | 0B ap 0B 
On ee Oe 
2) ae —lacae tm? ae 
07; OV; Op 0M; Op | : 
eek es Bee + (age + aa )>* 
We write 
(43) i= koi + 1 +m 


and seek the conditions which k, / and m must satisfy in order that 
this expression may satisfy equations (37) for i—1, 2, 3. By means 
of (42) we find 


(44) a am=0, —~—W=0, 
1/0 , om, ,d9 ag 
(45 her, 2 lee op tnbag a <7), 
) ——z (o-—5 +e of 
x 2 \da 0g Op 
and 
ok 0 0, 0b ia 
Bo wD rad zat oat” sane oats i) = 0 
io) ok 06 
nt — 
a8 e+ t= + a:b) +m (aro! sat) = 0. 


Conversely, if 7 and m are any pair of solutions of (44), the 
functions k and 6,, defined by (45) satisfy (46). Furthermore, if 
equations (46) are differentiated with respect to 8 and @ respectively, 
and the resulting equations are substracted, we find that 6, is 
a solution of the second of equations (42), in consequence of (46) 
and the equations for (42) analogous to the third and last of (4). 
Hence®’): 

The determination of the W congruences with a given focal 
surface S is equivalent to the solution of equations (44), im which ay 


%°) Of. Jonas, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 29 
(1920), p. 52. 
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and 6 are the functions appearing in the equations (40) of the sur- 
Jace; when a pair of solutions is known, the coordinates x of the 
other focal surface of the congruence are given by 


Bae Ax 

= da % OB 

@®— 7 

(47) x xc-+-2 dm lO 5p" 


Ce meaGie Ons). Os 


This expression follows from (39), (43), (45) and (84). 

47. R surfaces. In § 45 we established the conditions to be 
satisfied by a net N in order that it be an A net. A surface is 
said to be an R surface when it contains an # net. In this section 
we establish an analytical characterization of & surfaces. 

Let S be a surface referred to its asymptotic lines a = const., 
&4— const. Its cartesian coordinates satisfy equations of the form (40). 
Any isothermal-conjugate system of curves on S'is defined by [cf. § 82] 


(48) u=A(e)+ BQ), v= A(«)—B(A), 


when A and B are arbitrary functions of @ and # respectively. 
If we effect the transformation of variables (48), equations (40) 
become 


ee toe = ED rtm) 2 
ae age eo) Ge 
where 
=o (52 a'+ DBA"), L=s50 (a,4’+ 55 B'—B"), 
M=+—=n ae A'—0B—A"), N=s57 (a 428 B'+B"), 


the primes indicating differentiation. 
From (31) it follows that a necessary and sufficient condition 
that the net of parameters u and v be an & net is that 


a q @ é 
Fe ae el), NEN), 
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or in terms & and & 


Ok te Oa Leo AL ae yl Oe 
BOB A’ 0a re B’ 308 an Oat a 


Substituting the above expressions for K, L, M, N, we are brought 
to the single condition 
OD 


08 


0a, 


(49) B ae 


+B’ B"b = A?— +/4A"a,*"). 


Since the quadrics are characterized by the condition that 
a= b = 0, we have the theorem”): 

Every isothermal-conjugate net on a quadric is an FB net. 

If the condition (49) is satisfied for two sets of functions 


A, B and A,, B,, it is satisfied also by A, B, where 
A= A+ A? B= B+ k Bi, 


k being a constant. Hence we have the theorem of Demoulin®’): 
If a surface is an R surface in two ways, it 7s an R surface 
in an infinity of ways; that is an infinity of nets R lie upon tt. 
If the condition (49) is satisfied by a surface, the parameters 
of the asymptotic lines can be chosen so that A—=e, B= 8. 
Consequently: 
A necessary and sufficient condition that a surface be an R 
surface is that its cartesian coordinates satisfy equations of the form 


a°@ sag 80 ! aw 80 
G02 da da da OR’ 
(50) : 
0°76 Ow 80 aoe 20 
08? 08 da 08 ofp" 


When the conditions (10) are applied to (50) we obtain the equations 
to be satisfied by y and yw, whose solution gives the complete 
determination of A surfaces. 


1) Cf. Demoulin, Comptes Rendus, vol. 153 (1911), p. 799. 
*°) Of. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 22?, (1913), p. 5. 
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For this case equations (44) become 


al ow a am oa Bs 
oA VANES woe aad Tee” 


of which a solution is 7 = m—c*%. Making use of (45), the 
equation (43) becomes in this case 


| [eeotw—zyoty)>— 


(51) 
0 0 9 OM 60% 
l[Zo+m+% mee ess —?2 aR 


48. R Congruences. Transformations 6,. By definition 
the W congruence of tangents to the curves of either family of 
an # net is an & congruence. In this section we show that when 
an & surface is known, a congruence #& can be found by quadratures, 
whose lines are parallel to the normals to the given surface R*), 

Equations (50) can be written 


mh 0 ur 2 aw 90 6) (e- 5 =n OW OW 

3 See hey Ce —— Eat ee ae Sap PD coe he 
(52) wil Rae oe ag Ata OR) toe ae 
Hence if we put 
(53) NTN, = 2E © Septal glotae ts Zee 0B’ 
we Tee 

ae =e eeres ee 

(54 —Gt= es Gia N)s 92 (, 11;) ~ "98 (Chae 1;). 


Differentiating these equations with respect to 6 and & respectively, 
we find that . 


An. 92 a, 074, bea 
(55) oe —— of : mi) d <= ¢ i! N+ 
0a08 COO Bi i OCOe aaap 


34) Demoulin, Comptes Rendus, vol. 153 911), p. 798; also, Jonas, |. c., pp.67 
et seq. 
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Since equations (54) may be written in the form (37) with 6; replaced 
by & @ and v,, ¥; BY 2» Y» it follows that the surfaces = and > of 
coordinates € and § given by equations of the form (34) in 7, and 
analogously to (39) by equations of the form 


(56) GU —— GO Eis Nee 


are the focal surfaces of a W congruence J. In consequence of 
(53) we have 


a (i) 
DY G— 9 22 _¥ Fogo) 1 — 9, 


Consequently the lines of the W congruence are parallel to the 
normals to the given # surface. 
From (53) we have 


(57) Pa dl 


If we differentiate this equation with respect to @ and & and add 
the resulting equations, we find in consequence of (50) and (53) 


Z ae ie aL eh 2 
68) eS Lott ao+H| 


ieee: 0 
= 522 o+y— Bory), 


Comparing this result with an equation analogous to (43) written 


(59) 7 ; , ON; ON, 
56 in RY fos 4—_ uw — ; 
) 14]; . nt F) at ae 08 


we see that 2— ww, and hence from equations analogous to (44) 
and (49) it follows that + is an #& surface, and consequently the 
congruence /’is Rk. Moreover, from (53) it is seen that the normals 
to ¥ and Y are parallel to the tangents to the curves of the R net 
a— 8 = const., e+ 8 = const. on S. 

The equations for + analogous to (50) for S are obtained from 
(50) by replacing » and w by functions y, and w,, where 2 = «= e%, 
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as follows from equations analogous to (44). From (58) and equations 
similar to (51), we find that y, can be chosen so that 


gtwtety=0. 


Also from (54) we have that 7, = $ e~%, Hence equations (53) can 


be written 


ai) 
Gta) = ert 


OS Wee 35 ing 
(9, —1,) = A aR” 


Suppose conversely that we have an #& congruence for which 
one of the focal surfaces is S whose point coordinates « satisfy (50), 
and for which the functions y, are given by (51). In consequence 
of (37) and (51), the equations 


ggO 
0a 


= 6, (9+) e 2, ar = Gi) o- G49), 


are consistent, and §® are solutions of 


a°0 8 26 dloge, 20 

pices Se i a2 clay iy el 

0a? 0a Oe Bares Y) 0a Oar 0 Be 

929 =§=©. dlog0, 00, 2 00 
Seca ] aa ep) S553 RAS 


Hence &® are the coordinates of a surface R. 

Accordingly we have the theorem of Demoulin: 

When an R surface is known, an associated R congruence can 
be found by quadratures, and conversely; the lines of the congruence 
are parallel to the normals of the associated R surface, and the 
normals to the focal surfaces of the congruence are parallel to the 
tangents to the Rk net on the R surface. 

Demoulin has called this reciprocal relation a tranformation 6. 

49. Reciprocally derived nets. Transformations W of 
nets R. In § 11 we remarked that if 6, and 6) are solutions of 
the point equation 
0°69 ~=—s«éOdoga 00 , dlogh 36 
dudv. ov du! du dv 


(60) 


« 
8 


(64) 
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of the cartesian coordinates of a net N(x), they determine a derived 
net N(x) of N, whose coordinates are given by equations of the form 


== Ox Ox 
(61) = eas Vere hme 


where 


Lf DOp EDO 1 00, 0 0. 

i = = = _ SS y—— — # = 

es A a av 2 av ) 4 | ” OU ' Bu 
00, 00, 00, 06, 


Ou Ov Ov Bu 


(62) 


From these equations we have 


hd. ee 0 A 0 0. : 
=0, O.+; 2 — (), 
Av 0, Sank Ou +955 0 


(63) A, eles 


Ordinarily V is not a derived net of NV. When it is, we say 
that N and N are reciprocally derived nets*). If N and W are 
reciprocally derived nets, the tangents planes at corresponding |] points, 
M and M, must pass through M and M respectively. Hence the 
surfaces, S and S, on which NV and WN lie are the focal surfaces of the 
congruence @ of lines MM. Since the lines of @ are not tangents to 
the curves of Vor N, there exist upon S and S corresponding nets 
to which these lines are tangent, namely the focal nets. Consequently 
S and S§ are surfaces in 3- -space ($3), and since two nets on S 
correspond to two nets on S, the asymptotic lines correspond on 
Sand 8. Hence G is a W congruence. 

Since 6, and 4 are solutions of (60), we have from (62) 


OD i ‘ dloga 4 ae 04.  0°O» 264) 

Ou AV 4\0u" Ov du? ay |’ 

OP ds eae aa 0° be 02) —2 Ba 070, 00, 074, 
av A dv ov" 4\du av du Ov 
og w nae Vo, Ot ddaas ae q (20: 3°, 00, 026, 
ou Ou Ou? te aan | dv dur Ov due 
oR 2 BLOG 0 eg. (a A, 00, _ 070, 902 
L Ou Ou 4A\ary® au ov™ bul” 


») Of. Taitzeica, Comptes Rendus, vol. 156 (1918). p. 666. 
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With the aid of these. expressions we show that the point equation 
of N is 
076 a) 00 ) 


06 
65 ; = logap— + — log bg —. 
(65) Oudv Ov re et Ou “ Ou Weho Ov 


If V is to be a derived net of V, we must have 


(66) x= ¢4+p 


and the point equation of NV is, analogously to (65), 


6°64 fe) = of) 0 2500 
eo Side Pid aa, Pad aay 


Comparing this equation with (60), we have 
(68) pp Ue 9g = V, 


where U and V are functions of w and v alone. From (61) and (66) 
it is seen that the parameters can be chosen so that 
Le aes 1 
(69) DIE WE ee ay 
where ¢ is a constant. 
When the expression (61) for 7 is substituted in (66), the result 
is reducible to 


‘ ox Ox , Ox , 0x 
(70) Au? ave . Ae av? 
where 
Ao if dlogp , (2 4 dloga , 1 dp 
a= Le ee: An i he D 4 q aa eg aan? 
(71): ts 
vate 1 dlogg (2 “ dlogb 1 Og 
| ar A yaa av a3 sees du Dow: 


By means of (64) equations (71) are reducible to 


0°, 00s 


Ov 


00 


Perse On ology 84, | 20 ee 
= 3 apren =  OU a Pe GE re A 
( 0m? Ov? Ou : Ou \ Ou? 4 eu" ane ueieeas 


01 


ao Oy 076, F of ee 0 6, (es 07 Oy , 08s 
= b 6 i —b — 66: 
fi ae ' ov? ae Ou \ ou? =F Ov" OU ‘ 
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from which it follows that 6, and 4 are solutions of 


(72) ee 


In order that equations (60) and (70) shall admit three inde- 
pendent solutions, we must have equations (22) satisfied with 
¢==c'=0. When we make use of these results in obtaining 
equation (20) for the system (60) and (72), we find that P— Q@—R=0 
and consequently S = 0. But this is the last of (22) and it 


reduces to 
oN 92 “log a 


bu cei 


Then from the first of (22) we have 


aa 07 lo 
a 9 © cl 


== (); 
OV OUdV 


From the results of § 45 it follows that NV is an #& net, whose 
cartesian ei ee satisfy equations which can be written in 
the forms 


0°0 0°@ _—- Bloga 00 | 5 Slogh 86 
Ou au? au du Ov Ov’ 
i) 5 
ve) a0 aloga 26 , dlogh 26 
Oudv Ov Ou Ou ov 


Now equation (72), to be satisfied by 6, and 62, is 


076 
Ou? 


4p bloga 06 4, see ae 
v 


(74) OU Ou 


0° 
ak OU 
Since (60) and (74) satisfy the corresponding equa ns (22), they 
admit four independent solutions. 
Tf in (61) the expression (66) for x is substituted, we find in 
consequence of (69) and (71) that a is a solution of 


(75) a f 


0 00 0 080 
= 2 — log ap — + 2— log bg —. 
a Au 8 hu =m dv log bg Ou 


Hence NV is an # net whose equations are (65) and (75). 
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In § 50 it is shown that, if 6; and @, are two solutions of 
(60) and (74) independent of 6, and 62, the functions 6, and Og 
defined by 

— 00; 


(76 6;= 6: p 
>) re Ou 


00; ret | 


are solutions of (65), and that, moreover, the functions p and q in 
(66) are expressible in terms of 63 and 4, in the form analogous 
to (62). Hence N is a derived net of NV, and consequently is 
reciprocally derived. We say that N is obtained from N by 
a transformation W.. Since any solution of (60) and (74) is ex- 
pressible linearly in terms of four independent solutions, it follows 
from the form of (62) that there are co® transformations W. for 
each value of c, different from zero, in (74). Hence: 

Any R net admits of ©° transformations W. into R nets, for 
each value of the constant c different from zero*®). 

50. Theorem of permutability of transformations W. 
Let 6; and 6, be two solutions of the equation (60) and 

Oly O Ont, 110 86 .4),.0 logb-08 


Bu Del et Bag AaB av Ov 


+ ¢'8, 


and consider the functions (76). Analogously to (, 68) we have 


0.8 leery a i we 00, 38, a 
ne ee lout " slau \av ae av du? 

00; iS 076, 8 ae) 

dv \ou dw? du du) f’ 
Deyo Oi (ogc, 1 [oes (ae, 626, 06, 076; 
CD 2 ge | a erg ee 
Ov | a0? Adu \ ov dv* dv Ov", 


0 0; ae 0°01 00, | | 
00 \ Ou Or Ou Ov {? 


=a Le att} 


36) Annals of Mathematics, vol. 22 (1921), p. 170; these transformations are 
given in a different form by Demoulin, Bulletin de la Classe des Sciences, 
Académie Royale de Belgique, 1920, p. 226, and by Jonas, Jahresbericht, vol. 29 
(1920), p. 58. 
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Differentiating the first of these equations with respect to u, we get 


1 (2 070, 9A ae) 


020, 06;[ 0 
= log p a?l : = — 
Ou Ou ee Epa by A \ op 0a bu bu, 


Sh AEG 6 Plone 7a, 8 4; 00; 
rll Geese) du? Ou |: ate au | 4 ali 


Making use of the expression (64) for at. and (76), we reduce this to 


0276; 96;{/-a 1 q dloga 00; 
ee el logp?a?b +— + 4 wes, tp(d—) 
u p Py WOR OU 


Ouz au 
rs) 284 
Saat nee Je ¢) 0:44 Oi} 


OU 
Also we find that 


cle Dog ener ac 1) ae 
dudv dv ae Ou OU 1 a) 
From the second of (77) we get 
070; q bloga 00; , /dlogq q dlogbg \ 86; 06 
—— aa beet. aie ot “== = eS} 1f — v 
Ov" tO Othe | av p bu tea) av Fate 5 
With the aid of (71) and (77) we obtain 
276; 1 076: _ » Slogap 06: , giana it 
aut ' dv? au Ou 
The 


Hence the functions 6; determine a We transformation of NV. 
coordinates of the transform N are of the form 


a aaa: a 
78 L=7- 
(78) J rp +9 aa? 
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where (cf. I, 68) 
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Te g? Oe: ee sa (2% 0°06, 1 OO, a 
Ou Ou? Oul\dav du? Ov bu? 
Sie ae 
dv \ Ou dr? Ou Or erly 
oe ie Velvet Ox | 
dv a| p au e(r au rd av | 
and 
eet 00, ae et ( 003 gen 
= —-— 6. ss — 
ae, | >a ara aew i. URS ais 
(79) , 
oe ae 00, 004 2s) 
| aU Be On Ouse 
From (77) and (63) we have 
8 O4 os) ls CO zs) 
4= — A. 6. | @l@ = (th 
ifte > | Ve ee ATA REED “Ou 
meg) yy Co CBr 0 As a4) (6 C10 a ste ots) 
87 Ou av Ov du Ou? Sate 
~ ( rn 25 (2e 0°, 00, a6 
eee * oul) \avu du? Ov du? 
004 | (a 0°60, 06, ee 
(80) (0 04 “aul \au du? Ou Ou? 
004 0 Os 0 64 va ( he Ge tack 74 
; aa A, 9 
+d (55 Ov Ov Ou Au” "Ou 
! ( 00s is ba 2°03 00s ah 
Hie Bu "aul \av aur Ou Ou 
—(o 90s 2 5°05 ah teeth | 
* av av] \ou du? Ou Our iK 
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By means of the above formulas equation (78) is reducible to 


Ou Ov Ou ( 


/ / 2 2 \ 
C6 Ox 00s 0” O4 . 0 “| 

Sees =ay ee ees 7) ; 6, 
be Pa (0 by OUR | bah yon 


00,4 “4 | 07 As | 
4 : ; As 5 
(0 Ov a a) @ due Ty, 


Ou 0 As all 076, 07.4.) 
pan SAS AW Bre fee 7 
av | pany OU > Ou? = Da 


eo Oy ees) | 0? I. ze 
ME io nee 
(4s Ou M4 OU, hale due sks 


ee ap ay 005 2s 
ae = Oy Op 
oe Ic Bo OO Bur Pe 


0 As 0 Oy 0 Os act | 
0 = A. 0,—" — 0 : 
(a5, er 2 Ou if 


In consequence of (80) this expression is symmetrical in c and C 
and the pairs of functions 6,, 4: and 63, 6,. Hence the net N ean 
be obtained also by applying to NV the W. transformation deter- 
mined by 6; and @,, and then to the resulting net V the trans- 
formation determined by the functions 


; ssn) (ek he Saae 2 6, 06 
$=at¢- 2 ile - +4q 4 (0 *_ 4, Ne te 0,—44 43) oa 


003, 00, 06; | 06; OO, 06 8: 
eave (a Ov. 9s x) Ou Su Os dul dv ,. 1.9 
ome 00, 00, 00; 00, (2 = 1, 2), 


Ou Ov Ov Ou 


which ze analogous to (16). 

If ¢=c, the net N coincides with N. Hence if a net N is 
a W, Saat of N by means of functions 6, and 6s, solutions 
of (60) and (72), and @; and 6, are two other solutions linearly 
independent of 6, and 6,, the functions (76) determine N as a We 
transform of N. 

When c’ +c, we have that V is a We transform of NV and 
a W. transform of N. Hence: 
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If Nis an R net, and N, and Ns are obtained from N by 
transformations Wy, and W.,,-there can be found directly an R net 
Miz which is a We, transform of N, and a W., transform of Ne*"). 


Exercises. 


1. Ifa @=1, 2, 3, 4) satisfy equations of the form (9), from the first of (10) 
’ and the first and fourth of (4) it follows that 2, x, ws satisfy an equation of 
the form (1) with equal invariants. Hence the projection from a point upon 
any plane of the asymptotic lines of a surface is a plane net with equal point 
invariants. Koenigs, Comptes Rendus, vol. 114 (1892), p. 55. 

2. If x1, x2, xs are the coordinates of a planar net satisfying equations (2) and 


0°@ __~Ologe 00 | Blogs 06 
Oudv Ov Ou ' Ou Ov’ 


the equations 
Oy: 1 Oa’s Ox» Oy: 1 Ox; Ox. 
e a COV ap aan ee 


a 5 (ta Ver = 3- 
Ou o Ou Ou Ov o “ Ov 


are consistent. In like manner we obtain by quadratures two functions y» and y; 
by permuting the subscripts of the «’s cyclicly. Show that the function 


L4 = Ly Yr + Wo Yo + Xs Ys 


satisfies equations (2). Hence x (i = 1, 2, 3, 4) are the coordinates of a surface S 
referred to its asymptotic lines. Annals, vol. 18 (1917), p. 224. 

3. The functions 71, v2, ys, — 1 in Ex. 2 are the homogeneous point coor- 
dinates of the asymptotic lines of a surface which is the polar reciprocal of S 
with respect to the quadric «? + #2 + 72+ x? = 0. ‘Annals, 1. ¢., p. 225. 

4. A necessary and sufficient condition that the surface S whose coordinates 
satisfy (9) be a ruled surface is that a2 =O or b; = 0; in this case the curves 
uw = const. or v =const. are straight lines. 


5. If in accordance with the first of (10) we put a, =2 sas Fel b= 2 
then the coordinates x’ — x‘/2 satisfy equations of the form 
076 00 070 00 
= 


Ou Ov ta, ade. ee Ou 


+ oA 


called by Wilczynski the canonical form of (9). Trans., vol. 8 (1907), p. 247. 
6. Let S be a ruled surface for which «w= const. are the straight lines and 
the equations are in the canonical form (fix.5). Now as,= 0, and from (10) we 


have oe = 0. The tangents to the curved asymptotic lines at points of a generator 
q 


u = const. form a ruled surface #,, whose coordinates are given by 


Ox: 
OP DY Se ree 


37) Annals, lj. ¢., p. 172. 
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y's satisfy the equations 


It is readily found that the 


Hence R,, is a quadric, which osculates S along the given generator. 
7, If two surfaces S and S in 3-space are so related that each net on S is 
a radial transform of a net on S, then 


it) ae 
TY aig 


Sa; Zou ae 


where a,, d are constants. 
8. If two parallel nets in 3-space have areas preserved, the total curvature 


is the same at corresponding points. 
Guichard, Comptes Rendus, vol. 1386, p. 151. 


9. The focal points of a ray congruence are given by A4x_,+ 21, where 
K+ Rip—rvrH yw? =—0; they are the intersections of the lines of the con- 
gruence and the tangents to the curves 


Kdw+Rdudv—rH dv? = 0. 


10. A necessary and sufficient condition that the tangents to the ray curves 
of a net N pass through the corresponding focal points of the ray congruence 
is that NV have equal point invariants. 

Green, Amer. Journ., vol. 38 (1916), p. 313. 

11. Let N be a net with equal points invariants on a surface S and N, its 
associate net on a surface So (§ 25); also let S and 3 be the surfaces corre- 
sponding with orthogonality of linear elements to S and Sp as determined by No 
and N respectively [§ 157]. If Ni is a 1 transform of N, it is possible to place the 
associate, Mio, of Ni so that No and Mo are in relation A (IJ. Ex. 18). These nets 
determine surfaces 3; and Si0 corresponding to S; and Sip by orthogonality of 
linear elements. Show that the pairs of surfaces, 21; 3, So; 210, Yo and S10 3) are 
the focal surfaces of W congruences; that is the A transformation from N into M1 
determines a quatern of W congruences. Trans., vol. 15 (1914), p. 415. 

12. Four nets N, Mi, Ns, Mio forming a quatern under transformations 
determine twelve W congruences, forming six quaterns. Trans. 1. ¢., p. 416. 

13. The focal nets of the congruence of normals to a surface of constant 
curvature are R nets. Tzitzeica, Comptes Rendus, vol. 152 (1911), p.1078. 

14. The lines of curvature of a surface of constant curvature and the normals 
to the surface are in relation #;. Demoulin, Comptes Rendus, vol. 153 (1911), p. 798. 

15. An isothermal orthogonal system on a sphere and the normals to the 
minimal surface, whose lines of curvature admit this system for spherical 
representation, are in relation 4). Demoulin, 1. c. 

16. An 2 net NV admits co* parallel nets determining congruences G of trans- 
formations J” of N into R nets Mi; when such a parallel net is known, each 
solution @ of equations (60) and (74) defines a transform N). 

Annals, vol. 22 (1921), p. 176. 
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17. If Nis an A# net, and ™ and N, are two F' transforms of N by means 
of functions @; and 4, which are solutions of equations (60) and (74) for the same 
constant c, all of the co? nets Ni2 which are F transforms of M, and N, (§ 21) 
are R nets and their determination requires two quadratures; when the constant ¢ 
in (74) is different for 4: and 6, there is a unique net Mi2 which is an R net and 
it can be found without quadratures. Annals, vol. 22 (1921), p.178. 

18. If V is a W transform of an R net N by means of solutions 6, and 0, 
of equations (60) and (74), and Ns; is an R net, which is an F' transform of N 
by means of a solution 6; of (60) and (74) with ¢ replaced by c’, there can be found 
directly a unique net N; which is a W transform of Ns; and an F’ transform 
of N; when c= c', there are oo? such nets N; obtained by two quadratures. 

Annals, vol. 22 (1921), p. 181. 

19. From the equation (15) of a net N(x) on a surface S it follows that 

=e oe CR lies on the intersection 7 of the oscu- 
Ow r Ou 

lating planes of the curves of V at the corresponding point. This line generates 

a congruence whose focal points are determined by functions A and y» such that 

_ d(Au-+ yz) is a linear functions of « and z. Proceeding as in § 44, we show 

that the developables of the congruence are determined by the equation 


the point of coordinates z 


(i) rQ dw+ Rdudv—r (2, a. (“ae == 0, 


where F is given by (27). The curves on S defined by (i) are called the axis 
curves and the congruence the axis congruence of N. By means of (22) equation (i) 
may be written 


(ii) rC, dw+ Rdudv—yr (w—K + rr C— oe log r] dv? = 0. 
Wilezynski, Trans., vol. 16 (1915), p. 316; 
Green, Amer. Journ., vol. 38 (1916), p. 308. 
20. A necessary and sufficient condition that the axis curves form a con- 


jugate system is 
2) 


: 0 P 
H— K — aa, los? ==()) 


Green, l.c., p. 311. 
21. When a net has equal point invariants and is isothermal-conjugate, the 
ray curves and the axis curves form nets; and conversely. 
Greeny laces prods 
22. When «a net is subjected to a polar reciprocation the axis and ray con- 
gruences are interchanged. Wilczynski, 1. ¢., p. 317. 
23. Show that at any point on a surface S the tangents to the two systems 
of curves defined by the equations 


um dw+t2hdudvtadv?=0, 


ay d+ 2bedudv+eadv? = 0, 
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are separated harmonically by the tangents to the curves of the system defined by 


| aduthdvy, bdutadv | =, 
| a@dutbsdv, bdutt dv | im 


24. If the parametric curves on a surface S form a net N with equations 
(1) and (15), the curves defined by 


du?—r dv? = 0 


form a net, whose tangents at a point separate harmonically the tangents of NV 
and the asymptotic tangents. 
25. A necessary and sufficient condition that a net N(x) on a surface be 
2 


: : ue, : : 
isothermal-conjugate, that is Cr) logy = 0, is that the tangents to the axis 


curves, the curves defined by Ex. 24 and the curves defined by Hdu’— Rdudv 
—yrKdv? = 0 be pairs of the same involution, provided that the double lines of 
the involution are not the tangents of the net. 
Green, Amer. Journ., vol. 38 (1916), p. 323. 
Wilezynski, Amer. Journ., vol. 42 (1920), p. 216. 


Chapter V. 
Transformations 2. W Congruences. 


51. Tangential coordinates of a net. Laplace trans- 
forms in tangential coordinates. In [S$ 84] we found that 
a necessary and sufficient condition that the parametric curves on 
a surface in 3-space form. a net is that the tangential coordinates 
X, Y, Z, W satisfy a Laplace equation 


(1) 0°74 ss Bloga dA dlogB oa 
dudv Ov Ou du av 


+yi, 


From [22, § 66] and [34, § 67] it follows that the tangential coor- 
dinates satisfy also the equation 


Oh ocak eawrcaa 


od 
aun wee tae 


Ou Ov 


+ yA, 


where in terms of the spherical representation of the net 


¢ 11h | i 
(8) rap P= Lap ay 


Conversely, if two equations of the form (1) and (2) admit 
four linearly independent solutions, the latter may be taken as 
the tangential coordinates of a net N, whose homogeneous point 
coordinates x, y, 2, w are given directly by the equations 


E ox OX 
(4) LXke=0, «= 0, ae 0. 


We have also the following theorem analogous to the third theorem 
of § 43: 
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Any four linearly independent solutions of equations (1) and (2) 
are the tangential coordinates of a net which is a projective trans- 
Jorm of the gwen net N. 

We call (1) the tangential equation of the net VN. If this 
equation has equal invariants, we say that the net has equal tangen- 
tial invariants. 

The homogeneous point coordinates x, y, z, w and the tangential 
coordinates X, Y, Z, W of a net in 3-space, satisfy respectively 
equations (IV, 1) and (1), and also the relations (IV, 5). If the 
second and third of the latter be differentiated with respect to 
u and v, we have accordingly 


Dy ste 4 OX Be 
Ou Ou du 
OX 02 OX 02 
(5) AE ne Nae eer pe 
OU dV Ov Ou 
07x YON 0x 
eae pe net: 
22 Ov? Tae dv Ov 0 


From the first and last of (5) we have in consequence of (IV, 5) 


; OX 0x OX 0x 
(6) | 
OV Ow OU OU 


When the second and third of (5) are differentiated with 
respect to v and w respectively, the resulting equations are reducible 
by means of (1) and (5) to 


haw! 


le dlogs x| ee 0, 


au du Oe 

(7) ~ 
pass d log a x| Le heels 0. - 
av oy “Ere yee 


The minus first and first Laplace transforms of equation (1) 
are given by 


(8) eee hes Pe wilog: - 0X  dloge 


au Ay ee Ov Ov a 
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From § 30, (5) and (7) we have 


D> xm =0,. > BM e1—0, 


Hence we have the theorem: 

When the Laplace transformations are applied to the tangential 
coordinates of a net N, the resulting functions are the tangential 
coordinates of the Laplace transforms of N, but in opposite sense. 

52. Transformations F in tangential coordinates. 
Since the analytical processes of § 37 are independent of their 
geometrical interpretation, it follows that if 2 is a solution of (1) 
and w a solution of its adjoint, namely 


a*w = CO loga Ow log B Oy ee 
() = amt Subp Oe e8 | Ms 


UOV Ov OU Ou Ov 


there exist two functions ¢ and o, defined to within additive con- 
stants by 


OT OF 0 A 

[on = tg EMA ne et log- 
(10) * me 

| 2% 1 BN a he a Ne (On ae 

a You 8 3? av Lary we 


Consider now a net N with tangential coordinates X, Y, 7, W 
satisfying (1). Then the functions 44, ¥1,%, Wi, given by quadra- 
tures of the form 

ONaire pean 4 0X ) ba 
(11) Ou aor © Ou ( ? ’ 


(which are consistent in consequence of (10)) satisfy the equation 


) ah G0 dhe yA ete 


duUdv t eas re Ou 0 ee a) Ov 


130 VY. Transformations 2. W congruences 


and consequently are tangential coordinates of a net V;. It is our 
purpose to show that NV and JN, are in the relation /, and further- 
more to find 4 in terms of the functions defining the transformation F, 
when N and J, are given in terms of homogeneous point coordinates, 
we and 2. 

On the supposition that NV and N, are in the relation F, their 
homogeneous point coordinates are related as in (IIJ, 65). Necessarily 
we must have 


aX, ve ee 0X4 par 
(13) Dx XY au — 0, DX av = 0, 


which in consequence of (III, 65) and (11) lead to 


Ox 
dlogd _ ZY Fu dlogA DLE Ov 
du Dae SS Se oe 


From (III, 60, 65) it follows that 


Yxest=0, Yxit= 


OU dv 
Hence, to within a constant factor, the integral of the above 
equations is 


A = Dyk. 


In consequence of (5) we have by differentiation 


ais a7, wv o7X 
i =2y5 , Ly » I aay? 


Ov Oud 


so that 4 is a solution of (1). From (III, 65) it follows that 


(14) a yx = — at we 
The analogues of equations (III, 65) are 


(15) A=, X= Xx, 185. 
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These functions X, and X, satisfy the equations 


CP tek peek SUNS saree oie tnx 
(16) a Ou Ogu e, oe 2 - a av log a? 
Ole OX Ss Gee ie, 
ie Xl Vi log x ee Ap log me. 
We must have also 
SOL EO a 
(17) 2 0) ae 0, 


Ou 


oD) 


which by means of (IIJ, 60) and (15) are reducible to 


Sy ON 


0 log @ — aAGy 
eae Xe’ 


From these we find that we may take 


(18) 6 => Xa => Kor. 


Moreover, this expression for 6 satisfies equation (CII, 1). 

As a consequence of (13) and (17) we have that > Xia, is 
a constant. However, we wish it to be equal to zero. Substituting 
from (III, 65) and (15), we find with the aid of (14) and (18) that 
this is accomplished, if the additive constants of integration 
of + ando are chosen so that 


{e+e —DyX = 0, 
| eho ek. 


Thus we have established that the net N, whose tangential 
coordinates are given by (11) is in the relation #' with NV. More- 
over, when the transformation is given in point coordinates, the 
functions 4 and w follow from (14), (11) and (10); and conversely, 
when the transformation is defined in terms of tangential coordinates. 

In consequence of (III, 65) and (15) the expressions for 2 and 6 
can be given also the forms 


(20) d= 2 Xm, 


dloga Drs 


Ov ox Pe: : 


(19) 


7) => XX. 


g* 
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By making use of the results of § 39, we can obtain the 
equations of the theorem of permutability of transformations F' 
from the standpoint of tangential coordinates. The functions A;2 
and 25; must satisfy 


die 2 Mj 2 4) aes bs, 
OME es ce Ou Gy f Die ie vs av le @,9 = I, 2, i+)). 


The functions O12, 001, 412, T21 are given by 


eee ke aoe ho hoy Fx dy Aiote fi 
Uaptela sen te OR) a aa yi i las 
1 2 
(21) a . 
ey pues 8 Agha 04 Ay Aie62 ibd} 
ONS AE BE Vi ns ae 7 MEIER, 
1 “9 


and the tangential coordinates X,, of Nis are of the form 
(22) Ay Ais X42 = Aggy Xy-++ hy die Xe— Ayghe1 2. 


If equations similar to (20) are to be satisfied, we must have 


| Aye => X, V2 =X Xe— O21, 


(23) 
ass =>) Xa — > X.2,— 6x2. 


When these equations are differentiated, we find that the resulting 
equations are Satisfied in virtue of the preceding formulas. Also 
we find that a2, given by (III; 76), and Xi. given by (22) satisty 
the condition >) Xi2 2120. Hence we may take d,. and 4; as 
just given. 

Equations similar to (III, 65) and (15) are 


Vij Oj; 


ch Bata Ay, eis as J 
Vij Li Ain age aera : 
ij ij a hs he 
= 7 (0.9 == 1 Oa eee 
* exaey, re 7 t) oy 
Xi, ij Xij vee X; Ax, ij Xij—q~ Xi, 
¢) tj 


From these equations, (20) and (23) we obtain 


Sey VR, ACB} <== 0, ks 2ij — G)5-— G5 == 0, 
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Consequently when 4,. and A; have the values (23), the expressions 
(22) are the tangential coordinates of Nj2, whose point coordinates 
are given by (II, 76). From the form of (22) we are led at once 
to the theorem of § 23, namely: 

When N, i, N2 aud M12 form a quatern under transformations F 
Sour corresponding tangent planes meet in a point. 

When the point coordinates are cartesian, we make use of 
the preceding results by taking w—-—1, and assuming that X 
Y, Z are direction-cosines. Then we have 


(24) AXx+YytZz2= W, 


so that W is the distance of the tangent plane from the origin. 

From (III, 60) and (II, 20) we have in this case w, = 6'/6 
and 2, in the formulas of Chapter 3 must be replaced by — x,6'/8, 
so as to obtain formulas of Chapter 2. From these results, (II, 2) 
and (20) we have 2 => X2'**), so that 2 is the distance from 
the origin to the tangent plane to the net NV’ determining the 
conjugate congruence of the transformation. If we call it w and 
denote by w ! the corresponding tangential coordinate of ™1, 
parallel to N,, and determining the same congruence, we have 


(25) A= DX =a, Dh we}, 


where X,, Y;, Z, are the direction-cosines of the normal to A. 
If W, denotes the other tangential coordinate of Ni, we can write 
(11) in the form 


(26) 


Ae ae oo 
ine) 1) Ay du \w-4) Si we] 


In this case equations (15) become 


(27) X= pre xX,= SO 


38) When we are dealing with cartesian coordinates, the symbol ¥ denotes 
the sum of the terms in 2, y and z. 
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From these expressions it follows that if ¢ denotes the angle be- 
tween the tangent planes of N and Ni, a necessary and sufficient 
condition that the harmonic congruence of the transformation be 
normal is that 


(28) (w-1)? co — ww! cose(tz+6)+w? = 0. 


53. Transformations 2 of nets with equal tangential 
invariants. From (15) it follows that a necessary and sufficient 
condition that the focal planes of the harmonic congruence of the 
transformation be harmonic with respect to the tangent planes to 
Nand J, is that (cf. V, Ex. 8) 


tto=0. 
In this case we have from (10) 


8 i a 3 PAP NOL 
l 2 = ; 
oe 7 108 B, a ee aE log a 


Recalling that « and 8 are determined only to within factors which 
are respectively functions of w alone and wv alone, we see that in 
all generality the tangential equation (1) can in this case be written 


a*d. dlog Ve 84 | “dlog Vo 24 
—— + 25" 8 —— _< —— A= 0; 
ee Oudv x av Ou + au Ov aie : 


If we put « — —2ew, w being the solution of (29) determining 
the transformation, equations (10) can be integrated in the form 


(30) C= — 6 = —— ew". 
Now the tangential equation of J, is 


la 0 p— 
aoe o 
AUDV Ov ue os 


OA, hom 0 
Ou Ou 


(1%. = log | “ew ca — Os 

Ov 
Thus the tangential equations of both V and NV, have equal invariants. 
We say that NV and XN, are in the relation of a transformation 2*°), 


3°) Rendiconti di Palermo, vol. 39 (1915), p.161; cf. also Demoulin, Bull. 
Acad. de Belgique, 1919, p. 273. 
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If we put 


equations (29) and (31) are transformed into 


RNP BV uy ouanne ls (yy Stone 
dudv Vo dudav MI, au av | gv budv 
These equations are satisfied respectively by 


Py V oX, eh Vv oY, Ape V eZ, 


In terms of these functions equations (11) are reducible to 


Binh ( eS 
eo) eS ay ee 
Ou (7,9) Ou a au!’ 
(33) ey a 
) a ead ee) tas 2) 
Cake t) — (9 , Us a4) ) 


Since NV has equal tangential invariants, its spherical represen- 
tation is the spherical representation also of the asymptotic lines 
on a surface > whose point coordinates, £, 7, ¢, are given by the 
Lelieuvre formulas [§ 79], namely 


OV» 


ag V3 OVe ag rr, - OV: 
av” 


as ee V3 Tae aa 2 
Ou Ou Ou’ Ov Ov 


+ V3 


Similar equations in the functions »; give the point coordinates 
&, #1, 6, of a surface =, with the same spherical representation 
of its asymptotic lines as the curves of the net \,. Moreover, 
equations (33) express the condition that > and 3, are the focal 
surfaces of a W congruence [§ 172]. The surfaces = and 2, are 
associate to the respective nets N and N, [§ 155). 
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From the theory of W congruences [§ 172] it follows that if 
X, Y, Z and X, Yi, Z are direction-cosines of the normals to = 
and 2, then = 
(34) yys= Vig KG Ee WV Oe Xy, 


where — 1/0? and — 1/0? are the Gaussian total curvatures of = and 
=, respectively. From these expressions, (26) and (32), we have 


if 
35 wt = —————.. 
(35) V 0a, w 
Hence equations (26) become 
Pe 
a ap On axe a ee ON eX 
ou VY ees) Sa au (=), Ov (Vee w X) = Dae (=), 
(36) 
SUE Va ial ee See ”) Ayes ed 22 (2) 
OU (V eg. W;) = ee Ou (= 4 OU (1 ea W:) Sg du \w!’ 


and we have the theorem: 

Each solution w of the tangential equation of a net with equal 
tangential invariants leads by quadratures (36) to the determination 
of a net N, which is an 2 transform of N. 

From [72, § 172] we have that the coordinates of the surface 5, 
associate to N, are given by equations of the form 


(37) & = &+1Voee(Y¥4—ZY,). 


In [§ 172] it is shown that direction-parameters of the normals 
to the focal surfaces of any W congruence satisfy equations of the 
form (33). Since these are of the form (11) with c+o=0, 
we have 

If two nets N and N, with equal tangential invariants are in 
relation F, and if the surfaces X and %, with the same spherical 
representation of their asymptotic lines as the curves of N and N, 
respectively can be so placed in space that they are the focal surfaces 
of a W congruence, then N and N, are in relation 2. 

54. Theorems of permutability of transformations 2 
and of W congruences. Let N be a net with equal tangential 
invariants, and N, and NM. be 2 transforms of N by means of 
solutions w, and wy of equation (1). 


54. Theorem of permutability of transformations Q a7 


The functions w,, and w., defined by the quadratures 


0 9 : 
Em (V 09; wi wij) = —ow? (“2), 

63) V0 OM ia: Gh sie ota dt 
aw oo ae Alar dv \w;]’ 


are evidently solutions of the tangential equations of N, and N, 
respectively. It is clear that w;; as thus defined is determined to 


a 
Veooiws ne 
chosen so that there are oo' pairs of functions w,, and we, satisfying 
the condition 


(39) I 00; Wy Wie = V 000 we Lx == ine 


within the additive function The constants c can be 


By applying the results of § 52 we shall show that each pair of 
functions determines a net Ni. which is an 2 transform of M, 
and 2. In fact, the tangential coordinates X12, Yis, Z.2, Wis of 
Ny: are given by the following equations analogous to (22): 


— Uy, 
a3, Vor X= Ve aa s 5 %) 
where 
(41) e2 =e (1 spe A a eS ee Uae Cos oe x). 
Wi2 W1 W192 Wy2 Wat 


It is readily shown that, in consequence of (36) and (39), the 
functions (40) satisfy the equations 


p ee ti Pe 
a (M8 Wij Xi») SE IER a Bie: 
0 (3 (a9 TT 1,2, i+/). 


CD ee ier 
\2 (V9,0,; wis Kis) = 0; whiz 


Weak 


Hence we have established the theorem: 

If N has equal tangential invariants, and N, and N2 are two 
2 transforms of N, by a quadrature we can find 01 nets Ni2, which 
are 2 transforms of N, and Np». 


40) The reason for this choice is to be found in (21). 
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If , 3, and 3, are the surfaces associate to N, N, and N, 
so that = and 3, are the focal surfaces of a W congruence, and 
also S and 32, the associate 2,. of a net Mj» can be so placed in 
space that 3, and 2,, are focal surfaces of a W congruence, and 
likewise 2, and 3,.. From equations analogous to (84) and (37) 
we have for the coordinates, $12, 912, S12, Of 21. 


(43) So &F—I 0a QaZ-=¥, Z,)- 
4 


Hence we have the theorem of Bianchi*'): 

Tf = and , are focal surfaces of a W congruence and = and 
of a second W congruence, there can be found by quadratures an 
infinity of surfaces Sy, such that 2, and X,. are ‘focal surfaces of 
a W congruence, and likewise 2, and 24». 

55. Nets permanent in deformation. When the harmonic 
congruence of a transformation 2 is normal, the focal planes of the 
congruence are perpendicular, and consequently the angles between 
the tangent planes of the nets N and JA, are bisected by these 
focal planes. Now from (28), (30) and (35) we have e —,. Hence: 

A necessary and sufficient condition that the harmonic con- 
gruence of a transformation 2 be normal is that the associate 
surfaces X and , of N and N, have the same total curvature at 
corresponding points; moreover, the focal planes of the congruence 
bisect the angles between the tangent planes of N and N,. 

If o = 0,, we have from (34) 


(44) D171 = COE, Dvi=D ri =o. 


Multiplying the first of (83) by v, and summing; and also by », and 
summing, we get 


ov; 1 de a log a 

— Fal Gi ee =P 

2”; Ou 2 Dye e(cos.¢—1) ou” 
TOY, iL 00 0 loo & 

y =— | if Sg See 
ay, Ou 2 Our @ ( COS 4) Ou 


41) Lezioni, vol. 2, pp. 71—74. 


« 
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Adding, we have 


Ou Ou 


Differentiating the first of (44), we get 


: cos € = — (1+ cose) tae 


(45) ae 


In like manner from the second of (33) we get 


f) wee 


(46) cos € = (1 — cos €) 


0 
Ou 
Expressing the condition of integrability of these two equations, 
we find that 

(47) Ge AU ane 


where U and V are functions of wand v alone respectively. Now 
the integral of equations (45) and (46) is 


| é Oe 
(48) tan Oo == Vie’ 


where c¢ is an arbitrary constant. 

From [§ 141] it follows that in this case both NM and JN, are 
nets which admit an infinity of applicable nets, which we shall call 
nets permanent in deformation. 

If D and D” are the second fundamental coefficients of J, 
the coefficients D; and D;’ of the nets Nz, applicable to WN are 
given by [cf. § 141]. 


(49) Dy, = tanh D, Di, == coth pL’, 


where g is defined by 


fe Vn 
Ou Ov 


a coth gy. 


OS ee 
ere 
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Moreover, 


(61) dloge re le 


\ dloge ce se 244) 
Ou G4 ; 


‘ Ov 1 


the Christoffel symbols being formed with respect to the linear 
element of the spherical representation of NV, namely 


(52) do® = Edv?+2 §dudv+ Gdv’. 
From the formulas of [§ 83], namely 


2 


EDD" Hp 
oe Bi pie fe oe ee 


it follows that the coefficients ©, %, Gx of the linear element 
of the spherical representation of NM, are given by 


(53) &;, = tanh’ 9G, Ok = 8, G, = coth’gG. 
The integral of equations (50) for e given by (47) is 


LEV 


(54) tanh (— ea a 


where * is a constant, such that when k —0O we have the net 
iN, that 18° 2N5 ==; 
’ - ‘ ji2y’ Vinyl’ &. 
If we form the Christoffel symbols 11 ,and ole with respect 
to (53), the equations analogous to (51) are 


dlogen {i2\’ WU" 1A+kV 
Me. SD ee a ed Venere eee 

(55) U I ay 1— kU. 
log en __ [t2| See tO 

dv (lie U+V 1+kv’ 


from which it follows that we may take 


(56) U+V =| 1 1 ). 


st (=k eCkV) ee Ae ee 


(59) 
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56. Transformations 2 of permanent nets for which 
G+0 and G©+o0. We write the linear element of the sphere in 
the form 


(57) do? = Edu?+ 2V EG cos 20 du dv+ Gdv’, 


where 2m is the angle between the parametric curves. 

We denote by X’, Y’, 7’; X”, Y”, Z” the direction-cosines of 
the bisectors of the angles between the parametric curves on the 
sphere, so that we have 


oe = V E(sinw X’+ cosa X"), 
ap V8Csino X'+ cosa X"), 


If these equations be differentiated with respect to v and u 
respectively and we make use of [(22) § 66], we find 


ze = —AX"—V Esinw X, i — BX’+V Gsinw X, 
" = " as 
a — AX’—V EcosX, ps — — BX'’—V GoosoX, 
OU dv 
where ok Zz 
_ bo cae dlog Vo 
i A= G Sth Oe a ’ 
B= ob: S inde leeVe 
Bie Gs Cush 


The direction-cosines, X,, Yi, 4%, of the normal to an 2 trans- 
form NV, may be written in the form 


(61) X, = Xceose+ sine (sin a X’— cosa X"), 


Since @ = 0, equations (36) become 
g Ebon hs 185 “| i : vai 2 (=| 
(62) = (ewmi) = —ew® = a ag Oe at), OW alee 


When the expressions (61) are substituted in (62), we find the 
following equations: 


(63) 
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gee 0o \E. singo eeVe + VEsin(« +o) cots = 0, 


0a , Ow ys ; dlogVio ee Les 
AG -- — G sin 2 0 V Gsin(e—wo) tan ea 0, 


d log w 4a if O10 R05 oe 
du les VEcos(a +0) + i= coseson, oe 
blogw 


é it dloge 
+ tan V Geos(a SP) eta = ==) 


The condition of integrability of the first two equations is satisfied, 
and by means of them we show that the last two are consistent, and 
that w satisfies the tangential equation of N, namely (29) with 
y—V EGcos2o. Hence: 

If Nis a permanent net with the spherical representation (517), 
each pair of functions « and w satisfying (63) leads by quadratures 
to an 2 transform N, which is a permanent net; and the associates 
surfaces = and 3, of N and MN, have the same total curvature at 
corresponding points and can be so placed in space that they are 
the focal surfaces of an W congruence**). 

From (87) it follows that the coordinates §,, u,, 6, of 2, are 
of the form 
(64) &, = + sine(cose X’+ sine X”). 


Since w in (63) is not a general solution of (29), we say that 
the permanent nets whose tangential coordinates are X, Y, Z and 
a function w defined by (63) is a special permanent net. 

Suppose that NV, and WN, are two 2 transforms of V by means 
of functions @;, wi, « (@ = 1,2). In order that one of the oot 
2 transforms Ny». shall be a permanent net, it is necessary that 
0:20. From (89), (41) and (61) we have in this case 


W19 (COS €;— COS &2) = wy [1 — cose, COS €2-—sin e, sin eg COs (@;—«p)]. 


It is readily shown that this function wy, satisfies the corresponding 
equations (38), namely 


‘*) The existence of such W congruences was established by Bianchi 
Lezioni, vol. 2, pp. 74—80. 


(66) 
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(65) + Wy, Wie) = — Qui (4), = > em W12) = Qwi - (=| é 
Hence we have the following theorem of permutability: 

If N is a permanent net and N, and Nz are permanent nets 
which are 2 transforms of N by means of functions e,, w,, &, and 
Gy, Wa, €2 (+8), of the co1 2 transforms Ni. one is a permanent 
net and it can be found without quadratures. 

Incidentally we have established the theorem of Bianchi**): 

If = and =, are focal surfaces of a W congruence and = and 
>, are focal surfaces of a second W congruence such that the total 
curvatures of =, =, and 3, are the same, there can be found without 
quadratures a surface 24, of the same total curvature such that >, 
and X15 are focal surfaces of a W congruence, and likewise 2, and 4». 

When in particular ¢ = const., Nis the net of geodesics on 
a surface of Voss [§ 141]. In this case ¢ is a constant. Each set of 
solutions of the corresponding equations (63) determines an 2 trans- 
form NV, which is a net of geodesics on a surface of Voss. Moreover, 
these transformations admit a theorem of permutability. The associated 
W congruence is pseudospherical, and the preceding theorem is the 
theorem of permutability of transformations of Backlund [§ 121]. 

57. Transformations 2 of a sequence of permanent 
nets. In § 56 we saw that in order to obtain an 2 transformation 
of a permanent net V into a permanent net N,, it is necessary and 
sufficient to take for the net N’ parallel to N one of the special 
permanent nets determined by a pair of functions satisfying (63). 
Suppose now that we consider one of the deforms WM; of NV (§ 55). 
The equations for the 2 transformations of N;, analogous to (63) are 


? 


( 0 on ee Es Cr sin 2 o + log V on + V Ex sin (@,-+ @) cots = 
Ou - 
a a | & : sin2 — log V ¢.— =, 
g eB i ot S V Ex cos (@,+) + ee, pee — 
: noe L tan zs V Gx cos (e~—o) + ee bss = () 


43) Lezioni, vol. 2, pp. 80—82. 
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~ 


where ©, Gx and g, are given by (53) and (56), and analogously 
to (48) we have 


koi t hex 
Ge T= 
(67) tan Si ie 


oe 


When the expressions for E;, ©, and g, are substituted in the first 
two of (66), we find that «,— oe is a solution, if 


coth ¢- tan > —— tall o 


which is consistent with (67), if we take 
ke, (l—ck) = 1. 


On this hypothesis the last two of (66) are reducible to 


dlogw, _ @logw = 1 Uk 

Ou Oe Moa 2 1—kU’ 
(68) 
dlogwz, __ dlogw ! 1. Ve 

C1 Cee Oe 2 1+kv’ 


of which the integral is wx = owV (1—kU) (1+kV), where o is 
a constant. We shall show that when o = (1—kc)~—! the corre- 
sponding net Nx parallel to MN, is applicable to N’. To this end 
we remark that the second fundamental coefficients (D,)’ and (Dj!)’ 
of the net with the spherical representation (53) and determined 
by wx are given by [ef. § 67] 


1... 07 wy ae 0 Wr f11\! Ow 
(69) ae au? + \1Jn au wi V2 tk bv — Ene, 
"we , J22\' Owe , {22|' Owe 
wr Leese Soest sie ame LN ; 7 
(Di) = dv" HTH, Ou e WPify dv Sie, 


where the symbols a are formed with respect to (53). When 


we put / = 0 in these expressions, we obtain the expressions for 
the coefficients (D)’ and (D”)’ for N’ by definition. 
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When the epressions (66) are substituted in (69), we deduce 
the relations 
(Dx)' fae ) (Day T-FkV (D")! 


wr 1—ke w’ wr 1—ke w 


From (49) and (54) it follows that we must have 


f / 1 ae dd 1 Wt 
oy=-V oy, wy-\# wr. 
Hence 
(70) Lee VA—kv) GQ+kY) | 


1—ke 


In § 27 we saw that if N(x) and Nx(xx) are applicable nets, 
and N’(x’) and Nz(2) are a pair of applicable nets parallel to NV 
and A; respectively, the F transforms, NV, and Ny,1 of N and N; deter- 
mined by the nets N’ and Mé and the function 6’ => 72—> x” 
are applicable to one another. In order to apply this result to 
the present case we calculate the expression for 6’. From [§ 67] 
we have 


Se i +59 sr [Gx 4) 2 oops cite ee EG. (2s) 


eae sat (oe) 2855 50 () | 


Substituting the values from the preceding equations, we find that 


gee S27 @ 
= iro oS! [ee w+r)sin2e 


—VEG cot 5 sin (#— wo) U+EVG tan--sin (@ + w) v"| 


We note that & appears in this expression only in the factor 
k/(1—kc), and consequently it does not appear in the equation 


6 : : : 
m= 2—Fy u, since @ also involves this factor. Hence as k 


10 
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varies and consequently ;, we find that all the transforms V;,,1 
are applicable to ,**). 

58. Transformations 2 in point coordinates. Nets in 
relation O. In § 28 we saw that if N(z) and N(x) are two nets 
corresponding with orthogonality of linear elements, that is are in 
relation O, they have the same point equation, say 


0°6 _—s loga 90 , dlogb 286 
i St pas 


(71) 


Moreover, if 2 and 7 are any solutions of equations (I, 13), the 
corresponding parallel nets W’(x’) and N’(%) are in relation 0, 
and 6’, given by 

(72) (a eae 


is a solution of the common point equation of NV’ and N’ (cf. § 28). 
Furthermore, if @ is the solution of (71) corresponding to 6’, then 
the nets N,(2;) and N,(z,) defined by 
(73) Se Ler eo 73 
are in relation O and are respective F transforms of N and JN. 
Suppose now that NV and WN are nets in 3-space. Then, as 
follows from [§ 157] they have equal tangential invariants; similarly 
N, and N;. It is our purpose to show that N and N, are in 
relation @, and likewise NV and J,, and thus obtain the equations 
of transformations 2 in terms of the point coordinates. 
If N(x) is any net with equal tangential invariants, and N(x) 
is in relation O with NV, we have [ef. § 157] 


0a OAT, hatha 0x O28) >) a eee 
(Ayo) ce Se og ye a eg 
(74) ne Or roi bu by ape 
and 

On Oy dz Ox Oy Oz 
75 2 Yo —— =; — Yy — 
(75) Ou oo Aap ee Ow’ Ov . av 7° Ov’ 


44) Of. Transactions, vol. 19 (1918), p.179. The existence of transformations2 
of permanent nets for which © = 0, G + 0 is established also; the restriction in 
the theorem of page 183 is not necessary, since the second of equations (61) 
should include the term — V’/(1 + cose) V. 
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where 2, Yo, 2 and 2, Yo 2 _are the point coordinates of the 
surfaces + and = associate to N and N, and the asymptotic lines 
on + and = are parametric. .From (74) and (75) we have also 


One = alee 
76 FT ————— 2 
(77) By sh Sh ee, 
° Ou : ° av i 


Consequently 2, Yo, 2 and 2, Y, Z are direction-parameters of 
the normals to N and NV respectively. Furthermore, if the ex- 
pressions for the derivatives of y and z as given by (74) are 
substituted in (75), we have in consequence of (77) 


(78) LoL + YoYo t+ 2020+ 1 = 0. 


Hence S and & are polar reciprocal with respect to the imaginary 
sphere**) 


(79) ety'+227+1—0. 


If N’ and N’ are nets parallel to N and N by means of the 
same pair of solutions # and 7 of (I, 13), we have 


Be = ea OR ees Oye aa OR 
ED) A Dred) yer Ae ri Shee wi as Choa 


For the F transforms N, and N, defined by (73) we have 


Ony = Cue? > 02, On, __ > OY, — 02: 
(81) ou Ae Ou You Ou’ Ov ana 0 Way? 
On, va OY 02, On, ne ED OY 02; 
(82) Ou stay Ou for Ou’ Avi ire Ou POs? 


where Zo1, Yor, 21 ANd %1, Yor; Zo1 are the point coordinates of 
surfaces >, and 3, associate to N, and NM, with their asymptotic 


45) Darboux, Lecons, vol. 4, p. 67; also [Ex. 15, p. 391]. 
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lines parametric, and they are direction-parameters of the normals 
to N, and N, respectively. Moreover, we have analogously to (78) 
(83) Xo1 Lor Yor yout Zo1 21 +1 = 0. 


From (81) we have 


024 Pe On 02, 
Ou dav Ov OU 


Pa OY, 02, 
Ov OU 


=f OY Moles 
(84) —— Zu Z : 


On differentiating (73) we obtain 


ba, ( (a 32 — Ges. dl (o—2) (a 22 52) 
au 2 h ou dul’ av 6’? l Ov dv!’ 
Ox, 1 (ar 32 ee 0X4 1 ( ) (a 32 22) 
=— 6— —6 : = —,|o— — : 
au vel hi ou du/’ av gt? here, dv 


(87) 


When these expressions and analogous ones in y, and z,; are sub- 
stituted in (84) and 6’ is given the value (72), the resulting equation 
is reducible, by means of (80) and the fact that 2, yo, 2 are direction- 
parameters of the normal to N’, to the form 


! / ii 
x Yo —Y oy ame 


(85) Zo. = ee 

ae Xo 
Similarly we have 
(86) Zo1 — a Yo sol oe =e 


a2 oh Xo 
From (85) and (86) we have 
Lp Lor + Yo Yo1 +20 Sort Ll = 0, Lo Xt Yo Yor t Zo Zi t1 = 0. 


Consider now the surfaces = and 3,. The quantities 7, yo, Zo 
and %o1, Yor, Zoi, are direction-parameters of the normals to these 
respective surfaces. Moreover, from (78), (83) and (87) it follows that 


>, Zo (t%1 —X%) = 0, en (%1— a) = 0. 


Consequently + and 2, are the focal surfaces of the congruence of 
lines joining corresponding points on these surfaces, and it is 
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W congruence, since the asymptotic lines are parametric on > and 3;. 
Hence from the last theorem of § 53 it follows that N and N, are 
in relation 2, and also N and ™,. 

When a net NV with equal tangential invariants is known, the 
associate surface S can be found by quadratures [§ 78]. Then by 
equations (74) we obtain a net N, with equal tangential invariants, 
which is in relation O to N. Each net N’ parallel to N leads by 
a quadrature to an © transformation of N and N. Hence: 

Each net parallel to a net N with equal tangential mvariants 
determines an 2 transformation of N, and the determination of 
the point coordinates of the transform requires only quadratures*®). 

59. Transformations 2 and K of the focal nets of 
a W congruence. We have seen that the surface > of the 
preceding section is associate to the surface S on which JW lies. 
Since this relation is reciprocal, there exists a surface 9 in relation O 
to 3; its coordinates, x7, y, 2, are given by quadratures of the form 
(analogous to (75)) 


From these equations and (75) we see that S can be so placed 
in space that 
(88) == a+ ZYo— Yeo. 


From [§ 157] it follows that the asymptotic lines correspond on S 
and S the surface on which N lies. Also since Xo, Yo, 20 and x, y, 2 
are direction-parameters of the normals to S and & respectively, 
it follows from (88) that S and § are the focal surfaces of a W 
congruence. 

Since § and are in relation O, there can be found by means 
of equations analogous to (74), the coordinates Zp, %, 2 of a sur- 
face = associate to IS moreover, from [§ 156] it follows that the 
parametric curves on S and = form nets with equal point invariants. 
Furthermore, since = and § bear to § and & relations analogous 
to the relations of ¥ and = to § and S, it follows that > and 9 
are polar reciprocal with respect to (79). 


46) Of, the first theorem of § 53. 
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When the net NV is subjected to a transformation Q, in accord- 
ance with the preceding section, we get surfaces S;, Si, 21, Se 
and s related to one another as in the preceding paragraph. 
Since § and , and 8, and 3, are polar reciprocal with respect 
to (79), it follows that > and 3, are in_the relation of a trans- 
formation K (V, Ex. 11). Moreover, S and Si being associate 
to S and 3, respectively are also in relation (I, Ex. 18). Further- 
more, S, and S, are the focal surfaces of a W congruence. 

From [§ 172] it follows that if S and § are the focal surfaces 
of any W congruence, it is possible to find by quadratures two 
surfaces S and = associate to one another and in relation O with 
S and S respectively. If = is referred to its asymptotic lines, the 
parametric curves on S and § form nets with equal tangential and 
point invariants respectively. Hence: 

A W congruence admits of transformations into W congruences 
such that one.pair of corresponding focal nets are in relation 2 
and the other pair in relation K*"). 

60. Nets with equal point invariants and equal tan- 
gential invariants. In consequence of [(38) § 83] equations 
(36) § 83] can be written in the form 


a) 2.2 a) 70 [Res 
5) SD = ae logae, aa lo¢gD = ae log bf. 


Hence: 

When a net has two of the following properties, it has the third 
also; equal point invariants, equal tangential invariants, isothermatl- 
conjugate. 

We consider such a net, and put 


12|_ dlog Vg jai __ blogVg : 
‘t= dy? 2a Su? Dicer 
From [(3) § 63] and [(13’) § 64] we have 
HU ast ed oy EL furl =o D 
lett du Vo’ hirer aed 
a 0 D be Q EF 
—— EPG Fas ‘ = loge —, 
U1 au Ve ie av ~ Ve 


47) Cf. Demoulin, 1. ¢., p. 276. 
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Consequently the point coordinates of the net satisfy the equations 


0°6 070 dlogr 06 dlogr 006 
2 a arid 


Ou dor 0) Ou Ou 0 av’ 
(89) v i v 
0° _ alog VQ. 060 | dlogVe@ 20 
Owdv av Ou ot Ov’ 
where 
Lea 
Ron ; 


From § 25 we have: 
If N(x) is a net with equal point and equal tangential in- 
variants, a parallel net of the same kind is given by the quadratures 


In order to establish transformations F’ of a net N of this 
type into nets of the same kind, we consider NV expressed in terms of 
homogeneous coordinates, the point and tangential equations being 


2 es : 
020 ! dlog Vo 00 dlog Vo 06 gyre: 
(90) dUdv Cl) Ou Ou av 
a2. dlogVo 04 , dlogVo aa 
Ke=(), 
ie ee ee ee 
It is readily shown that the equations 
peo Bis 2s a 
Ou =e(5 2 %e 0 2X, du)’ 
Dee tar 02 is = 
Bi) Odin, eGo ahs Xz, 
Oe | OA = aA) 
Ou =els; XXx, Xda, One)” 
De Vee ee : os) 
Ov => ae X Qin Ov 


and similar equations in y,, 2, w1, Y;, Z, and W, form a completely 
integrable system. For each set of solutions the function >) 2, Xy 
is constant. Consequently each set of solutions, for which 
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(92) my X= 0, 


defines a net WN, for which these functions are the point and tangen- 
tial coordinates. Furthermore, for a set of solutions the functions 


(93) —>'X,2, => Xx, 


are solution of the respective equations (90), so that equations (91) 
are equivalent to (III, Ex. 25) and (36). Consequently N; is both 
a K and 2 transform of N, and therefore has equal point and 
equal tangential invariants. Hence, since (92) is bilinear we have: 

A net with equal point and equal tangential invariants admits 
o® transformations K and 2 into nets of the same kind. 

Tf NV, and N2 aré two of these transforms of NV, from (III, 73, 75) 
it follows that for a net Ni. to be a K transform of NV, and 2, we 
must have 6,;2+ 62; == 0. In like manner for My, to be an 2 trans- 
form we have from the equations preceding (21) that A,. +A, = 0. 
Hence from (23) we have > Xi te + Xt = 0, It is: readily 
shown that the left-hand member of this expression is constant. 
Only when it is zero is there a net Ni. which is both a A and 
an 2 transform of N,; and N., and then there are an infinity of 
such nets, since 6,2 is determined only to within an additive constant, 
but 6:, 442 and 4s, are then completely determined. 


Exercises. 


1. If a, a, v® are the cartesian coordinates of a net N in 5-space 
Aa Ax?) ax®) 
Ou’ Ou’ du’ 


and @ is any solution of the point equation of N, then 


00 : : 
~— are tangential coordinates of a net. 


Ou 


2. A necessary and sufficient condition that the curves v = const. of a net 
be plane is that the minus first Laplace transform be a developable surface; the 
analytical condition is that the invariant H of the tangential equation of the 
net be equal to zero. . 

3. A necessary and sufficient condition that the curves of a net be plane 
is that the tangential coordinates can be taken in the form 


X=U+N, Y= U2+ Va, 4=—U;+ Vs, Wi UG ayer 


where the U's and V's are functions of u and v respectively. 
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4. When two nets N and M in relation F are subjected to a polar reci- 
procal transformation, the resulting nets are in relation #; and the conjugate 
and harmonic congruences of the given relation # are transformed into the 
harmonic and conjugate congruences’ of the resulting coe ts 


5. Ina transformation F defined by (11) the functions —— Seat irae ae 
a) =} a) 
Ov v Cac e | Ou 
focal surfaces of the conjugate congruence of the transformation. 

6. A necessary and sufficient condition that the transformation defined by 
(11) be radial is that A= aX+bY+cZ+dW, where a, b, c, d are constants. 

7. When in (26) we take w=aX-+bY+cZ, where a, b and ¢ are con- 
stants, the conjugate congruence of the transformation consists of parallel lines. 

8. Show that the functions X; and X2 given by (15) are tangential coor- 
dinates of the focal surfaces of the harmonic congruence of the corresponding 
transformation F’. 

9. Each solution of the adjoint of the tangential equation of a net determines 
a congruence harmonic to the net (cf. Ex. 8). What is the dual of this theorem? 

10. If the direction equation of a congruence G is the same as the tangential 
equation of a net N, the determination of nets harmonic to G and congruences 
harmonic to N are equivalent problems, namely the solution of the adjoint of 
the given equation. 

11. When a polar reciprocal transformation is applied to two nets in 
relation 2, the resulting nets are in relation K, and conversely. 

12. A necessary and sufficient condition that the axis curves of a net N 
form a net is that N have equal tangential invariants (cf. IV, Ex. 20, 22). 

13. If four nets N, Mi, Ne, Ni2 form a quatern under transformations 2 
determined by w,, we, Wig and wa, the four nets parallel to them determined by 
wy, 1/V ppr wi, wes and 1/V ps pio Wer form a quatern; likewise the four nets 
determined by we, 1/// pps ws, wi2 and 1/Yp: prs wir. a 

14. Let N(x) be a net with equal tangential invariants and N(w) the net 
of the same kind in relation O to N, and N’(a’), N”(w") and N’(@"), N N" (a6" 
corresponding parallel nets to N and N. If we put 0{ = Sa'%’, Of = Sx’e", 
then the nets N: (a1) and Ns (a2), where 


and t) are tangential coordinates of first and second 


Sate i C= 0 = — 0 


are 2 transforms of N. If we draw through points of Ni and No lines with 
direction-parameters of the respective forms (cf. § 21) 


OY Ms, fn 
i ' % 
x = x—7,, ux 
‘ 2 wr a 
,” 6Y 


where 0// and 6/, are solutions of the point equations of N” and N’ corresponding 
to 6; and 62, the point Mio of intersection of these corresponding lines generates 
a net Mio. Show that this net Mio will be an 2 transform of N; and No if 


6 +65 = Dal'ae't+ Sa! a" 


Of 
att! = al! — 
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15. Show that all the conditions of the preceding example are satisfied, 
if we replace 04 and 6, by 0{-+c and 64,—c, where c is an arbitrary constant, 
and consequently there are co! nets M2 in relation 2 with Mi and N,; that 
corresponding points of these nets Ni2 lie on a conic through the corresponding 
points of N, M and N,; also that the tangents planes to these nets Mi. at 
corresponding points form a pencil (cf. § 26 and II, Ex. 19). 

16. Let N be a net with equal point invariants, Ni and Ne be K trans- 
forms of N, and Ni2 one of the K transforms of Ni and N2 in accordance with 
the theorem of § 26; show that the tangent planes to the oo! nets Mi at 
corresponding points envelop a quadric cone (cf. Ex. 15). 

17. Prove directly that the surfaces 5 and Ss of § 59 are in relation K. 

18. Two nets N and N with equal tangential invariants which are in 
relation O determine twelve surfaces forming a closed system of Darboux [Ex. 19, 
p. 391]; similarly two nets Ni and M, which are @ transforms of N and N deter- 
mine a second system; find the relations between the two systems of surfaces 
other than those treated in § 59. 

19. If S and S two surfaces in relation O are referred to their common 
nets, N(a) and N(a@), the equations of the form 


e£=aten, 


where e is an infinitesimal, define a surface 9 which is an infinitesimal deform 
of S, and the parametric curves form a net N [cf. § 158]. If N’(a’) and N'(@’) 
are corresponding parallel nets to VN and N respectively, the equations of the form 


A 


wo == et ea’ 


define a net N’ which is an infinitestimal deform of N’. Then equations of 
the form 6 
Ly = 2B <= 6" ie 


where 0’= 2x'x', define a net MN, which is an F’ transform of N and an in- 
finitestimal deform of Ni whose coordinates are given by (73). 

20. When the spherical representation of a permanent net is such that 
€ +0, G© +0, the parameters can be chosen so that either (i) p= a, a constant; 
Gi) eo =v; (Giii)e = w+v. In these respective cases the coefficients of the 
spherical representation can be given the respective forms 


(i) ee Ope § % = cos2a; 
Cues Ca ee = 
v Ou v? 
wy OW ae 0 Od i 
Gg)  €=S ty Fae, b= apy 


Determine the conditions which » and ~ must satisfy in each case. 
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21. When the curves v = const. of a permanent net are represented on the 
gaussian sphere by isotropic generators, the coefficients of (52) are reducible 
to the form 

27 2V" 


ae nea ~ o> Vea) 


+r)?’ ees 


where V and V; are functions of v alone; also the tangential coordinates of 
such a net are given by 


at , As 


ee ee ee 
Ao OES 
LAA orm g'—Y¢', 


where g and ¥ are arbitrary functions of w and v respectively, and the a’s and b’s 
are functions of » alone subject to the conditions: 


4 4 SV OV. Vi 
ore PS, eines = 
Viv v Ae 
= Grog) atga G=12,9) 


the primes indicating differentiation. 
Drach, Ann. de Toulouse, ser. 2, vol. 10 (1908), p. 135. 


Chapter VI. 
Orthogonal nets. 


61. Nets O and p, O. Congruences I and p,I. A net 
N(x), whose cartesian coordinates x satisfy an equation 


0°@ = dloga 00 , dlogb 00 
dudv Ov du Ou dv’ 


(1) 
is called an orthogonal net, or for the sake of brevity an O net**), if 


0x OP ae an oy (eee 
ee >(32)+0, aes ea calls a=2(F=|+0. 
The second of these conditions is equivalent to the requirement 
that w, defined by 

(3) 20=> x 


is a solution of (1). We say that a net N is p, O, if its point 
equation (1) admits p —1 solutions, y%4,..., Yp—1 linearly independent 
of the «’s, such that 


[ 2(ss/-Dleefho” BRIE LeHY he 


OU OU 


On O@ Oy 0% 
| ey Jane a 


Ou Ov 


(4) 


We call the y’s the complementary functions*®). This means that 
>«—)>)y* is a solution of (1). It is understood that none of 


4S) The results of §§ 61—65 are due to Guichard, Annales de L’Ecole 
Norm. Sup., ser. 3, vol. 14 (1897), pp. 467—516; vol. 15 (1898), pp. 179—227. 

) Note that if each y be replaced by iy, where i?—= —1, a net p, O is 
the projection in n-space of an O net in (n+ p—1)-space. It is this point of 
view that Guichard takes in considering these systems. 
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the y’s are constant. Hence if we have a net so that the w’s and 
p—1 functions y satisfy > ms y® = const., we say that the 
net is p, O and not p+1, O, 

We say that the equations 


(5) Yi CYL see FOipaAypa, @= Leet), 


define an orthogonal substitution, when the constants «;; satisfy 
the conditions 


p-1 - p—1 
(6) Lil, Lejex=0, G Fh. 
= — 


When such a substitution is effected upon the complementary 

functions y of a net p, O, we have > y?—> y? and consequently 

the functions y serve equally well as complementary functions. 
When there is a linear relation between the y’s, such as 


(7) Gi es. 4 ip Ysa — 4, 


where De a; +0, that is, when the relation is non-dsotropic, we can 
assume that -, a; = 1, so that in the new variables y, we may take 
Y 1 © Where @ is a constant. Hence the net is p—1, O. 

If, however, Ba a; — 0, that is, if the relation is zsotropic, we 
can choose the orthogonal substitution so that (7) is reducible to 


Ap—2 Yp—2+ Ap—1 Yp—1 = 4, 
where now @y-2+4@?,_1— 0. Hence 
Yp-1 = Et Yyp—2t b, 


where 6 is a constant. Since any complementary function may be 
replaced by itself with an additive constant, we have 


yt. typi = Wit... FGA. 


Hence the net is p—2, O, and we have: 
When for a net apparently p,O, there is an isotropic linear 
yelation between the complementary functions, the net is in fact 
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p—2,0; when there is a non-isotropic linear relation, the net is 
p—l, 0. 
We say that a congruence is I, when its direction-parameters X 
satisfy the conditions 
Da X= 0, 


(8) oxX\? aX\? 
Teo ZEte 
Since the X’s satisfy an equation of the form 
076 06©=—s« A log A 00 , dlogB 06 
©) dudv - Ov du + du av mee 


it follows from the first of (8) that 


(10) poms 0X 9 


Ou Ov 


It is readily seen that these conditions are satisfied also when 
each X is replaced by 4X, where 4 is any function of w and v. 

A congruence is py, I when there are p—1 functions Y satis- 
fying (9) such that 


DOXE ye eal 
(11) >> = ean obs (2+) _» (2) "4 * 


Ou Ou Ov Ov 


The functions Y are called the complementary functions of the con- 
gruence p, 1. We have also 


OK BIA aoe aie 
2) x Ou Ov 2 Ou av an 


When a congruence is 2,1, we may choose for the paraméters 
the X’s divided by the single complementary function. In this 
case we have 


e OX aX 
13 xX? = ——— — = 
(13) Pap Ges He ey 
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so that a congruence 2,1 is the generalization of the normal con- 
eruence in 3-space. 

62. Nets conjugate to congruences I and p,I. In §5 
we saw that if 6 is a solution of (9), the functions x’ defined by 


taal 
(14) ay 


are the cartesian coordinates of a net N’ whose radii vectores from 
the origin are parallel to the lines of a congruence @ of direction- 
parameters X. 

If G is a congruence I, we have from (8) 


(15) > x?= 0 
and , 
ON A On G da’ \? 
ZF) = gd) + 0 Z(F=} +0 
(16) Ae 
Ox On 
ou Ov 


Hence N’ is a net O. In consequence of the second theorem of 
§ 5 and the last of (16) we have: 

All nets conjugate to a congruence Ll are O. 

If G is a congruence p, I, the p—1 functions y’ defined by 


(17) y= ve 


are solutions of the point equation of N’. In consequence of (11) 
and (12) we have 


2G) Ze) #2 BEG) —Z(Ge) +o 


Ou 


18 
oo O00) Sy poy. 
Ou Ov Ou 20U- = 


Hence in general N’ is a net p, O. When, however, 


(19) 0 = mH Vi+...+ dp1Yp—1, (a? + 0) 
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there is a non-isotropic linear relation between the functions y/, 
and N’ is p—1, O (cf. § 61). When in (19), 


(20) > de = 10s 
there is an isotropic linear relation between the functions y’, and N’ 
top 2, 


We have shown that the nets conjugate to the given con- 
gruence are parallel to nets of the type (14), and are given by 
equations of the form (I, 12). By means of the same equations 
we obtain y—1 functions y from the functions 7’. It is readily 
seen that these functions satisfy equations of the same form as (18). 
Hence the nets conjugate to the congruence are of the same type 
as the parallel nets N’. In accordance with the fifth theorem 
of § 5 there are oo’ of these nets parallel to each net N’. If we 
call them a parallel family, we have: 

Of the nets conjugate to a congruence p, I, there are 

coP—3 narallel families of nets p—2, O, 
coP—2 narallel families of nets p—1, O, 
the others are p, O. 

In particular, we have: 

Of the nets conjugate to a congruence 2, I there is one parallel 
Jamily of nets O, and all the others are 2, O. 

The nets O arise from the case when @ in (17) is equal to Y. 

For a congruence 3, J, when @ is equal to Y,+-7 Ys or Y,—7 Yo 
condition (20) is satisfied, and only in this case. Hence: 

Of the nets conjugate to a congruence 3, 1 there are 

two parallel families of nets O, 
co! parallel families of nets 2, O, 
all the others are 3, O. 

63. Orthogonal determinants. Since /'= 0 for an O net, it 

follows from (J, 3) that a and b in (1) may be chosen so that 


(21) ia) ea Ve 

in which case the normal parameters & and 7’ of the net, given by 
6 Oy Jp De VG 

(22) "it ig V EE, i ail Gn, 
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are the direction-cosines and are in the relations 


(23) De = D>? =1, ey = 0. 


In this case (, 6, 7) become 


ag an 
24 —— —=7 —=}7 
(24) - nN, a mé, 
and e 
Ape apace 
(25) t= ob kis Ae ce m= ee Na 2 
VE du V@ ov 


» 


Consider now the orthogonal determinant 


1D Gee. Cay eran xn 
1 72 
Sage ee xn 
26) eiiaiauck eee 
DCD, Gora oe Cae 5 : 
Rae Late ele en 
1 2 
| e000 6 7” 


the X’s being functions of w and w satisfying the conditions 


nv 


n % 
Ci) Xfi, 2, AD = 0, 
st 


t=1 a 
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nN 
aX =a). 


Therefore we may look upon these functions as the direction- 
parameters of » mutually perpendicular lines. Since the first deri- 
vatives of the X’s of any row are direction-parameters of some 
direction in the space, they are expressible as linear homogeneous 
functions of the other terms of the same column. It is our pur- 
pose to show that there is a set of X’s such that the latter ex- 


pressions take the simple form 


0X; I P 0 Xz 
oP) aan: 


ae (a pcan 


and 


q 


a a 
(29) 28 ae = 2th Ap— MM, nA — Dab Nee: 


Ov 


.W—2), 


11 
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the €, 7 and the X’s in each equation having the same superscript, 
and a,, by, m and m being the same for all values of the super- 


scripts of &, 7 and the X’s. 
From (24), (28), and (29) we get 


se Sales On 
dudv 62 


es “3 (2x arbun — mn by, x, eat a eee Mn §, 


a+mn§g 


07” \- ON 
ee ee >, Eu gop ey pas 5 fhe re 
RAG la ~ Xn -+ abeE — 1 an Xr E ae + mnt 
= Et mnt, 
0? Xx ea 
== = ig +b 
We yet any 7! nme. 


Since there are » equations of each of these types, obtained by 
letting the superscript 7 take values 1,2,...., the following 
2n-+3 relations must be satisfied: 


ee mb obi a 
(30) Bip none? sage ee 
On 
=e Sat ne : + Dandi = 
U k 


In consequence of (25) the last of these is equivalent to 


(31) @ (_ Ls wae @ [ i cal + Darby = 0. 


dv \VG dv OUu\V EB du 


Whenever we have a set of functions satisfying these equations, 
the system (24), (28) and (29) is completely integrable. Moreover, 
from the form of the equations of the system it follows that each 
set of solutions satisfies the conditions 


[xe + gi? 4. ni? — const., 
ie 


(32) Dae) ee al 
| 2x; Ad + & + yy = const. 
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Hence by a suitable choice of the constants of integration the 
functions will satisfy (27). It can be shown, as in the case of ~ 
three dimensions [cf. § 65], that the most general solution can be 
obtained from a particular solution by effecting an orthogonal 
substitution with constant coefficients on the elements of the 


determinant 7; thus 
nr rv 


nv 
(38) Xy= LelXj, 8 = Daly, y= Daly 
j=1 =u jaa 

A determinant of the type (26) satisfying the conditions (24), 
(28), (29) and (30) is called an orthogonal determinant in space 
of n dimensions. 

Suppose we have 2m functions € and 7 satisfying conditions 
of the form (23) and (24). We inquire whether there exists a corre- 
sponding orthogonal determinant / for which these functions are 
the elements of the last two rows. 

By purely algebraic processes we can find 2(m—2) functions 
Yi, (ea 9) 9d 2 2) Sen that 


71 n | 
Vis, oe yn 
V2 NV 

N—Zerves n—2 
Se ae ae 
Rae ie ae nn 


is the determinant of an orthogonal substitution. Since 


n n 
> Ve 0, pase ’ 
i=1 i=1 


we have equations of the form 


( aYi : SON 
oe Na 
aye ; 
ae = 2Qin Yi, By, 
ce) 0& 0 &? 
du = — Didi Yama aery ae 
ant ; an? i 
tm Sarl 


1a* 
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where i=1,...n; j,k =1,...n—2() $k). Expressing the con- 
dition of integrability of the first two equations, we find that the 
functions P,Q, A, B must satisfy the following equations: 


| 9 0 
ae idk oy = 2x Pea QP jn’ Qe; 
0B; 
(35) ae DP Bet Ajn, 


t) 
ZY = 2iQGin Ant B; Mm. 


We are interested, however, in seeing whether there is a set 
of Y’s for which the first two of (34) shall assume the form (28). 
Suppose we put 


i ; Vit, k Vi yi 2= 1,2. 
= Yi+ ys Yy+.. +: anaes ne ener qigihen 


; sy, Bsa 
where the y’s are the elements of an orthogonal substitution of 
order n—2. These functions Xj} serve with the &’s and y’s to 
make 4 (26) the determinant of an orthogonal substitution of order n. 
We have accordingly in the general case equations of the form (34). 
If, however, we wish the first two to be of the form (28), the 
functions y must satisfy the equations 


n—2 


= yk n—2 
Oo) a tee i Gee 
J P. Ov j= J 


The conditions of integrability of these equations reduce to the 
first equation (35). But all of the latter are satisfied, and hence 
there exist solutions of (86). Hence we have the theorem: 

When 2 functions § and » are known satisfying (23) and (24), 
there exist functions xX which with § and » form an orthogonal 
determinant 4. | 

From the form of (36) it follows that the functions y are 
determined to within an orthogonal substitution with constants 
coefficients. The effect of such a substitution on the y’s is equi- 
valent to an orthogonal substitution of the form 
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n—2 
Ue a Hi oa} 
Ky D4, XS 


i 


on the elements of the columns of the matrix of the first n—2 
rows of 4. Hence the last two rows of an orthogonal determinant 7 
determine / to within such an orthogonal substitution with constant 
coefficients effected upon the matrix of the first »—2 rows of 4 

When an O net is known, the functions € and 7 can be found 
at once, and the further problem of putting its determinant in the 
canonical form requires the solution of 2 (7—2) completely integrable 
equations of the form (36). Guichard®’) calls this a problem of 
the order n—2. In particular for a net in 5-space this is equi- 
valent to finding the direction-cosines of an O net in 3-space when 
the rotations of its trihedral are known. In [§ 65] we saw that 
this requires the solution of a Riccati equation. 

64. Determination of O nets. We consider now the deter- 
mination of the O nets corresponding to a given orthogonal deter- 
minant. Evidently the coordinates 7 of any net N are expressible 
in the form 


n—2 


(37) xr = 2, ph Ant gé+ry, 


the superscripts of x, X, &, and y being the same, and p,, q and r 
being functions of wu and v independent of the superscript of «. We 
have now to find the conditions to be satisfied by p,, q and 7 in 
order that (37) be the equation of the net. 

By differentiation of (37) we find 


— - Ue a) Xu+t (> Ur, Ppt ot a mr}+ 7 (or — gm); 


Py beer ee Ape tren 


Equating these expressions to those of (22), we see that we 
must have 


8) Ei. ¢.,. p. 500: 
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Opry, Op, 
= &, 9; = b,7, 
Ou 2 Ov 
(38) Sip ee Oda E, ae atte 
ol Lai die ease mE ae 
au ann q; av r= - k Pr q ) 


where m and » are given by (25). 
By differentiating these equations, we find that they form 
a completely integrable system, and consequently their solution 
involves » arbitrary constants. 
We find also that a function px and the n functions X/ are 
solutions of the equation 
076, 0 log ax 0 OK 0 log by 0 OK 


(39) udu. «-0v Ou Ou av 


Suppose now that we have a solution of any one of these n—2 
equations, say jy. From the equations 


Opr 0p 
ay th v Een 


we find two functions g and7. Then from the other »—3 equations 
of this type we find by quadratures the functions p,;. When these 
values are substituted in (37), we have an O net corresponding to 
the given orthogonal determinant. Hence: 

The determination of the O nets corresponding to a given ortho- 
gonal determinant is equivalent to the integration of any one of 
the n—2 equations of Laplace (39). 

We shall speak of p,; and Xi, as the tangential coordinates 
of the O net defined by (37). 

From (3) and (37) we have 


(40) 2a == Dp + qtr, 
Making use of (38), we find 


' 0@ rs 0@ a 
4} —=)V xz whompeess ES ePS 
Sy Ou HE dv V02 
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As an immediate consequence of these equations we have the 
theorem: 

A necessary and sufficient condition that an O net corresponding 
to a given orthogonal determinant be such that > 2 as constant 2s 
that its coordinates be given by 


n—2 


] Fen 


in which the e’s ave constant. 
When we have a solution 6 of the point equation (1) of an 
O net N, the functions gq and r given by 


00 a 00 = 
A — = Vv i —_ = a 
(43) 7 Eq, 7 V Gr, 
satisfy the fourth and fifth of equations (38). These functions and 
the functions p,(k = 1, 2..., n—2) obtained by the quadratures 
ve c Ope __ Chea ae 


=- 


determine an O net N’, whose coordinates are of the form 


(45) a! = Don Xe+ oe +ra, 


and which corresponds to the same orthogonal determinant as J. 
Since the p’s are determined only to within additive constants, 
there are oo”? nets N’ corresponding to a solution 6 of (1). 

From (41) and (43) it follows that when 6 = w, NN’ coincides 
with NV. When is a constant, we have the case of the preceding 
theorem. Hence we have: 

Each solution of the point equation of an O net N other than 
o given by (3) leads by quadratures alone to «2”~? nets N’ corre- 
sponding to the same orthogonal determinant as N. 

By means of (40) and (41) we establish the converse theorem: 

Each net parallel to an O net N gives by quadratures a solution 
of the point equation of N. 

65. Congruences conjugate to Onets. From § 5 it follows 
that the direction-parameters of any congruence conjugate to an 
Onet N can be chosen so that they are the cartesian coordinates 
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of a net NV’ parallel to , and therefore corresponding to the same 
orthogonal determinant. These nets N’ are of three kinds. 

1°. When the coordinates of NV’ are of the form (42) with the e’s 
in the isotropic relation 


(46) Dai 3 


the congruence is I. Evidently there are oo”—* such congruences. 
2°. When in (42) the constants satisfy 


(47) ae ==, 


the congruence is 2,1; there are oo”—*® such congruences. 
3°. For the others, if we put 
Bi . ' 
Xi = aoe Y;, = 51 a Aa 1), Y. = 20 L aay 
we have 
Dae aa eeiGs 
aXx\? hae ce AV ea 
Pea au Gal == (ea ce 


= (Bat- OI (B-2 ef 


OV OU Ov 


Hence all the other congruences are 3,1], and we have: 

Of the congruences conjugate to an O net in n-space, ©” ~* are I, 
oo"—3 are 2,1, and all the rest are 3, I. 

In view of the second theorem of § 64 and the above results 
we remark: 

1°. In 3-space of the congruences conjugate to an Onet, one 
is 2,J and the others are 3,1. 

2°. In 4-space of the congruences conjugate to an O net, two 
are I, their parameters being X,-+?7X,_ and X,—7X_; 0! are 2,1 
and the others are 3, I. 

66. Transformations F of an O net for which the con- 
jugate congruence is normal to the net. A congruence of 
direction-parameters Y is said to be normal to a net N(a), if 


(48) eG Sy 
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When we take for the direction-parameters the cartesian 
coordinates x’ of a suitably chosen net N’ parallel to N, these 
equations of condition may be replaced by 


/ / 
SYA) Oe ee , Oe ie 
a Y: aT ee 0, 
from which follow 
. Oa!’ Oa’ . Ox 0x 
(49) ei je. ——— = 0, ———— 
a 2 2 Ou Ov % Ou Ov 


where k is a constant. Hence the congruence is I or 2, I], according 
as k is zero or not, provided that 


om (inital 


Ou 


which we assume to be the case. Furthermore from (49) we see 
that N and N’ are O nets. Hence: 

A congruence conjugate to a net for which (50) holds can be 
normal to N only in case N is an O net; then the congruence is 
feor 231. 

Conversely : 

A congruence 1 or 2,1 is normal to the O nets conjugate to it. 

If a congruence G conjugate to an O net N is normal to JN, 
it follows from the second theorem of § 64 that the coordinates 7: 
of the parallel net N determining the congruence are of the form 


aa 2 


(5 1 ) x — ae Xx ; 


k=1 


where the e’s are constants. By differentiation we have in con- 
sequence of (22) and (28) 


Ox ~ O02 0a A 0x 
(22) eae Ou’ av at ae? 
where 
n—2 n—2 
(53) i a Cx Ak |, €k br 


(58) 
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An F transform No(%) of N for which G is the conjugate 
congruence is given by (§ 15) 
Ghee 
54 fo 
(54) 0 5 


where @ is a solution of the point equation of N, and 


Le ie 
A —~= fy —— = |—., 
(55) au ow’ AV Ov 


If px are the solutions of (43) and (44) for this function 6, we 
find that these equations are satisfied by 


(56) 0 — Ck Pk 


We assume that it is this value of 6 which is used in (54) to 
determine Mp (cf. § 17). 
From (II, 9) we have 


(57) 


0 Xo t («<8 j= 0X0 o (es j=) 
ans 73 gis 0 } ‘ é 
Ou 62 au Ou 


and consequently 


OX OX ag 0 O00 Oe =e OES 
pobee Se Pie a dis 6s", 


On Oe OU OV 


When the congruence is I, that is when (46) holds, then 


OX O24 
SS oF a: = 0, whatever be 6. Hence all the #' transforms are 
O nets (cf. § 62). 


When @ is 2, I, that is when (47) holds, we have from (58) 


0 XO a) X 0 A 0 6 
59 eS = pce nod 
(59) 2 Ou av du Ov 0, 


where 0, given by 


(60) o=—— 
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is the solution of the point equation of Ny which determines NV as 
‘an F' transform of M (§ 16). Since (59) is the condition that 
pb Reswe be a solution of the point equation of NM, we have 
that No is a net 2,0, 6) being the complementary function. Further- 
more from (54) and (60) we have 


(61) D> (a—a2)*? = 6. 


From (44), (56), (59) and (60) it follows that, when 6 in (43) 
is constant, No is an O net and is parallel to N (§ 16). Hence: 

The F transforms of an O net for which the congruences of the 
transformations are normal to N are O nets and 2,0 nets; when 
the transform is 2, O, the complementary function is equal to the 
distance between corresponding points on N and the transform. 

When in particular 6 =, we have from (52) >xrt=o, 
where w is the corresponding solution of (55). Hence 2 =O 
that is, the hyperspheres with centers on MN) and radii given by 
6) pass through the origin. Each of the o”~—* congruences normal 
to an O net is conjugate to a net of this kind®?). 

67. Transformations F of O nets into Onets. In § 65 
we saw that in m-space the congruences conjugate to an O net 
are J, 2,I or 3,1. In the preceding section we discussed the 
transformations F' of O nets for which the congruence of the trans- 
formation is I or 2,1. We consider now the case where the con- 
geruence is 3,I. We recall (§ 62) that in addition to N and its 
parallels there is one other family of parallel O nets conjugate to 
the congruence. We shall make a study of the transformation 
of N(x) into one of the nets of the second family, say (a). 

We recall from § 15 that the coordinates of N, are given by 


7) 
(62) LS ore, 
where 
Ox Ox Ox Ox 
ee fy oe Po 
(63) Ou Ou? dv av’ 


1 , 
5!) Similar results follow when 6 = 32 (w—a)?, where the a’s are con- 


stant. In this case the spheres pass through the point whose coordinates are 
the a’s. We shall refer to this as the case where 0 = w. 


(65) 
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and 
06 00 Le eres. 
(64) a === ho Dv eo At 
Also we have 
OG Ay fio _ 922) Cie en rag 0. gis 
Ou 6h Ou ou)’ jpiee 67) au av ]" 


z and o having the values 
(66) v= ho—d, o=10—6'. 


From (65) it follows that a necessary and sufficient condition 
that MV, be an O net is that 


00’ 06’ RAD Neh dx =, 06" Ox’ 
1) — — 6’ — 2 7'—— 6 xz’ — = 0. 
Aon) Vv Le Ou aw Ov Ck de Ou 


This equation is satisfied by 
(68) = = Det 


The coordinates x’ of the net ’ parallel to N which are the 
direction-parameters of the congruence of the transformation are 
of the form 


(69) a! = >) pe Xet qe +ra, 


where pr, q and 7 satisfy equations (38) with # and @ replaced 
by #’ and G’, the first fundamental coefficients of N’. Hence 
equation (68) may be written 


(70) of = 4 Sot = 5 (Spt tr. 


The corresponding function 6 of the transformation is given by 
the quadratures (64), which are reducible by means of (38) to 


00 — 00- cae 
1 ene ——e Y ye 
(71) Ay V Eq, Sp V Gr. 
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From these equations and the results of § 64 it follows that 6 is 
the solution of the point equation of NV which determines V’. Hence 
é is given by a quadrature and the additive arbitrary constant leads 
to a family of parallel nets N, (§ 16). Accordingly: 

Each net N’ parallel to a given O net determines ©' parallel 
O nets each of which is an EF transform of N; they are obtained by 
a quadrature. 

Conversely, if 6 is any solution of the point equation of VV other 
than w, and N’ is any one of the co”—? nets parallel to NV determined 
by 4 (§ 64), the function 6’ defined by (70) satisfies the corresponding 
equation (64). Hence: 

Each solution of the point equation of N other than w leads to 
coo"? OC nets N, (x) which are F transforms of N; the coordinates x 
are given by 


/ 
(72) le == es, 
DIE 

where 

n—2 
06 1) #0 
(73) f= ats g Ser 

—2ndet yet Ve et 


the functions p,, being obtained by the quadratures 


OP, % 080 Tete ST EY 


ae Ce mnennY Gi jeclin Oy. VG Bu 


Moreover, all of these nets N,(a,) are harmonic to the congruence 
harmonic to N determined by 6. 

68. Transformations R. The nets M and JN, Wee by (54) 
and (62) respectively form with Na triad (§ 20). From (51), (69) 
and (56) we have ; 
(75) ae ie a 


Consequently we obtain from (65) and (60) 


0 a 
> or Xo) oe 0, » ee heron = 0, 


= 


>> (a — Xo)” = = = 05. 
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From these equations and (61) we remark that the hyperspheres 
with centers at points of My and radii determined by 4 are tangent 
to N and N,. Since there are o”—® congruences 2,1 conjugate 
and normal to N, there are «”—* nets Ny forming such a triad 
with NV and \,. Hence: 

If Nand N, are two O nets in the relation of a transformation F, 
Sor which the congruence is 3,1, there are 0” ~* two-parameter families 
of hyperspheres tangent to N and N,; the locus of the centers of 
the hyperspheres of any family is a net No which is 2, O, the com- 
plementary function being the radius of the hypersphere; the nets 
N, N, and Ny form a triad under transformations F. 

In view of this result we call the transformation from JN into 
N, a generalized transformation of Ribaucour®), or simply a trans- 
Sormation Rk. We call the corresponding net No a central net of 
the transformation. 

From (63), (64) and (68) we have 


0 00 Ons 0@ 
(76) eo 


Ae POs Ov 


By means of these equations, (57) and (75) we find that 


DI REATE Sy ae 


Ou Ov 
Hence: 


The tangent planes of No are normal bisectors of the joins of 
corresponding points of N and N,. 

Also it follows from § 17 that: 

Corresponding tangent planes to N, N, and No meet in a line 
generating a congruence harmonic to each of these nets. 

By means of VV’ we can obtain a transformation A of any net 
parallel to NV (§ 67). From the above results we obtain the theorem: 

When a transformation R of a net Nis known, a transformation R- 
of any net N parallel to N can be found by a quadrature; the 
transforms of N and N are parallel, as are also corresponding 
central nets of the transformations. 


»?) In his study of cyclic systems Ribaucour considered two-parameter families 
of spheres in 3-space upon the sheets of whose envelope the lines of curvature 
correspond. The relation between the two sheets has been called a transformation 
of Ribaucour. 
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When in particular V is N’, the transform of J is the origin, 
as follows from (62). This is the case treated at the end of § 66. 
From (II, 1) and (68) we have 


2 x! 
Hence: 


When N and N, are Onets in the relation of a transformation R, 
the nets N’ and Nj whose coordinates are direction-parameters of 
the congruence of the transformation may be obtained from one 
other by inversion. 

In § 75 we shall show that only for certain types of O nets 
do there exist transformations / into non-parallel O nets which 
are not transformations R. Hence: 

In general an wwersion is the only radial transformation of 
an O net into an O net. 

The function ,, where 


(77) oy ea 


is a solution of the point equation of N,. We wish to show, 
furthermore, that », is the transform of » by an equation analogous 
to (62), namely 


4 
i) = 


6 
(78) o, = sO, 
where ’ is defined by 
0 0@ 0 wy" Ow 
SS ee : — 
a) Ou : Ou’ av av 


When the expression (62) for x, is substituted in (78), the latter 
reduces to 


(80) 6+ 0’ — >) xx’! =0. 


By differentiating the left-hand member of this equation we find 
that it is constant. Hence the additive constant of w’ can be 
chosen so that (80), and consequently (78), is satisfied. 

69. Transformations R in another form. From (65) 
and (68) we have 


2 CHEN age OF oa) = a G 
ee ae pri = Gp age 


176 


VI. Orthogonal nets 


If we choose the algebraic signs of V EH, and VG, so that 


(82) 
we have from (66) 


(83) 


c= 0%, 


raf (4 VB), 


If we define a function w by 


(84) 
equation (70) becomes 


(85) 


== "0 w, 


n—2 
> pit g+tr—2ouw = 0. 
k=1 


The equations (62) of a transformation R may be written 


n—2 


(86) 


dl 
a (>>, >. Fas neue 


where the functions involved satisfy (85) and 


06 pe 00 Vary 
a VED —— == | Gr, 
2m ee 
oy ke Av a? 
ys a Lge RA ee ee 
tes Pa Toe ok rt+w(V E+ V F,), 
(87) aEy es 
00) 2 eae CO Ore il Ole 
av VE du au VG@ oe 4, 
sicpdomeges 1 aVG Gestsn ernst 
Tail Use Fare ke oe VG), 
0 log w — 0 log w cee 
=/VFA+ — /) G, —53), 
Ou Bag av eos ) 
ae ; , Ologw 0 log w 
) The expressions for A ad and Ay follow from (64), (71), (83) 


and (84), and those for oo and Un 
Ou Ov 


are obtained by differentiating (85). 
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The integrability conditions of this system of equations are satis- 
fied provided that @ is a solution of the point equation of NV and that 


ve vel 22 vai ve), 
(88) "3 iat Me 
aVG, wal 1 ave as 
fe al (4 ar ~(Vé4+Va) 4), 


as can be verified readily with the aid of (21), (30) and (31). More- 
over, any set of functions satisfying (87) make the left-hand member 
of (85) constant, as can be shown by differentiation. 

. If we write 

. Ox 3 |yarsa rs Ox ae 
(89) oe s=V hy &, - —=VG, Ube 


it follows from (65) and (82) that 
(90) 5 tek mH = alt. 
lf we define functions Xi, by 


(91) Xin 2 


oe (hk ==), As m2); 


the functions §, 7; and X1,, satisfy equations of the form (27). 
By differentiation we have 


0g i) 
( a, Se a As ae Dee 
e 0X1, 0X1, x 5 
Wage SSS NTL oe ayia == bik N15 


where 


n= Jeol Ges VG), m, = VB VE), 
(93) rae ee 
n= — 2 (VETVE), bn = be— A VEL VG). 


Hence (§ 63) the functions §,, 7;, X1,, are the elements of the 
orthogonal determinant corresponding to J. 
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70. Inverse of a transformation R. Let p-+, q-*, 77; 
w-1! denote the functions determining the inverse transformation by 
means of which WN is obtained from J,, so that 


1 A 
= 2% — ——y (Dip Ketter). 


w* 


When this expression for (2—z,) is equated to that given by 
(86), and X1,x, § and 7, are replaced by their above values it is 
readily found that 


De ere igs og) 0 Tr = oF sage 
where e is to be determined. When we require that these functions 
and 6-1 satisfy an equation analogous to (85), we find that 
6-1= —o6. Comparing this with (II, 19), we have 90 = 1/6’ = 
1/6w. Hence 


eS dao Sf ee FA 
(94) My Aw’ bu 
pot i = as Ne sae 
bw A’ w 


By means of (93) we show that these functions satisfy a system 
of equations of the form (87) for A. 
From (51), (54), (56), (60) and (91) we find 


(95) Omer BN 8 > ek Xi, ky 


which shows that the parameters of the congruences conjugate to 
N, and Ny and to N and Mp) are the same linear functions of the 
quantities X;,; and X; respectively. 
71. Transformations R in tangential coordinates. Let 
Px, Q and & denote the tangential coordinates of an O-net N(z). 
They satisfy (ef. § 64) 


LEY.) 0 Px 
| ing a Q, av by R, 
se 0 0 
w 
edie DEE te Ps 
a VEG 60 =VGE, 
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where w is given by 


(97) 20 = > P2+Q?+ R. 
Also we have 
(98) a= > Pe Xe t+ Qé+ Ry. 


Equation (80) may be written 


(99) — o =>) P.p,+Qq+Rkr—8, 


where p,, g, 7 and @ determine a transformation R of N into an 
O-net N; (x%,), whose coordinates are of the form 


(100) Ly = > Pix Xk + Q + Bim, 


the functions P;,x, Q, and AR, being the tangential coordinates of Nj. 
In consequence of (86), (90) and (91) we have 


/ 


wo’ wo! @ 
(101) Pur = yale Q=FI-@ B= Fr-Rk. 


These formulas and (91) define the given transformation & in terms 
of the tangential coordinates of N and M,. 

72. Theorem of permutability of transformations R. We 
apply the theorem of permutability of transformations Ff’ to the 
case of transformations R, and assume that WN, and WN, are two 
F transforms of N determined by functions 6, and 62 respectively, 
and nets N’ (a) and N” (x”). 

Now the analogues of (68) are 


(102) iin AIA Sie uP ELL 


Making use of (II, 31), we obtain 


06 sy, de 00 yr, dx 
=2 Ou’ =2 0 dv’ 


OU dv 
nD 06 re) 06 0 
cy) eae eet aa BORN 28 Me 
Ou ae Ou’ Ov Le dv- 
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By means of these results we establish by differentiation that 
> av! x" —6— 65 is constant. 
From the above and (II, 33) we have 


Hi 
—6i'). 


(104) Lao 


The functions 61/ and 65 are determined to within additive constants. 
Hence there are cot cases for which 


(105) > xl x" — 6 — 05 = 0. 


Then, as follows from (II, 38), 
2 yy 1 NIN? 
(106) O12 = FD (ai Me 


Hence, by § 67, Me is an # transform of M,. 

As (105) is symmetrical in functions of the two transformations, 
Ni, is an F# transform of Nz also. Consequently: 

If N, and Nz are R transforms of an O net N, there are oot 
O nets Mi, which are R transforms of Ny and Nz, and they can be 
found by quadratures®**). 

The transformations from N into AN, and Ns, are given by 
equations of the form 


1 A 
(107) i= 0 — ~~ (2p, Xt gtr) (i = 1, 2), 


where the functions p, q and 7 are solutions of (87). 
If we write the coordinates of N{’ (v’’), which are the direction- 
parameters of the transformation of NV, into a net Nis, in the form 


(108) ribs = 2p Xy, e+ gia $1 + "2%; 


4) This theorem is the generalization for n-space of the similar theorem for 
3-space established by Bianchi by applying the Lie line-sphere transformation to 
the theorem of permutability of W congruences; cf. Rendiconti dei Lincei, ser. 5, 
vol. 13! (1904), p. 361. 
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it follows from (IJ, 33), (90) and (91) that 

65 65 05 
(109) 1Be = Fp OS isi Fi Oi oe 42> Uy rT 

04 04 0; 
These quantities satisfy the relation 

Dpio,k + giz + riz = 2 615, 

and also because of (II, 37) the equations 


0 O12 


3H 00 2 Ye 
au == V FA hie, eA ae I Gi 112, 
0 p12, k 0 p12, 1 
ae = yee oe SS beri 


The tangential coordinates of My. are given by the following 
formulas which are analogous to (91) and (101): 


P12,k oon Oy 
X12, k —S mC Ae =m 1, Ky Pyro, i => Pap, Vik Le ley 
O12 12 
(110) wr or 
Wy ed Wy _ 
Qie —— ara AY irene Qs, Pie = VAD tego bie 
O12 6 D) 


where 61% is given by (II, 38) and 

OY oe 

04 

When these expressions and those from (101) and (109) are sul 
stituted in 


(111) wit Beet sam 


(052' 1. 95 ax’) pr, rt (01 ae ‘— 612") po, k 
) 


X42, k == Xe gt ar 
Ds ) a. 2 yey 9 letaaok + 2 Ce! 
(112) Pe = Pet Dyke ner 122, k 5) Va Q-+ 2s Band V camlietaet Ls 
A4 O19 6; O12 
Dor -- Q Y2 
fis Rae eae : 4 ow! : ’ 
where 
(113) oS 64’ w’— 6,0", Qe = 05 wi" ‘— 08 «! 


we find that they are satisfied. 
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Since the first of (112) involves the direction-cosines of J, 
the coordinates of V’ and NV”, and solutions of the point equations 
of N’ and N”, we have the theorem: 

fei; Ne Ne, Miz form a quatern under transformations k, N 
is any net parallel to N, and N, and Nz are R transforms of N 
parallel to N, and Ny respectively, lines drawn through points of 
N, and Nz parallel to the 2 joins of N, and Ny respectively with Ni» 
meet in points of a net Ni» parallel to My. 

73. Cyclic congruences. Let N(x) be any net and N,(%) 
an F' transform defined by (62). The tangent planes to V and A, 
meet in the lines of the congruence harmonic to NV determined 
by 6; the coordinates y and z of the focal points F, and F% of 
the congruence are of the forms (II, 22) 


@ O02 0 Oe 
(114) Asem deh TL Lad, Boi Re Bah 
Ov Ou 


If M and M, denote corresponding points of NV and My, a necessary 
and sufficient condition that /, M— F, M, is that 


30’ kes 
hat Oa eee 
x av x ap 6 0 


Hence in order that /, M— F, MW, and F, M= F, M,, it is necessary 
and sufficient that 


=cD> 2%, o D2w?=0, 


where ¢ is a constant different from zero. In this case NV’ is an 
O net, and Nand JN, are O nets. Consequently (§§ 66, 67): 

When N and N, are in relation F a necessary and sufficient 
condition that each of the focal points of the harmonic congruence 
of the transformation be equidistant from the corresponding points 
of N and N, is that N and N, be O nets in relation R, or con- 
jugate to a congruence I. 

We consider the case for transformations R. In consequence 
of (22) and (87) the expressions (114) are reducible to the forms 


(115) y = 2— hy 2, a= 0— Rh, §, 
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where . 
0 . 

(116) (eee 
q r 


From these equations and the preceding theorem it follows that 
the hyperspheres, S, and S2, with centers at the focal points and 
of radii A, and R, pass through corresponding points of WN and of 
each of the oo”? RF transforms of N by means of 4 (§ 67). More- 
over, since 


(117) > (y—2)? = R2+ Ri, 


S, and Ss meet orthogonally. From the fifth theorem of § 10 and 
the second of § 67 it follows that the hyperspheres with centers 
at the focal points of any congruence harmonic to an O net N and 
passing through points of N meet orthogonally and pass through 
the oo”? # transforms of N determined by the solution 6 of the 
point equation of N which determines the harmonic congruence. 
We call them focal hyperspheres of the congruence. In 3-space 
Y, and S, are spheres meeting in circles orthogonal to «1 # trans- 
forms of .V, that is in circles of a cyclic system. Conversely, in 
[$177] it was seen that the O nets orthogonal to the circles of 
a cyclic system are harmonic to the congruence of axes of the 
circles. Hence we say that for space of any order any congruence 
harmonic to an O net is a cyclic congruence. 

From the last theorem of § 13 we have the theorem: 

Lf the direction-parameters X of a cyclic congruence are solutions 
of the equation 


O60 =e 0 lig A 00, Ol0g B 068) 4 
=?) dudv Ov bu du Ov C6; 
then 
(119) DIA =U? AP? Be, 


where U and V are functions of u and v alone respectively. 

In § 16 we show that the condition (119) is characteristic of 
cyclic congruences. 

If we put X = y—z, equation (117) is a special form of (119). 
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In fact, from (1, 54,55) we have 


dy  Olog Re, dz dlogh,, 
Oa orl ae Cg) 


If we express the condition that X satisfy (118), we have 


where U and V are functions of uw and v alone respectively. 

74. Multiply cyclic congruences. Let N and JN, be two 
O nets in relation #’ and let G denote the harmonic congruence 
of the transformation F. If N and XN, are F# transforms of one 
another, the focal hyperspheres with centers on the focal nets 
of G and passing through points of V also pass through the corre- 
sponding points of ,. If, however, NV, is not an # transform 
of N, then there are at least two pairs of focal hyperspheres 
associated with G. If we denote by R, and R, the radii of the 
focal hyperspheres passing through points of .,, it follows from 
(121) that Rk, = U, R, and Rk, = V; Ry, where U, and V, are functions 
of w and v alone. From (111) it follows that EE — R= ae ge aw case 
From these two conditions we find that the functions AR must be 
of the forms 


R=Ui4, R=VA; R=IVH—c R=+AIV +e 


where c¢ is a constant and 4 is to be determined. 
From (114), (115) and (122) we have 


(123) 00 =VE 6 Same. 


Da Ce av V 


é 
i: 
Since 6 must satisfy the point equation of V, namely 


09 blog VE 00 , dlogVG 06 
Ouav av Ou Ou Ov’ 
we must have 


(124) 


es ee joo Ue ave 
U Wa. ov ? Bh ee = Feels 


ee) 0 
(125) log 7 
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The condition of integrability of these equations is 


ae 1 el (2 1 aVG@ 
CoO bee hoe. J Oa Viper eaey: 


(126) 


From this equation and (31) we have 


meme tte 
= I4 Ni “3 : ae SIT cere : eu —U* Zande, 
(127) cee 
ee) o (- - Ke 
CPEs 9 5 ae ee Vy’ Te Q ee V?> andr. 


When a net WN satisfies conditions (127), the function 6/4 is 
found from (125) by a quadrature and then 6 from (123) by an- 
other quadrature. Since these conditions do not involve the con- 
stant ¢ in (122), it follows that: 

When a cyclic congruence admits more than one paw of focal 
hyperspheres cutting orthogonally it admits an infinity of pairs. 

In this case we say that congruence is multiply cyclic. 

The constant factor of integration of (125) can be taken equal 
to unity in all generality, but the additive constant in (123) gives 
a family of parallel multiply cyclic congruences. Hence: 

When an O net N satisfies the conditions (127) there is a unique 
Samily of parallel multiply cyclic congruences harmonic to it, which 
can be found by quadratures. 

75. Transformations F of Onets into O nets which are 
not transformations R. We return to the consideration of the 
O nets N(x) and N, (x,) harmonic to a multiply cyclic congruence, 
and such that the focal hyperspheres of radii R, and A, given by 
(122) pass through points of N,. If we put 


(128) n= >), «=> (), 


Ou 
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then from (115) and analogous equations for V, we have 


R, Ox a, fe On, oes Ry, Es Tent IS i, OX, 
VG bu VG Rie Va Bee Ge 


Substituting in these equations from (62), (122) and (65), we get 


(129) 2— 


Ce anh V EVR VGQ4=F . ne 


V Vee. 


When these expressions and those given by (65) are substituted 
in (128), we get, in consequence of (63), (64) and (123), 


Oat lowe aco Valied | SORT Rte ee ee Gee 
(131) aap (de | VN. m | De ‘ = — ¢l . 


U 0’ av \6’ VO 
If we put ee Uys 
(132) Ou apt te: Dare a Vase 


we find that these equations are consistent, and that o so defined 
is a solution of (124). Consequently 0’, defined by 


Ce de _—, 9@ 
ec.) au sit’ ay av’ 

is a solution of the point equation of the net NV’. Hence the 
integral of (131) is 

(134) Dw? =c6'o’, 


where 0’ is determined only to within an additive constant. 
From (129) and (62) we have 


Rs ohae 6 , Rs ) Bal Ri Ox 6 1 R, 0 ay 
SE SE FE BE oe epee 
"ii 


———— LS —— —— =e : 
VG ov ¢ VG oe VE ou -" VE, au 


Squaring these equations and summing for the 2’s, we have, in 
consequence of (122) and (134), 


BR) § Felt =~¢(%_*)| 9 p= 5 (2 +1) 
(138) 2Da'g = 5 (4 et) Pal = (4 a). 
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The coordinates x’ of N’ are expressible in the form (69), where 
the functions p,, g, r are subject to the conditions (cf. 35): 


; Bee. is 
136) 4 = —Sa,y,— : Ase ny Bs ee ee 


ar iol ar 1 O1-e 
—— q; = — D>), D;, = 
Ou Var oe Ov i JAE au 


From (135) and (69) we have 


ee = 2 ($e £2) r= o(%_4)) 
(3a) 2g@= 7 (+54), 2% 2). 


Substituting these expressions in the last four of equations (136), 
we obtain 


rae 
i OVE 
Ve ou * 


In consequence of (80), (127) and (136) these expressions for h 
and 7 satisfy the equations 


hV E(U*—0) = 0 ayy, — TOG (OV) = re 


(138) - | 
| IVE(V+0 = ie b.P,— VV'r + (U?+ V*) 


Oh dlog VE ee ee Ae 
mee) eu ear ee ye a) Ont 
Hence equations (123), (125), and the following in which gq, 7, 4 
and 7 have the expressions (137) and (138) form a completely 
integrable system: 


8 Dj, 0D; Dag 

du Kh rn a 

OD peel ot hae Ck Dogon’ ear 
(140) Die ee ala Ime Loe Veo. 

C0 ee VEO 20 eV Goad: 

ot | ogee Veg Ov V 06 
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In addition to c the complete integral of the system involves 
n-+1 constants of integration, since for each set of solutions the 
left-hand member of 


(141) apt getr—co'e' =0 


is constant, and in order that (134) be satisfied, we must choose 
solutions satisfying (141). Therefore we have the theorem: 

If an O net N satisfies the condition (127), it admits 2" 
transformations F into O nets, which are not R transforms of N; 
the harmonic congruences of these transformations are multiply cyclic. 

76. Nets 2, O. Let N(x) be a net 2, O in n-space, the 
complementary function being y. Then 2,....,7™, zy are the 
coordinates of an Onet N in n+1 space. From § 65 it follows 
that there are oo”—8 nets N’ parallel to N for which 


(142) Det = y?, 


We say that such a net N’ is a special net 2, O. Hence there 
are co”—~8 special nets 2, O parallel to N. If N’ is a special net, 
we effect the transformation F’ of N by means of the solution 
of its equation and the conjugate congruence of direction-para- 
meters z’, so that the coordinates x, of the transform J, are of 
the form 


(143) — a—t a’. 
In consequence of (142) we have 
(144) Die — 2)? = y'*. 


Also in consequence of (142) and the equations 


Oa! da aa’ Ox Oy! dy dy’ 04 
125 i ee, Py Recs cea Lah Se yas AMM IS Ray et! 
) Ou Our Oy Ov’ Ou : du’ av Ov’ 
: Ae ae, ohae : 
we have from (143) by differentiation > a QO, that is A; 
VU 


is an O net. 
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Consider two of these transforms N, and N. by means of 
two parallel special nets N’(a’) and N”(x”) satisfying (142) and 
Dv"? = y'"*. In consequence of (145) and analogous equations we 
find that 
(146) D2! x" —y'y" =o, 


where ¢ is a constant. Since JN, and N, are transforms of N by 
means of y, the nets N, N, and N, form a triad (§ 20), and A, 
is an /' transform of NV by means of —y/y’, and the corresponding 
solution —y"/y’ of the point equation of the net N{”, parallel to 
N;, whose coordinates are given by (cf. II, 33) 


(147) ey! = a" —+, 2’. 


In consequence of (146) and (142), we have 


y” 


D> (xh)? = — 2607. 


Hence if c= 0, the conjugate congruence of the transformation 
from N, into Nz is I. If c+0, MN, and Nz are in relation R (§ 67). 
Hence in consequence of (144): 

If N is a net 2, O in n-space, the complementary function 
being y, the net N admits 0”—* F transforms N; which are O nets 
and the corresponding points of these nets le on the hypersphere 
of radius y and center at the corresponding point of N; moreover, 
any two nets N, and N, are & transforms, unless the congruence 
of lines goining corresponding points of N, and Ng 2s I. 

When, in particular, N is a net 2, O in 3-space, it follows 
from the last remark of § 65 that there are two special nets N’ 
parallel to N. Moreover, there are no congruences I conjugate 
to an O net in 3-space (§ 65). Hence: 

If N is a non-special 2, O net im 3-space, the complementary 
Junction being y, on the envelope of the spheres of radius y and 
centers on N the parametric curves form O nets in relation R with 
one another and in relation F with N. 

We return to the consideration of a net N in n-space which 
is 2, O, the complementary function being y. Let NV’ be a parallel 
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net; then equations (145) hold. If @ and 6’ are corresponding 
solutions of the point equations of N and WN’, the equations of 
the form (62) define an /' transform N, of NV, and the point equation 
of N, admits the solution 

: ] 

Y= Y— ay 


From these equations we have 


(148) Lai—yi = Det—y’—2, * (Dea! —yy) + a = (Duy. 


Since >'x?—y? is a solution of the point equation of N, the 
function o’ defined by 


(149) ae le SO __y?), 8F 12 (Se —¥) 


is a solution of the point equation of N’. If N’ is a special net, 
a solution of (149) is of’ =2(>2a’—yy’'), and equation (148) 
becomes 


(150) Dey = Ley Fe. 


Consequently Dae e is the solution of the point equation of A, 
corresponding to the solution > 22—y? of the point equation of NV 
whatever be 6. 

If N’ is not a special net, a solution of its point equation is 


= 5 (Day) 
and the corresponding solution of the point equation of Nis given by 


s= Da oy cs =e by 


— y ar a =e Ov 


In this case a solution of (149) is 


o’ = 2(>)xa'—yy'— 6). 


By means of this function equation (148) is reducible to (150). Hence: 
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If Nis a net 2,0 and N' is a parallel net which is not special, 
an F transform N, of N which is 2, O can be found by a quadrature; 
if N' is special, each solution of the point equation of N determines 
an F transform which is 2, O. 


Exercises. 


1. A net N’ parallel to a net N which is p, O is p, O, the complementary 
functions of N’ being solutions of its point equation corresponding to the com- 
plementary functions of N. 

2. Of the O nets corresponding to a given orthogonal determinant, those 
defined by 


n—2 
a oF Cy Xj; Ze? = (0) 
1 k 


where the e’s are constants, lie on the hypercone Sx? = 0, and any such O net 
is so determined; for such a net 


VEi= 2 ey Ms VG= 2 ey 


3. If N is an O net on the hypercone Sx?= 0, and G is any congruence 
conjugate to N, the developables of G meet the hypercone in a net which is an 
R transform of N; for this transformation 


6 = Le, py, Gf == Oe 


4. If M; and No are & transforms of a net N and all of these nets lie on 
the hypercone 2x? = 0, so also do the nets Ni2 which are R transforms of N, 
and No, in accordance with § 72. : 

5. A congruence parallel to a cyclic congruence is cyclic, and for co} of 
the parallel cyclic congruences the circles of the cyclic system pass through 
a point (cf. § 13). j 

6. The equation of Laplace satisfied by the direction-parameters of a multiply 
cyclic congruence has equal invariants. 

7. If N is an O net harmonic to a multiply cyclic congruence G, any net NV’ 
parallel to N possesses the same property, and the multiply cyclic congruence 
harmonic to N’ is determined by the solution of the point equation of N’ corre- 
sponding to the solution determining G'. 

8. Any congruence parallel to a multiply cyclic congruence is multiply cyclic. 

9. If N is a net 2,O and NM, is any O net conjugate to a congruence 2, I 
conjugate to N, the distance between corresponding points of N and N; is the 
complementary function of N. 
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10. In order that the first and minus first Laplace transforms of a net NV 


with point equation (1) be O nets it is necessary that a and 6 can be chosen 
so that 


(i Cay XG) =G2)- 


From (I, 3) it follows that we must have 


(ob GONE Ox Ox ee 0b da 07b 02a Ox Ox 
{See (= “) (Oy 7) ~"\Gu Ov Budv dudv Ou Ov 

0b Oa Oa Ay 0*b Ow es 
Ou Ov Oudv Oudv Ou Bvt 


=D 


The consistency of the equations (ii) necessitates the condition 


ae OD 407 Ger 0 \ 07b 
Us du Ov \b 7)=4 ages a Oudv- 
When this condition is satisfied, the equations 


iv) Ologa 1 Ob Gloge 1 da 
Gy Au =—s a «Ow? Ou ie brow 


are consistent (Cf. II, Ex. 12) and (ii) may be replaced by 


Verdes & 0? 
(v) Ou dv ao aye 


When (i), (iii) and (vy) are satisfied, the net N’ possesses the desired property. 
We call it a G net. 
11. The point equation of a G net N admits the solutions 


0, = Sx? — a?, 62 = Sx? — b?. 


The first Laplace transform of 6; is Sx? and the minus first Laplace transform 
of 0, is Sw2,, where x, and x_, are the coordinates of the first and minus first 
Laplace transforms of N. 

12. Any net parallel to a Gnet is a Gnet. From (I, Ex. 12) and (iii) 
of Ex. 10 it follows that two of these parallel nets have point equations with 
equal invariants, and are associates of one another. If the point equation of 
one of them is written 


a0 _ dloge 86 , dloge 96 
Oudv = Ov Ou du dv’ 


(i) 


in place of (i) and (v) of Ex. 10, we have 
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a y()= (32). Pa 3) = 3) LS < a 5 Pa loe 


A net G of this type we call a net Gp. 

13. The point equation of a net G@ admits the solution 6) = Nx? — o’. 
The first and minus first Laplace transforms of # are Sx? and Xx2,. 

14. Show that the radial transform of a net Go by means of the function 
9) = 3Sx?—o’ is a net GQ. 

15. If a G net N is subjected to a transformation F for which the direction- 
parameters of the conjugate congruence of the transformation are the coordinates x! 
of one of the nets Gp» parallel to N and the function 4’ of the transformation is 
Yx'*— o*, the transform is a G net, and its Laplace transforms are R transforms 
of the corresponding Laplace transforms of N. 


Chapter VII. 


Transformations of Ribaucour. 


77. Orthogonal determinants and O nets in 3-space. 
In the case of 3-space an orthogonal determinant is of the form 


eae 9, Sed 
(1) Ai EA exc gs 
rossees n° | 
Now 
0X : OX 
aie ——— = by, 
Ou Ov 
a) 
(2) of = —aX—my —- = nt, 
ON bs On = 
es : pote ee 
Ou she av bDxA—né, 
whereas it follows from [§ 65] that 
ine aD SINE eo ee os ene 
| VB @ VG os 
1 oVE 1 oVG 
3 a a oat 
ad ka Lh tae " VE du 
ut ab 
(ar mb, pe Oe 


where 0, and g, are the radii of principal curvature of an O net 


corresponding to 4, 
When an orthogonal determinant is known, the coordinates of 


a corresponding net are of the form (ef. VI, 37) 
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(4) a= PX+QE+Ry, - 


where, as follows from (VI,38), P, Q and R satisfy 


OR hace pn hPave | Dp 
eee hale ot WG: 
Ao ee ae oVE ey eee VG Rp 
Ou VE YG ao dv VE ou 
oR L over aR De 1 oVGE 


ou VG dv ea ae (ee Ou Q+VG. 


78. Transformations R in 3-space. In 3-space the equations 
of a transformation R of an Onet N(x) are of the form 


(6) Ly = n——(pX-+48 +rm), 


where, as follows from (VI, 87, 88), the functions satisfy the equations 


00 06 

ae aoe Cox 

Op Vee 0p Wee 

ot ee q; —— Y, 

Ou 1 Ov Q2 
ag ae Ven St -3V E ae OG aa 
DW 4 tas v VG@ dav r+w(VE+V B), Ova. WB eu » 


pe ele VG VG 
[One Va ov -by 2%, aa 


qtwVGt+V 4), 


ee Ee, 


~ arn 
(VE4+V H)4i, 


13* 


(9) 
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and also from (VI, 85) 
(8) pt+etr—2we = 0. 


From (VI, 93) we have that the principal radii of curvature 
of the net M,, denoted by oi; and g,2, are given by 


VG =e VG +2(VG+V@). 


i 
O12 Q2 


VE 
O11 


ar Pee 
—~2 +2(VE+VD), 


From (VI, 54, 56) we have that the coordinates 7, Yo, 2, of 
the central net and the radius FR of the spheres, are given by 


(10) m= aX, R=. 

We recall from § 68 the following theorem: 

When a transformation R of a net N is known, a trans- 
formation R of any parallel net Nan be found by a quadrature; 
the transforms of N and N are parallel, as are also the central nets 
of the transformations. = 

The equations of the transformation of N are 


= 1 2 
4 = 2% — = (pX + gs +r), 


where w satisfies equations of the form (7). Since (8) must be 
satisfied, we have 


Ow = Ow. 


Also we have the theorem: 
When N and N, are in relation R, the nets N' and Nt, whose 
coordinates are direction-parameters of the congruence of the trans- 


Sormation, may be obtained from one another by an inversion. 


Conversely : 

If two O nets N’ and Nj are related by an inversion each net N 
parallel to N' admits an R transform N, parallel to Ni which can 
he found by quadratures. 


79. The cyclic system associated with a trauistormation R 197 


From (VI, 91) we have that the direction-cosines of the normals 
to a net Nand to an # transform J, are in the relation 


(11) X, = —X+ “te 6’ = 'w 6. 


From (VI, 28, 74) we have 


CE Lae. Ae wi VG! ax. 
a 


Ou Ou? Ve Ae eee 
00° = VE" ap Gt PVAG! Yelp. 
Ou a Bu" aman aca 


where £’ and G’ are the first fundamental coefficients of NV’. Hence 
(11) is of the form (II, 2), and we have: 

When N and N, are in relation R, their spherical representations 
are in relation F. 

Conversely, we have the theorem: 

If N(x) is an orthogonal net on the unit sphere and N' (a) 
is an O net with this spherical representation, the equations 


(12) X= x4 eX 


my 


define an orthogonal net N,(x1) on the sphere such that N and N, 
are im relation F. 

From (11) and (VI, 99, 101) it follows that the distance from 
a point of any Onet N to the corresponding tangent plane to an 
# transform J, is given by 


/ j q 0 
(13) eG (a — x) = P, + P— ie as ae 


79. The cyclic system associated with a trans- 
formation R. If N and JN, are two Onets in relation &, the 
circles orthogonal to N and JN, at corresponding points have for 
axes the lines of the harmonic congruence G' of the transformation, 
that is the harmonic congruence determined by the solution 4 of 
the point equation of NV (§ 73). In § 64 we saw that there are 
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col nets N’ parallel to N determined by 6. By the last theorem 
§ 67 each of these nets N’ determines an & transform N, of V 
and all of these transforms are harmonic to G. Consequently the 
above circles are orthogonal to all of these nets M, and therefore 
form a cyclic system [§ 174]. Incidentally we have established 
the theorem: 

If N is an O net and G any congruence harmonic to it, the 
circles with lines of G for axes and passing through corresponding 
points of N form a cyclic system. 

We call the planes of the circles orthogonal to two nets V 
and NV, in relation R the czrcle-planes of the transformation. From 
the second theorem of § 11 it follows that the circle-planes envelop 
a net N. Since the circle-plane at a point M of N is determined 
by the normal to NV at M and the line joining corresponding points 
of N and JN, it follows that any point on the circle-plane has 
coordinates of the form 


(14) x=at+ja’'+kX, 


and the direction-cosines of the plane are proportional to r§-—qy. 
In order that the point M(x) be the point of contact of the plane 
with its envelope, the functions 7 and k must be such that 


Ox Woe Ox -_ 
Q(rs—an) 5 = 0, LirE—gn) = = 0. 
By differentiation we find 
Ox aes : k 07 ok 
I rte east, ul 
: Ou Br ph 01 Ea Dut Ow 
ap) ax | k aj al 
pe = VG tit Sata Zh $x 
av Ciba Os ae Ov ie Ov 


Hence y and *k are determined by 


(16) itjn—= =0, ie = = () 
@1 Q2 
and we have 
Ox oy , Ook x ) : 
Gi) ee 


Ou Ou Ou Ov Ov av- 
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If equations (16) are differentiated with respect to v and x 
respectively, we get 
Se ee 7 
“00, Ov j “Ou 6s OU 


(18) 


Making use of these relations, we find from (17) by differentiation 


0°k 
OUudv- 


o7a melee) 
<4, J | 
OUdv OU dv 


(19) 


Hence j and k are solutions of the point equation of VY. We shall 
show that w, defined by 


(20) — @ =O 5 +pk+es, 


also is a solution. In fact, we find that 


Ow p09 ok Om , 109 0k 
—_— = 6 Abe ian pasieiets <A ee 6 eet prea 
“in Ou au | Pow’ Ov av ae av’ 
( 0° @ aye he) a7k 
dudv dudv ' © dudv' 
Moreover, the linear element of NV may be written 
(22) ds* = dk? +2djdo. 
If we put 
(23) 7= min, 20 = m— in, 


equation (22) becomes 
(24) ds* = dk? + dm? + dn’. 


Since k, m and m are solutions of the point equation of N, they 
are the coordinates of a net applicable to J. 

This result is in accord with [$§ 141, 176] where it was shown 
that the planes of the circles of a cyclic system envelope a net 
corresponding to the developables of the congruence of axes. More- 
over, it was shown that the applicable net is known intrinsically 
when the cyclic system is given, and conversely when the appli- 
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cable net is known a cyclic system can be found directly. For 
the sake of brevity we say with Guichard that a net is C when 
it admits an applicable net. 

We have just seen that N is a net C. It is harmonic both 
to the congruence normal to N and to the congruence G of the 
transformation from N into NM, (§ 11). The coordinates of the 
focal points of first rank of these two congruences are of the 
respective forms «+ o,X and x—z’‘/h (I, 37). By means of the 
preceding formulas we prove the theorem: 

The normal congruence and the congruence G are the harmonic 
congruences of N determined by the solutions m-+-in and k of the 
point equation of N. ~~ 

Moreover from § 11 it follows that the derived net of NV by 
means of m-+in and k-+ const. is parallel to JN. 

Conversely, any net harmonic to a normal congruence Gp is 
enveloped by the planes determined by Gp and by any congruence 
conjugate to a net N normal to G. But in § 65 we saw that 
any other congruence conjugate to N is 3, I, and consequently 
leads to a transformation AR of N. Hence the resulting net harmonic 
to Gois a net C. Since the determination of congruences conjugate 
to N is equivalent to finding nets parallel to , we have: 

The nets harmonic to a normal congruence are nets C; their 
determination is equivalent to finding nets parallel to a net orthogonal 
to the congruence: when such a parallel net is known, the corre- 
sponding harmonic net follows directly and the coordinates of the 
applicable net can be found by quadratures®?). 

80. When the circle-planes of a transformation R pass 
through a point. Consider in particular the case for which the 
circle-planes pass through a point. From (17) it follows that 7 and k 
are constant. If the point is taken as the origin, we have from (14) 
that in all generality we may take 


(25) p= P—d, qs), r 


hi, 
d being a constant. 


>) In § 117 it will be shown that every net C is harmonic to oo! families 
of parallel normal congruences. 
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From (VI, 96) and (7) it follows that 6 = @—c, where c is 
a constant. 
From these results and (10) we have 


Deh eae sb ze 
p p 


Hence the spheres cut the fixed sphere with center at the origin 
and radius 7) under the constant angle ¢, where 


ie AG Fe COSS Sa, 


Conversely, it can be shown that when the spheres of a trans- 
formation R meet under constant angle a fixed sphere with center 
at the origin, the functions of the transformation are of the form (25). 

It is evident that any O net admits such transformations R. 
In consequence of (25) the coordinates of any point on the line 
of the congruence G of the transformation # are of the form 
(1+A)a’+d-X. When 4 = —1, the point lies on the sphere of 
radius d@ with center at the origin and describes the spherical 
representation of N. These lines meet the same sphere again in 


the point of coordinates d- (x rag a 1), which describes the spherical 


representation of N, (cf. 11). 

81. The circles K and congruence K. Let N,(2,) and 
No» (a2) be two # transforms of an Onet N(x), and write the equations 
of the transformations in the general forms 


Q 1 
pS BH 0 = gue a A, 1, 
1 
(26) 9 1 
y= 2 — a", i ga Os Ws, 


where N’(x’) and N” (#”) are the nets parallel to N determining 
the conjugate congruences of the transformations®®). If 6 and 6% 
are solutions of the point equations of N” and N’ respectively corre- 


56) Of. Jonas, Sitz. Berl. Math. Gesell., vol. 14 (1915), p. 109. 
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sponding to the solution 6, and 6, of the point equation of NV, and 
the additive constants are chosen so that 


(27) 67+ 6, = Da! x", 
then as shown in § 72 the co’ nets Mis, defined by (IJ, 46), namely 


(61 6. — 04 01) a’ + (63 01:— 91 82) x” 


Dy D5 See 
(28) M2 o6 + 61 ape ee 64 65 


are O nets in relations R with N, and Ns. 

Consider the circle K through three corresponding points, 
M, M, and M, of N, N, and N,. The coordinates of its center 
are of the form 


(29) De We ede 


where 4 and w are determined by the condition that the lines 
joining the center to the mid-points of the segments MM, and AZM, 
are perpendicular to these segments. These conditions are reducible 
by means of (26) to 


(30) 220;-+ waa" + SANs A> ala 12 w 05 + A, = 0. 


In like manner the condition that the line joining the center 
to the mid-point of the line joining W, to the corresponding point 
of one of the nets Nis is perpendicular to this line is 


Osten 
Det da’ + ja" rN ai! . Jas = 0, 


By means of (II, 33, 36), (VI, 106), and (27) we find that this 
condition is satisfied when (30) hold, and consequently the corre- 
sponding Se of each of the nets My lie on K. Hence: 

If N, Ni, Ne, Nie are four Onets in the relation of a quatern 
under tr ae mations R, four corresponding points M, M,, Mz, My, 
lie on a circle K; the four corresponding points on any four of the 
possible co* nets Nis, forming a quatern with N, N,, Nz are in 
constant cross-ratio®"). 


*") The last part of this theorem is due to Demoulin, Comptes Rendus, 
vol. 150 (1910), p.156, and is left as an exercise. 
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If we put (§ 21) 


(31) 6. = 0+ (c—1) bs, xO = a’ +(c—1)2", 
then 
(32) a, $ D2, Dx xe" = of + 62, 


Hence the transformation F' determined by 6, and the congruence 
of direction-parameters «© is a transformation R. Moreover, if 
Ne is the transform, each of the oo O nets My are R transforms 
of N., and consequently corresponding points of N, N,, Ne, each 
of the oo’ nets MN, and each of the cot nets Mi lie on a circle K. 
Hence: 

If 6, and 6, are solutions of the point equation of an O net N 
determining two k transforms, corresponding points of N and of 
the co’ R transforms Ne of N by means of 6,-+-(c—1) 62 lie on 
a circle K, upon which lie also the corresponding points of the oo 
O nets Nig which are R transforms of all the nets Ne. 

Let M, and Ny, be any two of these transforms of NN, and 
let No; and Mos be the central nets of the corresponding F# trans- 
forms, both being conjugate to the congruence normal to N. From 
the third theorem of § 68 it follows that the tangent planes to 
No: and Moz meet in the axis of the circle K, and consequently 
these axes form a congruence K harmonic to the nets No; and Nos. 
Since the congruence XK is determined by the circles K, we have 
that it is harmonic to the central net of the transformation KR of V 
into any net Ne. Since N and any net Miz may be looked upon 
as R transforms of a net N., it follows that the central net of the 
transformation from MN, into any net Mi. is harmonic to K. 

From § 23 it follows that corresponding tangent planes to J, 
to all the nets \, and to all the nets Mj. meet in a point gene- 
rating a net NV, the derived net of N determined by 6; and 4s. 
Since the tangent plane of a central net passes through the inter- 
section of the tangent planes to N and a transform M., a point 
of NV is on the corresponding tangent plane of each central net 
of all the transformations R. Consequently the congruence K is 


conjugate to N. Hence: 


(33) 
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Corresponding tangent planes of N, the * nets Ne and the 
cot nets Nis meet in a point generating a net N conjugate to the 
congruence K of the axes of the circles K through corresponding 
points of these nets®®). 

Since the congruence K is harmonic to the nets No,, and Nos, 
and the tangents to the curves of these nets at corresponding points 
Hie in the principal planes of N at the corresponding point, the 
focal points of K lie in these principal planes. In order to obtain 
the coordinates of these focal points, we remark (§ 78) that the 
coordinates of No, and Nos are of the forms 


A, 62 1, 
Loy Sa A Log == H— — X. 
Pr pe 


The point equation of Mo, admits the solution @o; = 0.— 4, ps/p,, 
and from § 19 it follows that Moz is the F' transform of Mo, by 
means of 6);. Hence from (II, 22) and (7) we have for the coor- 
dinates of the focal nets F\(y,), F2(y2) of the congruence K, that 
is the intersections of the corresponding tangent planes to No, and 
Noz, expressions of the forms 


th = %— 0 Xor Segal (9; ps — O2p1) § + (021 — 61 qa) X 


| 

001 Ou Pride — Pos é 

Ou 

| Pee aa tea! Oor OX __ a (4; 2 — 9291) 9 + (92171 — 1172) X 

Y2 a4 061 dv Pi%2— poy ; 
Ov 


From the preceding theorem it follows that the normals to all 
the nets N; and to all the nets Ny, at points of a circle K are 
tangent to the sphere S with center at the corresponding point on V 
and passing through K. Moreover, the normal to any net VN. meets 
the normal to any net Nise, in the center of the sphere tangent 
to N,. and Ni. Hence these normals lie on a hyperboloid of 
revolution to which S is tangent along A, unless all the normals 
lie in the plane of K. We consider the latter possibility. 


58) Cf. Demoulin, 1. ¢., p. 310. 
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If @, 8, y denote the direction-cosines of the congruence K, 
we have in consequence of (26) and (27) 


( —— eh sailgetlh ee pathol _ 
{34) C8. 7 Ye Y é@, & x Z ay, at yl” wry 
[4 6; 63 — (67 + ant p 


The direction-cosines of the normals to NV, and NM,» are of the forms, 
by (1), (81). and (VI, 112), 


X= YP — c= 1) ps (x' + (c—1)x")— X. 


Xe) 


(05.20 —03' x’) p, + (67 x’ — 01%") po 


DM pee 2 7 
s a 0; 03 — 01 03 


In consequence of (VI, 69) we have 


pa c= — DXye = C= ae eae - 
[4 6; 0s’ — (1 + 62)*]2 


Hence either all the normals lie in the plane of the circle K, or 
none do. In order that they do, we must have 


(35) hrs— Gor; = 0. 


From § 79 it follows that this is a necessary and sufficient condition 
’ that the circle-planes of the transformations of NV into N, and Ns 
v2 = 4r,, from the sixth 
and seventh of (7) it follows that 4 is a constant, which may be 
taken equal to unity. Then we have 


(36) thy == Oe Da —" 9 thy P2= pr sr d, 6, = + é, 


where d and e are constants. When these expressions are sub- 
stituted in (33), the latter become 


| eS ie ay a Pe eee 
a £X+(n< a), x a Xt (ns 6} re 
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Hence the congruence K is harmonic to the O net of coordinates 
x—eX/d, that is K is a cyclic congruence (§ 79), and the net is 
orthogonal to the circles of the corresponding cyclic system. 
Accordingly we have the theorem of Demoulin®’): 

If Nis any O net and N, and Nz are two R transforms of N, 
the circles K determined by corresponding points of N, N, and Nz 
are of two kinds; 1°, if the circle-planes of the two R transforms 
are coincident, the normals to the 1 nets Ne and «* nets Nis lie 
in the planes of the circles K, and the congruence K is cyclic, the 
circles of the cyclic system being concentric with the circles K; 2°, uf 
the circle-planes of the two transformations R are distinct, the normals 
to the nets Ne at points of a circle K form one set of generators of 
a hyperboloid of revolution, and the normals to the nets Nis the other 
family of generators®). 

82. Transformations D,, of isothermic surfaces. From 
(VI, 81) it follows that a necessary and sufficient condition that 
the correspondence between the two surfaces of a transformation # 
be conformal is that +? =o. From (II, 8) and § 4 it is seen that 
«© and o cannot be equal. Also from § 25 it follows that when 
«-+o= 0 the transformation is K and the O nets N and JN, have 
equal point invariants, that is they are isothermic. Hence we have 
the theorem of Cosserat®): 

In order that the correspondence between two surfaces in relation R 
be conformal vt 7s necessary and sufficient that both surfaces be 
isothermic. 

We proceed to the consideration of these transformations 
and put , 


(37) VE=VG= ®@, 


where w is a function thus defined. Now the point equation 
of -V is 


Dz by a 
(38) a°@ bw 86 | Bw a8 


dudv dv ou au av’ 


59) eo: 
cove CE S108: 
*') Annales de la Faculté des Sciences de Toulouse, vol. 8 (1894), p. EH. 13. 
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Comparing this equation with (II, 79), we have 


(39) —=me*”, 


where m is a constant. 
From [§ 65] it follows that the Codazzi equations of N are 


= (5) = (---)* = (+) =(--—) 
dv \oy 0: 0) Av’ du \Qs oO) Ae ey) our 
from which it follows that 


0 Ko ppd Oe OL 
= —?e » = 21) 
(40) Ou e Ou’ av av’ 


where we have put 


(41) eee ee (—-——-), 
1 Q2 
Expressing the condition of integrability of (40), we find that L is 
a solution of (38). 

The net conjugate to the congruence normal to N which is 
in relation K to N, that is the harmonic of N with respect to the 
centers of curvature of N, is given by 


ee 


From this result, (40) and (I, 82) it follows that the functions 4 
and 6 of this transformation K are 


(43) = 


We return to the consideration of transformations AR of NV and 
introduce the function v by means of the equation 


t 


(44) = - = My. 
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We have from (II, 82) 


(45) ——=¢ “YY =¢ %q, —=—¢ 
Comparing these equations and (7), we get 
q VOR ; 1 iy —1 
(46) ) i, as G; — Rye Be 


In terms of these functions equations (7) become 


00 00 
= bok ee 
au ed; ay er, 
DD eee b AG Prah <ugOs 
ou 01 1 av Os” 
Og = e y y au) | — 1 oq =—s ow 
(47) = oe a + m(e?y + e—° 6), rt wom 
or ow or ev aw ‘ = 
SSS —— —— »n— + 9 (ee? »v —e g 
Ou ay 2 Ov Os Pay, # Res nia’ oats 
Ov Ov 
—— —e? —— = —— o— Rs 
Ou rane av Gute 
and (6) assumes the form 
. i} ; 
48 Ff ST flied = MGs e . »), 
(48) Lr v Sara tL @é+rn 


It is readily found that equations (47) form a completely inte- 
grable system, and that for any set of solutions the left-hand 
member of the following equation is constant: 


(49) ptgtr—2mor = 0. 


The complete integration of (47) involves five constants in addition 
to m. When these constants are chosen so that (49) is satisfied, 
three of these constants are essentially arbitrary. Hence we have 
the theorem of Darboux®?): 


%) Annales de L’Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 503. 
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An isothermic net admits oo! transformations R into iso- 
thermic nets. 

These transformations have been called D,, by Bianchi®*). 

83. Theorem of permutability of transformations D,,. 
We consider two isothermic nets, N, and N2, transforms of an iso- 
thermic net NV by means of two sets of solutions, 6, ¥ pj dy Vy M; 
(i = 1,2) of equations (47) and (49), and apply the results of 
$§ 21,72 to obtain a theorem of permutability of transformations Dm. 

From (VI, 105) it follows that the additive constants of inte- 
eration of 63 and 61’ must be chosen so that 


(50) Pi DoF G2 +11 V2 = O5-+ 64. 


Since in the two transformations of Nwe have taken 0 = e??/m, 
equations (I, 92) become i 


0 ee SH 2 0 2) 

6,5 — Y prey + — | — 
Ou | ass ek 1 Ou Os : 
0 1) Sty 2 a) (2 
S| 6j.—"| == 'm, 2? oF — (4), 
av ( Ln ea + Ov \ 64 


From these and analogous equations in 62, we find that the left- 
hand member of the following equation is constant; we consider 
in particular the case when 


(51) B21 Vo + O12 4; = 0. 


From this equation and (II, 36, 48) we have 


05 Ms Vs 03 
(52) my, O12 = mz 42 (m, age a = = Oo ta —™ r), 
6; Vy A, 


from which follows, when 62, and 61% are replaced by their values 
(II, 38, 43), 
(53) M, Mz (Yo O,+ 1 G2) = Mz 05+ mm, 47. 


63) Annali, ser. 3, vol. 11 (1905), pp. 93—158. 
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(55) 
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From (VI, 83) it follows that for any transformation R 


lew —— a 7 (VY Hs V FE) q2; a = M V4 (ViGVG, ‘2, 
(64) | oy heey, sea 
a = mar. V E+ V By) hy) ne = ms ¥3(V G+V Ge) 7. 


When equations (50) and (53) are solved for 63 and 61’, and the 
results are substituted in these equations, the latter are satisfied. 
Since 61’ and 63 are completely determined there is only one trans- 
form N;2, which is isothermic. 

Making use of (54), we find 


? ae | My o(F g Ga ing &(F | 
aa SN wt aa G8 eat = — a iol. 
Du \ O15 2 6, ry Oia G8) 30 \Ois 26, g, 2 
. a OV19 OV 19 
In consequence of (VI, 109) the expressions for ad and as 
} v 


analogous to the last two of (47) differ from the right-hand members 
of (55) only by the factor mz. Consequently 


(56) O13 = mz O42 Via, 


and the transformation from N, into My is D»,. In like manner 
the transformation from N2 into Ns is Dm. 

By means of (51) and (52) the expressions (II, 46) for the 
coordinates of Ni, are reducible to 


MWe A a’ — My 6, a” 
my 9, (81 — mz 024)" 


(57) Mess e+ 


Making use of (50) and (53), we reduce this equation to 


s Mo—m Me Ag.x2'— mM, 0, 2” 
(58) a, = a+ ____™ a . 

M4 Ms Pr pow Qi G2 T 1%. — MN A, Vo— Mo As Vy 
Krom this it is seen that we must have m, + m,. Hence we have 
the following theorem of Bianchi*): 


64) L. c., p. 120. 
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If N is an isothermic O net, and N, and Ne are two isothermic 
O nets obtained from N by transformations Dm, and Dm,, there can 
be found without quadrature an isothermic O net Ni such that Mi» 
is &@ Dm, transform of N, and Dm, transform of No. 

84. Special isothermic nets in 3-space. In § 81 it is 
Shown that in order that two transformations R have the same 
cirele-planes it is necessary that 


(59) 0.= 4+, Po = pith, Opy a WU hie: UE hie 


where j and & are constants. In § 119 we shall show that in the 
tangent planes of a deform of a quadric, meeting the circle at 
infinity in four distinct points, there are eight points which describe 
isothermic surfaces, any one of which is in the relation of a trans- 
formation Rk with three others, the corresponding cyclic systems 
admitting the tangent planes to the surface for circle-planes. We 
apply the preceding results to the determination of all isothermic 
surfaces admitting two transformations Dm for which the circle- 
planes are the same. 

From the last of (47) it follows that »,»—»,-+n, where n 
is a constant. Moreover, since (49) must be satisfied by both 
transformations, we must have also 


I? : 
(60) pik 6 = me (0, +7) 1 + 2) — 0%, m4. 


When this equation is differentiated with respect to w and v, the 
two resulting equations are equivalent, by means of (47), to 


2 (mz— m3) ¥y + 2men = —k Ko, 2 (me— mM) 0, + 2me7 = kL, 


where Ky and Z are defined by (41). These equations may be 
replaced by 


(61) 6,= L+e, 4 == — Ky, 


e 


where ¢ and fare constants. From the last two of (47) we find that 


OKs et 
Ou’ av 


(62) j= — 


14* 


(64) 


(65) 
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In consequence of (40) these functions satisfy (47), if we take 


we 


(63) PA ae 9 


LKo+ 9, 


where g is a constant. In order that (49) hold we must have 


2 2 
es (Gia) 4 (Ft) 44 wr rt + AKoL-+ 2BKy+2CL4+D=0, 


A =2m=9, B= me, C= =m f, D= 9g? —2mef. 


Eliminating e, f and g from these equations, we have that m, 
must satisfy 
(66) (A—2im)?m—Dm+2BC=—0. 


Tf then a net N satisfies the condition (64) where A, B, C, D are 
constants, there are in general three solutions m of (66). When 
these are substituted in (65), we have three sets of values of e, 


jf and g and the corresponding functions (61), (62) and (63) deter- 


mine transformations of NV into three isothermic nets such that 
the circle-planes of the three transformations are the same. The 
foregoing results are due to Darboux®). Bianchi®®) also has con- 
sidered these surfaces, and in order to put in evidence the essential 
constants appearing in (64), he refers to such a surface as a special 
isothermic surface of class (A, B, C, D). 

85. Complementary transformations D,, of special 
isothermic nets. The three nets obtained from N by the trans- 
formations determined by the values (61), (62), (63) have been 
called the complementary nets by Bianchi. We shall show that 
they are special nets of class (A, —B, —C, D). In fact, in con- 
sequence of (9) and (46) we find that the functions Ao and DL, 
for one of these nets \,, defined by equations analogous to (41), 
have the values 


a ee 271 7 een eke 6b, Ky +2py 
’ alee : 


0; Vy 
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From these and the foregoing formulas we find 


e 2 af Ar 2s 
probes nicl 29. os: mites ane us 
Vy 6, 

palo i $3. tax 

5) Kos li +g = (ef+ 29) 140, 

From these expressions and (VI, 94) it follows that N may be 

obtained from NN, by a transformation D,,, determined by the 
functions 


ae ia. ’ 
Qt =L—e vyyt=—Koit/), pyi= Soe AS Leo), 


Since the effect of changing the signs of e and fis to change the 
signs of B and C, but not to affect (66) we have that , is a special 
net (A, —B, —C, D). 

Now we show, as Darboux has done**), that the circle-planes 
of a complementary transformation envelope a surface applicable 
to a general quadric. ‘To this end we make use of the results 
of § 79. From (VI, 83) and the preceding formulas, we find that 
for the present case 


h —— mv -- Ge—7*), (== 7) (vy — Ge), 
ata 26 - 2075 Cp ave 
i} > ant ee , == ST ae Oo. = a a,” 
nf) Tae wee 


From (23) it follows that if we put 
ai, yt ie =, Y— te = 20, 


the point (x, y, 2) describes a surface X applicable to the envelope 
of the circle-planes. When the above values of j,k and @ are 
substituted, and @ and » are eliminated, we find that 3 is the 
quadric 


(y—iz) (a+ 2 my + iz)] = 292? +2ex+2m(29+ efpaly+iz). 


6) Tf 2g +ef = 0, M has constant mean curvature and the corresponding 
eal! : : 
equation (64) is q Bb Lit AK 1-2 BK, —20Li+D == ()) aynimein ae 


satisfied because of (65). 
3D 105 Op 105 0 fe) 
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86. Transformations D,, of special isothermic nets. 
, Let N be a special isothermic net of class (A, B, C, D) and M, 
a complementary transform by means of the functions given by 
(61), (62) and (63). We shall show that it is possible to find solutions 
92, V2, D2, Jz and 72 of equations (47) such that the net N, is a special 
isothermic net. This is done by finding under what conditions 
a net Nis, arising from NV, and Nz in accordance with the theorem 
ot permutability of § 83 is a complementary transform of Ne. 
From (II, 43), (VI, 109) and (52) we have 


6y ”; 
1 
Ao, = Ca 02, po ey p2— Pp; 
yen ” 
Ys; = : O21 = : (m v sf 
Sa ae UG WES aaa : 
My, Os4 Mg A, 


Also from (50) and (53) we obtain 


(ma—™,) 01 = me (prp2 + G1 G2 + 1172 — Mm V2.4, — My Y Bg). 
The analogues of (67) are 


2 o 5) Peo 
Ko,2 = oid ia 29 as Se : Ly, = 6s = 2 D2 
The equations ; ; 
: : : 1 
(68) 0:: = —Le+e, Ye = Koetf,, pa = ~y Ko,2 139; 


are consistent with the above results, provided that 
(69) py pot d1qe+ 11 72— Me (%24 + 1142) + (m2— mM) (72 e + O2,f-+ 2py) = 0. 


By differentiation we find that the left-hand member of this 
equation is constant for each set of solutions 42, 72, ps, gz and rs 
of (47). Hence if the constants entering in the latter are chosen 
so that (69) is satisfied, the net Ny, is a complementary trans- 
form of Nz. The latter is a special isothermic net of class (4, 
—B,—C, D). Hence we have the theorem of Bianchi®): 

Of the co* isothermic nets obtained from a special isothermic 
net of class (A, B, C, D) by transformations Dm, ©* are nets of 
class (A, — B, —C, D). 


) L.¢., p. 141. We note that Bianchi showed that N. is of the same 
class as N. This is due to his choice of directions in the trihedron of No. 
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t 


87. Transformations D,, of minimal surfaces. A minimal 
swtace is isothermic, and the spherical representation of its lines 
of curvature is such that we may take [§ 109] 


(70) = — == Cm ) é 


where V H=VG =e. From (9) and (46) it follows that the 
transform is minimal, if » = jp, and only in this case. The equations 
of such a transformation are: 


ay cee. 
Ou eee ain = Cs lis 
0 p 04 ery, 
<t = ed ? oe a ee ey 
7 Ou av 
alt oy ” ay 
a 5, Y + eed age q 
5 mY ais a “pte 0 4 — ; 
ou a Ov Be OND 7 € ) dv Aue w 
oa ea ae ese oe 
=> Wd. easiest ee ilcips " aa 8 
L du Ov Lp au ae Ge q+m (e pa e ) 


These equations form a completely integrable system. Since 
p+¢+r?—2mp6o = 0 must be satisfied, we have: 

A minimal surface admits ©* transformations Dm into minimal 
surfaces"). 

From (56), (52) and (VI, 109) we have >. = — py, and 
therefore: 

If a minimal surface is transformed into minimal surfaces 
S, and Sz by transformations Dn, and Dy, there can be found 
without quadrature a minimal surface which is a Dm, transform 
of Sy and a Dm, transform of Ss"). 

88. Transformations E,, of O nets with isothermal 
spherical representation. Since the spherical representation of 
the O net on a minimal surface is isothermal, each transformation 
Dm of a minimal surface into a minimal surface leads by a 
quadrature to a transformation R of an O net with isothermal 
spherical representation into an O net of the same type, in accor- 


7) Bianchi, Rendiconti dei Lincei, ser. 5, vol. 8! (1899), p. 151. 
™) Cf. Bianchi, 1. c. 
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dance with the first theorem of § 78. These transformations were 
studied by the author’) and later by Bianchi‘*), who called them 
transformations Hm. In this section we show that these trans- 
formations are the most general transformations R of O nets with 
isothermal spherical representation into nets of the same kind. 
The tangential coordinates of N satisfy (V,29) with o@ = e&” 
and y = 0. From (VI, 94) we have that the functions w and w? 
of § 52 are p and p/@' respectively. Hence if a transformation & 
of Nis to be a transformation 2, that is if V, is to have isothermal 
spherical representation, its tangential equation must be of the form 
an, te OW, OA, OW, OAy aa 


usu Ov OU . OW OY ae 


From (V, 35) it follows that y, can be chosen so that 


; mp, ns 
(72) feo oe — Se 
if we take 

(73) 6’ == mv é. 


Jf in accordance with (9) we put 


, 


SUG: praia’ tk 9 fea eo Sills 
(74) VE,+VEH= Pp e+—e%, VGtVe an ee 
p 


y p v 


we find that the last two of equations (7) are satisfied, and con- 
sequently the following system of equations is completely integrable: 


s=VEq 7 =VGr, 
vt =—e%p— etm (» e+. e~ |, wt = es r, 
i =4 per+ oy ae eal | Ey), = = f e c*—V Go) : 


™) Transactions Amer. Math. Soc., vol. 9 (1908), pp. 149—177. 
™) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 871. 
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From these equations we have 


0 [Ov 0 [@v 
76 —— {|{——_} —— tp ~(@)= o) 
se Ou | p ah dv \ p mae 


and consequently @1/p is a solution 6 of the point equation of the 
minimal surface V with the same spherical representation as N. In 
terms of this function the above expressions for the derivatives 
of g and assume the same form as (71). Consequently the trans- 
formation of N by means of p, g, 7, 0 is a Dm into a minimal 
surface. Hence we have the theorem: 

When an O net N with isothermal spherical representation admits 
a transformation R into a net N, of the same kind, the minimal surface 
parallel to N is transformed into the minimal surface parallel to N, 
by a transformation Dm. 

Conversely, if WN and MN, are Onets on minimal surfaces in 
relation Dm, and N is a net parallel to N, the set of functions p, q, 7 
of this transformation and 6 and v, where 6v = 6p determine trans- 
formations Hi, of N into o' nets N, parallel to N,. For 6 is 
determined to within an additive arbitrary constant by the first 
two of (75) and then »v is fixed. Hence: 

An O net with isothermal spherical representation admits 0” trans- 
formations Em, for each value of m, into + parallel O nets of the 
same kind. 

From these results and the fifth theorem of § 78 we have: 

An isothermic net on a sphere admits «©°* transformations F' imto 
isothernuc nets on the sphere. 

Consider a guatern of minimal surfaces in accordance with the 
last theorem of § 87, and four nets NV, N,, Ne, Mie parallel to the 
O nets N, M, Np, Miz of the minimal surfaces in accordance with 
the last theorem of § 72. 

From (56) it follows that 


oy 7A aArtit i 
O13 = —- Me O12 Pre, O21 == — My Aa1 par, 


where O19 and 6, determine the transformations from N, and Ny 
into Nie. From equations analogous to (76) and (49) we have 


O1:2V19 = — P12 2, Ao Voy == —- por 901. 
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pry 


Hence, since 633 = O12 and 63)’ = 6h”, 
615 = Ms O19 V2; O31 = My 921 Var, 


and consequently we have the theorem: 

If N, and N, are obtained from an O net N with isothermal 
spherical representation by transformations Em, and Em, there can 
be found without quadratures a net Nis of the same kind, such that 
Ni: is an Em, transform of N, and an En, transform of Np. 

89. Nets 2. By definition an Onet N is a net 2 if there 
exists a net Ny with equal point invariants conjugate to the con- 
gruence G normal to NV. Let N be a net 2 and let 4 be the 
solution of the point equation of N, namely 


079 — dlogV E90 , dlogV G 86 
Gwaun 2 on Mea oun 8? 


(77) 


by means of which Np (zp) is obtained from N by a transformation F. 
The equations of the transformation are of the form 


(78) xy = 2— 2X, 
‘ 89 
where 6 is defined by 
00)» 80 00) > 84% 
2) du van du’ av mp Ov’ 
and 
(80) NRL tg fe ety 
1 Q2 
since [§ 51] 
(81) 0X axe 1 ae Ox == 1 02 
au QO, Ou dv Og OV 


If the point equation of No is written in the form 


0°@ 00 


a ans 
OuUdv => re Vo, spec jg 


- ees gb eo 
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we have from (77) and (II, 12) 


(88). Vee UL ea V, 


M% 9% 


where U and V are functions of w and v respectively, and from 
(I, 8) 


(84) y= — (0+ 6], oy = —(* + bo). 


When these expressions are substituted in (83), we obtain 


0, UV E—0,VVG@ vo. UVV EG(e,—e:) 


5) 6g, Oy a gs 
Be Gra ee oe cee 1 eee 


The Codazzi equations for N are [§ 65] 


ey 2 (VE)_1VE 5 (V@)_1 eva 
DN pain see” Or” ON Geb so, ote 


When we require that the function (85) satisfy (79), we find, in 
consequence of (86), 


( 0 log 4 UVE 0102 20 (— 0 UVESV 
[ou TYG o:—es Ou \or a5 OU log(U V V@), 
(87) 
a) log A a VVG 0; 0s fA) | 1 ] re) * /W +e 
Bein RO UN rare log(UV E—VV@). 


The condition of integrability of (87) is 


(38) 2 fae 0102 8 (2)) — a eee Qo. 8 (2)) 
dv\ VVG — ee: Ou \a OUu\UV EB —% Ov \os// 
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When this condition is satisfied, we find that 6) given by (87) 
satisfies (77), and consequently Nis a net 2. Hence we have the 
theorem of Demoulin”): 

A necessary and sufficient condition that an O net be a net 2 
is that (88) be satisfied. 

In consequence of the second theorem of § 25 we have that 
when WN is a net 2, there is a second net N. with equal point 
invariants conjugate to the congruence G normal to N, and that 
the points of Ny and No on a line of G are harmonic to the focal 
points of G on this line. Since the coordinates of these focal 
points are of the forms, «-+0,X and «+, X, we have from (78) 
and the analogous equations for No, namely 


9 


x, 


“Lo me 
@ 


the equation Lae eis 
0:0, (UV E+ VV G) 


The equations analogous to (87) are obtained from them by replacing 
V by —V. From these equations we have 


Gs, RVG Vee 
UV Ba tvV Go, 


Since Ny and N, are conjugate to the normal congruence to J, 
they are nets 2,0, the respective complementary functions being 
6/4) aNd B/ Aco (§ 66). Conversely, if Mo is a net 2,0 with equal 
invariants, the two sheets of the envelope of spheres with centers 
on Ny and radii given by the complementary function of No are 
surfaces 2 in relation R. 

The foregoing results may be stated as follows: 

When a net Nis a net 2, the nets with equal invariants con- 
jugate to the congruence normal to N can be found without quadratures; 
these nets are 2,0. Conversely, when a2, O net No with equal invariants 
is known, there can be found without quadratures two nets 2, in 
relation R, whose normal congruences are conjugate to No. 


™) Comptes Rendus, vol. 153 (1911), pp. 590, 705, 927. 
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From (II, 87) it follows that the net M6 (xo), where 


Gy iL Ox daa rats 


du Oy Ou’ Ay 0) Ov’ 


has equal point invariants. From § 76 we have that N6 is 2, 0, 
the complementary function ¢ being given by a quadrature, and 
that the sheets of the envelope of the spheres with centers on 
No and radius ¢’ are parallel to the corresponding sheets of 
the envelope of the above congruence # of spheres with centers 
on Ny. Hence: 

When a net 2 is known, a parallel net 2 can be found by 
quadratures. 

90. Transformations R of nets 2. Let N be a net 2 
and N, an & transform of N by means of a set of solutions: 
6, p, g, 7 and w of equations (7) and (8). As in the preceding 
section, we denote by MN) one of the nets with equal point in- 
variants conjugate to the congruence normal to N; it is an F trans- 
form of N by means of 6) and 6. In accordance with the theorem 
of permutability of transformations /” (§ 21) there exist 7? nets 
Noi, Which are F' transforms of No and J. 

From (11) and § 21 it follows that if we take 6 =p we 
obtain co’ nets No, conjugate to the congruence normal to M,, 
as the additive constant of 6) varies. We seek the conditions 
that one of these nets be a K transform of NV, and thus has equal 
point invariants, in which case A, is a net 2. 

From (II, 42, 44) we have that the functions 6), and 60’ of 
the transformation from Np into a net No, are given by 


0 ne 6 
(91) 01 = 0— =p, 601 = 6'— — », 
A 0 


and from (IJ, 53) and (80) we have 


1 A 

+ 6 +h8 
(92) ae peledliPo, neo 
T 0 
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with 
0001  —,_ —« 9 A O001 s 5 0094 
(93) Ou eee du’ i fo av 


A necessary and sufficient condition that No, be a A trans- 
form of NM is that (II, 81) 


Mm O14 601" ie 
i ? 
601 a) 901 


(94) ho == 


where m is a constant. 


From (II, 36, 38) we have that the functions 6,9 and 60 of 
the transformation from N, into Nj; have the form 


66 
my’ 


ys 6 
68 = —= =, 
mv é 


(95) 619 = I) — 


where 6’ = mv. 

When we equate the expressions (92) and (94) for to, and Jo, 
the resulting equations are reducible by means of (VI, 83), (91) 
and (95) 


UV E, ae eee UVE 9x0 Goi Bey ie G10 
4 VV @ Oo 901 
(96) = 6 6 6 6 
VVG4,=—VVG—*4+— 2" —-Ve——? 
4 VV Q 9 91 
From (91) we have by differentiation 
fi __ Veo| See set 
Ou uv \e 6 VE euPp 
0 O04 = Ve (: p 1 04 
Ov V 6, ALE Ou f; 


By means of these equations and the last two of (97), which are 
obtained by differentiating (95), we find that the expressions (96) 
satisfy the last two of (7). Hence the following system of equations 
in which 4, and G, have the form (96) is completely integrable: 


91. Theorem of permutability of the transformations of nets 2 993 


06 eS 
au V Ha, i= eel 
2 eel ae ss hate ee 
Ge 0, 4: dv! Paden 
OG) be: 1, oe fami ved) ale pate 
aa, p aren rtmy(V ELV £), gears 9c.) "; 
Or 1 aVE. ar_VGE 1 aVG@ ~ = 
—- — cs, WA 
ou VG ev b oy Qo P Ee ou q+ my (VE+V Gh), 
kt ve nilgee ids 
au Hy” f VG: @:* 
CRU cs eee cay 1 20 
ii V £, g (10 00) Sg Fare Fen pa) 
000 va, [t 1_ 266) 
av i } G 6 (O:10— 69) + VG av 


When we have a set of solutions 6, v, p, q, 7, 90 satisfying the 
quadratic relation 


(98) pt+etr—2mvo = 0, 


the #& transform JN, is a net 2, and the coordinates of NV, are given 
by equations of the form (48). The same functions multiplied by 
the same constant determine the same transformation. Hence in 
addition to m there are four significant constants of integration, 
and consequently: 

A net 2 admits ©° transformations R into nets 27°), 

From (II, 86) (91) and (95) we find that the function Qo for 
Ni has the expression 


Chee Vg esti Sex 0 
V 00K V 06 a maT RTT. 


g1. Theorem of permutability of the transformations 
of nets 2. Let N be a net 2, and N, and N, two F transforms 
of NV by means of functions 6;, pi, Gi, Ti, Vis 9:0, mi (C= 1, 2), solutions 


) Cf., Transactions of the Amer. Math. Soc., vol. 16 (1915), pp. 275—310. 


224 VII. Transformations of Ribaucour 


of (97) and (98). We wish to show that of the oo O nets My, 
which are R transforms of N, and Nz in accordance with § 72, 
one is a net 2, 

Consider the nets Mio and Ney which are K transforms of Np 
by means of the pairs of functions 691, wo, and Os, woz. Hrom 
§ 24 we have that there is a net Mio which is an / transform of 
each of the nets Nie, Myo and Meo, and the functions 619 and 640 
of the respective transformations from Ny) and Noo are given by 


99 801 Wor 901 = W1 (Bo 901 912 + 41 910 902 — 92 910 901); 
Oo 902 W202 == We (Bo A2 921 + 93 20 91 — 1 429 Boz). 


Moreover, from (II, 91) it follows that My.) will be a K transform of 
Nip and Noo, and consequently have equal point invariants, if 


My, O02Wos + Ms O01Wo1 = O. 


Substituting the above values in this equation, we reduce the 
resulting equation to 


My, Mg , 8, 940 Gos 
5 2 


| Ms 03+ m, 6 = O2 (O49 — 0) 


Ao 9o1 
( 100) A O20 Ao1 
+ yp haere ae — 8; (829 — 4p) |. 
02 


If this equation is differentiated with respect to wand v, we find 
that the resulting equations are satisfied identically. 

Since 63 and 67’ are completely determined by (50) and (100), 
only one of the nets Nyy is an 2 net. Hence we have the theorem: 

If N, and No are 2 nets which are R transforms of an 2 net N, 
there exists a unique 2 net Nig which is an R transform of N, 
and Nz; moreover, Nig can be found directly, as soon as the coordinates 
of N, and Nz are known. 

92. Surfaces of Guichard of the first kind. In order 
that the O net N on a surface S be defined by 


= =e aor & 
| V R= & sinhe, V G= é coshe, 


(101 
) Be =e *(coth ce + h), 


Seer 
. Fn e > (tanhe-+h), - 
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it is necessary and sufficient that h, § and @ satisfy the equations 


oh 0g oh 
sae (coth @ + h) a ai = (tanh ee +h) = 
ars es af 0& aé 8 0& 0a 
dudv = Ow dv ae UE > So + tanhe 
(102) 2 
F) ore a ot ag 
aut +2 aaa ae i ae = Set iath ae oe Oe BE 


+ sech? a te at + (cosh «+h sinh @) (sinh e+ h cosha) = 0, 


as follows from the Codazzi equations (86) and the Gauss equation 
[§ 64]. These equations are satisfied also by §, a, h, where 


E £ = 1—h 
3 — nS — pp? »k —— p— a 
(103) e 6-2 (1 =~ hey, e é 1h’ 
An O net N parallel to N is defined by 
VE= é& sinh @, VG@=—E€ cosh a, 
(104) = = = ow 
= = 0  (cothe +h), 2 = oe? (tanha +h). 


By means of (101) and (104) we have 


01 02 +02 01 = —z%. 


Following Calapso”’) we call S a surface of Guichard of the first 
kind, and the parallel surface S its associate (cf. VII, Ex. 28). 
When the expressions for V Z, V G, o; and g, from (101) are 
substituted in (88), this condition is satisfied, if we take U =V= 1. 
Hence we have the theorem of Demoulin™): 
The surfaces of Guichard of the first kind are surfaces 2. 
From (87) and (85) we have 


(105) I) = ef, 6) = Lh, jes ase 


76) Annali, ser. 3, vol. 11 (1905), p.211. 
ED es 
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We apply the results of § 90 to establish transformations R of 
surfaces of Guichard of the first kind. Analogously to (105) we have 


640 ee ot, 640 == I] —h,. 


From (95) it follows that 


(106) Jae tee =hte &— t, 


where ¢ is thus defined. Now 69; = 6 —e*p/(1—h), and conse- 
quently (96) are reducible to 


& 
VE = 7% +2 a—pe@, 
(107) Z 
eats es ew Bae hd —(E-+a) 
UF a the ; 
where 


y = coshe +t sinhe, w = sinha + teoshe. 
Since g?—w? = 1—#, when we require that G,— EF, = e?%, 
we get 


(108) & = 5 oe § (#1). 


If we put V ei = c'+%/m (ky—1) in (99), we obtain 


t—1 
109 pt — eg 4 —____ 
ne?) piso) 
Hence we find 
VE, = ésinh a, VG, = —é coshay. 


Furthermore, equations (9) are satisfied by 


VE, 
Cir 


: VG 
= — (cosh a, + A, sinhe,), : + = sinha,+h, cosha,. 
12 
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Hence the surface S, is a surface of Guichard of the first kind. 
By means of (108) the expressions (107) are reducible to 


tLe oS vo lee 
Vales “(pt+y), VG, Sek ate “(wt+g). 
Consequently the functions determining a transformation R of 


a surface of Guichard of the first kind into surface of this type 
are solutions of the completely integrable system: 


= == e sinh aq, = = &coshear, 
ot. = —(cosh e+ hsinh «) q, a = —(sinha-+hcosha)r, 
oq og 
ee = (coshe-+ hsinh «) » — (tana => + 3“. Y 
(110) +m[—Oe— © (pt+w)+tve& sinh a], 
o¢ === [cotha 2° 4 oe), ? or = = (tanh ETE oe) 4, 
dv. = Ck au}? Ou dv dv 
or f 
ge (sinhe + h cosh «) p— (cotha 2 + a 
+m[— 6e—* (wt+g) +ve cosha], 
Ov Va Ov 2 
ema ee “(pt+wq, | iano “(wttg)r. 


The equations of the transformation are of the form (48) in these 
functions. Accordingly we have the theorem”): 

A surface of Guichard of the first kind admits o* trans- 
formations Rm, for each value of m + 0, into surfaces of the same kind. 

When S is transformed into S,, the associate surface S is 
transformed into a surface Si, parallel to S,, by means of the 
functions p, g, 7, 9 and », where in consequence of (49) 0» = 6». 
The equations in 6 are 


00 i ee 00 z = 
ay =e Sinh eg, Fp Te cosh er, 


78) Annali, ser. 3, vol. 22 (1914), p. 205; also Transactions of Amer. Math. 
Soc. vol. 17 (1916), p. 68. 


15* 
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It is readily found that 


En, es tags 

lg aeeary a 

The associate of S, is determined by equations analogous to (103), 
namely 


is 2pt ee ee 
et = 51 (1 — fh?) = — as a e F(i—?), 
Pim 
Pe et LE oe PAGS 
l+hy, “ t{—I1 treet 


hy = hy. 


__ If this associate is to be the #& transform of S by means of 
6, 7, p, g, 7, then analogously to (106), (108) and (109) we must 
have 


It is readily shown that these expressions are equivalent to the 
preceding. Hence: 

When a surface of Guichard of the first kind is transformed into 
a surface of the same kind, the associate surfaces are in relation R™), 


Exercises. 


1. If N is a net 2, O the complementary function being y, the lines of 
curvature on the sheets of the envelope of the spheres of radius y and centers 
on N are represented on the unit sphere by the central projections on this sphere 
of the two special nets 2,0 parallel to N; the coordinates of the spherical 
representations are x'/y' and w"/y". 

2. Corresponding tangent planes to two pairs of O nets in relation R whose 
central nets are parallel are parallel. 

3. A necessary and sufficient condition that the spheres, tangent to a sur- 
face S and with centers at the mid-points of the segments of the normals to S 


7) Annali, 1. c. p. 209. 
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included between the centers of principal curvature of S$, determine an R trans- 
form of S is that the lines of curvature of S have isothermic spherical representation 
(cf. § 6 and I, Ex. 8). 

4. A necessary and sufficient condition that the spheres tangent to a sur- 
face S with centers at points harmonic to the points on S with respect to the 
centers of principal curvature determine an R transform of S is that S be an 
isothermic surface (cf. § 25). 

Darboux, Annales Norm., ser. 3, vol. 16 (1899) p. 504. 

5. Show that the first three theorems of § 81 are equally true for the 
transformations R of nets O in n-space. 

6. For a system of circles K of the second kind (§ 81) the focal points of 
the congruence K are harmonic to the foci of the meridian sections of the hyper- 
boloid of revolution whose generators are the normals to the nets N. and Mio. 

Demoulin, Comptes Rendus, vol. 150 (1910), p. 159. 

7. If N is an isothermic O net, the point equation of N admits the solution 

Gyeane (= —=}, and the corresponding parallel O nets No(a#) are defined 
2 

by equations ot the form 

0K 

Ou 


0 Ko 
dv 


E— 


Lo (5 K +e} Xe | 


where c is an arbitrary constant and Ky) = ~- + ie 
Ura 8 2 as 
8. If N is an isothermic O net defined by (37), the Christoffel transform N 


([§ 159] is defined by 
VE = EG = ta pes Smee P2= —pye*”. 


Show that if Ni is a Dm transform of N, a Dm transform M, of N is given by 

Pp=P, d= T=r, 6=9. vy = 94, m =m, 
and that M; is the Christoffel transform of N;. Also if M, M; and M, Mm denote 
corresponding points on these nets, the product of the segments MM; and M M 
is equal to 2/m. Bianchi, 1. ¢., p. 105. 
9. If M, Mi, Mo, Mi are corresponding points of four nets satisfying the 
theorem of permutability of transformations Dm (§ 83), the cross-ratio (M Mi, 
M, Mo) is equal to me/m. Demoulin, 1. ¢., p. 157. 
10. Show that the O net of a minimal surface may be considered of class 

(0, 0, 0, 0) (§ 84) and obtain the results of § 87 from those of § 86. 
Bianchi, |. ¢., p. 149. 

11. From [§ 125] we have for a surface of mean curvature Ky = 1, 


Hd =e “sginh¢, ou =e * coshy. 
Ai (2 

In this case from (47) it follows that 92—v+2p= a, where a is a constant. 
Show that when a = 0, the mean curvature of Mis —1. 
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12. Show that the O net of a surface of mean curvature K,—=1 may be 
considered a special isothermic net of class (— 3, 0, 0, 3), and apply the results 


of § 86 to obtain those of Ex. 11. Bianchi, 1. ¢., p. 151. 
13. The Christoffel transform of a special isothermic surface of class (A, B, 
C, D) is a special surface of class (A, —C, — B, D). Bianchi, l. ¢., p. 181. 


14. If from a special isothermic net N of class (4, B, C, D), we obtain 
two nets of Ni, No, of class (A, —B, —C, D) by transformations Dm, and Drag, 
the surface Mio is of class (A, B, C, D)- Bianchi, 1. ¢., p. 146. 

15. Determine the special isothermic surfaces for which the circle-planes 
of the complementary transformations pass through a point. 

16. Show that the nets NW’ of transformations D» of isothermic nets and of 
transformations EH» of O nets with isothermal spherical representation have the 


property 
E'— G@! =2m(e?+ y+ 2"), 


Calapso, Annali, ser. 3, vol. 26 (1917), p. 168. 

17. If Ni is a Dm transform of an isothermic O net N, an isothermic O net V 
is defined by 

= se eee 1 6 i 0 
Vi=VG= a ean air hell es 
Bianchi, Annali, ser. 3, vol. 12 (1906) p. 22. 

18, If N and M are two O nets in relation Hm, the minimal surfaces 
= and 2, whose asymptotic lines have the same spherical representation as the 
curves of N and JN; respectively, can be so placed in space that they are the 
focal surfaces of a W congruence (§ 53). 

19. When two O nets N and M are in relation je the spherical repre- 
sentation of these nets are isothermal orthogonal nets on the unit sphere in 
relation F’, and these two nets are related conformally. The equations of the 
transformation are of the form 


X= —X+ 


(pX+qF+ry), 


=a 


where 0, v, p,q and» are solutions of (75). 
20. A necessary and sufficient condition that the spherical representations 
of two O nets in relation R be conformal is that the transformation be Em. 
Annals, Ser. 2, vol. 17 (1915) p. 69. 


21. If four nets N, Ni, No, Niz, form a quatern under transformations Em, 
and N; is an Hm, transform, shies the nets Ns, Nis, Nos, N’ of § 24 form a simi- 
lar quatern. Transactions, vol. 9. (1908), p. 170. 


22. If N is an O net with isothermal spherical representation, the point 
equation of N admits the solution 6.5. = H—G, and the corresponding parallel 
O nets No are defined by equations of the form 


x = [2e—°(f B+ G@)+c] X+ 


1 eee 0G 


VE 


Lok 3G 
du Ou Jit re | Ov Fel 


where c is a constant. 
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23. If in (88) we put / E=//G, U = —V = 1, this condition is satisfied, 
that is isothermic surfaces are surfaces 2. In this case 


8 ao (J 4) 6 = —0, EM 
: 21 Po” 


In order that the transformations determined by (97) be Dm, we must have 


e” O10 vV Pot 4 O01 =—1(). 


24. Determine the character of the surfaces 2 which are F# transforms of 
an isothermic surface other than D,, transforms. 
25. If in (88) we put 


VYVE=—p.ie”, V C= pe, Cee 


the equation is satisfied in consequence of (86); that is a surfase with isother- 
mal representation of its lines of curvature is a surface 2. In this case 
26. = — 60(1+/2); consequently the mid-point of the segment between centers 
of principal curvature of the surface describes a net No with equal point in- 
variants ; also N,, is at infinity. When we express the condition / Fi/pi =V Gi/pr2 


we get 
2e%¥9 4 (V@_-/E) fe me Ae +2 <9, 
p V po 
By means of this relation the expressions (74) are obtainable from (96), and 
these transformations Rm are En. 

26. Determine the character of the surfaces 2 which are R transforms of 
a surface with isothermal spherical representation of its lines of curvature other 
than the H,, transforms. 

27. If S; and S2 are surfaces of Guichard of the first kind obtained from 
such a surface S by transformation Rn, and Rm, there can be found without 
quadratures a surface Si2 of the same kind which is in relations Rn, and Rn, 
with S; and So. Annali, ser. 3, vol. 22 (1914), p. 212. 

28. In order that the O net N on a surface S be defined by 


in e* sin a, VG= ecos a, a == e *(cota +h), - = ae tana+h),_ 


1 9 


it is necessary and sufficient that h, € and a satisfy 


j-3 

oh aa (h+eota) © a= = (h—tana) 

ee 6 ae LENO J and & 

Oudv du dv Ov Ou Ou Ov’ 
a a og PE + tan BE anche 289 4 anata O4 2E 
Our Ou neo Oy * Ov Ov 


—(cosa+h sina) (sina—hcosa) = 0. 
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These equations are satisfied by &, @ and h defined by 
ef =e (+h), 
a ia [sin a (1 —h?) —2h cos a], 
oe 1 2 
cosa = Tae [cosa (1—h?) + 2h sina]. 


An O net N parallel to N is defined by 


VE= e sing, VE= —e* cosa, 


Dae EG ane a 
py P, 
and p,p,+p, 0, = —2. The surface S is called a surface of Guichard of the 


second kind, and S its associate. Calapso, Annali, ser. 3, vol. 11 (1905), p. 216. 
29. Show that a surface of Guichard of the second kind is a surface 2 and 
determine the transformations R of such a surface into surfaces of the same kind. 
Annali, ser. 3, vol. 22 (1914), p. 205. 

30. A necessary and sufficient condition that a surface of Guichard of the 


first kind be a spherical surface [§ 115] is that &= G,./: = 0; where as is 
a constant; then p, = atanha, p, —acotha. In this case the associate surface 
is homothetic to the given one. 
31, If S is a spherical surface (cf. Ex. 30), equations (106), (108) and (110) 
are consistent when v = (a? p?— 6”)/@a*.. Thus a spherical surface admits oo? 
transformations R,,, for each value of m +0, into spherical surfaces. 
Annali, lL. ¢e. p. 230. 
32. For the circle-plane of a transformation &,, of a spherical surface (Ex. 31), 
the functions j, k and w of §79 have the values j = a7/2m0, k= —pa?/6, 
wo = (6°—p’a?)/26. Consequently the planes of these circles envelope a surface 
applicable to the quadric of revolution x?+ 2m (y?+ 2?) = a’. 
Annali, 1. c. p. 235. 
33. If S is a surface of Guichard of the first kind and Si is an R,, transform 
of the same kind, a surface of Guichard of the first kind is defined by 


= ASS Pa 
VE= 7 sinh a, VE= 7 cosha, 
AK = fen tan) [eoth a+ h-+ 2), 
lial 6 
a =pe > 1am) (—tamha+ite® 4). 
Py 0 


Calapso, Annali, ser. 3, vol. 29 (1920), p. 84. 


Chapter VIII. 
Circles and spheres. 


93. Coordinates of a sphere. The equation of a sphere 
in 3-space can be written in the form 


2 ey yy +2 Gy yg +2 eg yg + iog(ys tyi ty; +1) 


- +asyityityi—l =0, 


where «,....,@, are constants, and 4, ye, ys are current coor- 
dinates. We call the five constants « the coordinates of the sphere. 
If 2, 2g, x3 are the coordinates of the center of the sphere and & 
its radius, we have 


Qa, hx, a, = hxa, a3; == hxs, 


2 7 " | Oa ST 
) a= et tal+ai—R+D), ws = 5 (et +a + ai—R*—1), 


where A is a factor of proportionality. These equations can be 
written also thus 


Oy 2) & 3 
Qa ae | Mogae te ee | eo eco ae 
(3) ; Gs ey : Os + ct,’ : ots + 10, 
a) _ 2 2 2 Ot, — 1 Oy : 
LAN hh ee ha (eg 063), 
Sota Le, Gt, + Lee,’ (a5 + 24) 
An exception arises when 
(4) as 4s 104 1% 0, 


which is a necessary and sufficient condition that (1) defines a plane. 
From (3) we have 
Ve 


. TS ahaa 
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where we assume the sign of the radical chosen so that F is 
positive for a real sphere. It follows that a necessary and sufficient 
condition that a sphere defined by (1) be a point-, or nudl-sphere, is 


(6) of t+e3teaist afta; = 0. 


By definition the power of a point with respect to a sphere 
is the product of the distances to any two points of the sphere 
collinear with it, that is the square of the tangent to the sphere 
when the point is outside. Hence the left-hand member of (1) 
divided by za,+a@, is the power of the point (4, ye, ys) With 
respect to the sphere (1). 

Consider the sphere (1) and another of center (x}, a3, 2}) and 
radius R’ defined by 


(7) Zoyr + 2 ey + 2e3ys + iesyit w+ ys +1) 
+ os (yi tyi+ yi—1) = 0. 


The angle under which they cut is given by 


3 
R?+ R?—D(aj—2)? 
t=1 
Pye 


(8) a ee 


With the aid of (3) and (5) one shows that this is expressible in 
terms of the coordinates @ and «’ of the two spheres in the form 


5 
D> eer! 


i= 
2 ane 

( Das : Dei’)? 

In certain discussions it is advantageous to introduce a sixth 


coordinate @, defined by 


(10) dag = Be (as 104). 


(9) cos 6 = 


Comparing this equation with (5), we note that 


(11) @+....+02=0. 


(14) 


1%) 
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Now equation (9) becomes 


(12) cos @ = at Se 


94. Pentaspherical coordinates of a point. When the 
sphere (1) is not a null-sphere, its coordinates @ may be chosen 
so that >a = 1. These coordinates « are direction-cosines of 
a line in 5-space and from (9) it follows that the angle between 
two spheres in 3-space is equal to the angle between two lines in 
5-space whose direction-cosines are the corresponding @’s and @’’s. 
Accordingly we can choose a set of five mutually orthogonal spheres 
in 3-space whose coordinates @;; satisfy the conditions 


5 5 a les Ss a 
(13) Da, = i > Oj Cin = 0 . yi + i siroleirels ; 
t=1 i=1 y) , 


With this choice we consider the functions 


38 
Phe = 2 Ley tio Yityity+)tejvityi ty—D. 


The right-hand member is the power of the point (y1, yo, ys) with 
respect. to the sphere Sj, divided by its radius Rj = 1/(a5;-+-7e4)). 
When 

(15) dog; a5; = 0, 


the sphere S; is a plane and 42; is the distance from the point 


(y1, y2, ys) to the plane. 
The quantities z;(j7 =1,....5) are called the pentaspherical 


coordinates of the point, 4 being a parameter. In consequence 
of (13) we have the fundamental relation 


5 
(16) 0. 
jel 
From equations (14) we have 


5 5 5 
Sa OM oe 1 Die; Zjy Y= A Des; 2), 
j=1 j= J= 


5 5 
144 Diasjtiasa=0,  yityitys 4 2lesj—iea) 
Ba = 
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Hence when five quantities satisfying (16) are given, they are the 
pentaspherical coordinates of a point, whose cartesian coordinates 
are given by (17)*°). 
As an immediate consequence of these results, we have: 

The equation of a general sphere ts of the form 


(18) @12, 4 G22... 0525 —— 0, 


where 2 are the pentaspherical coordinates of a point on the sphere, 
and the «’s are constants. 

If z; and z; are the pentaspherical coordinates of two points 
M and M’, whose respective cartesian coordinates are y; and Yj, 
the distance between them is given by 


5 5 
(9) MM? = So yi) = — BAW Dieses = WN Rle— ai 


in consequence of (17), where, because of (5) and (14) 


14454 0) 1404 


Geass =a 


kj being the radius of the sphere of coordinates «;. 
If M’ approaches M along a curve, the linear element is 
given by 


5 5 
D> (dz;)° 2D, (dai)? 
(20) ds? = = =— = 


| = 4) [> 2 (aj +2 ead] 


J=1 


When in (17) we take aj;=10 =—1, .5..5), a7 ==0@ a9) 
these equations reduce to 


oe hes, Yo hes, Oi hs, 
1A (2, ++ 42.) = 0, YtyYsty; =A 


el) | 


wr 4&4). 


80) An exception is afforded by z; = a@sj-++ias; in which case the point is 
at infinity (cf. VIII, Ex. 1). 
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From (4) it follows that the fundamental spheres of coordinates 
&i1, &i2, @j3 are planes. In this case we say that the 2’s are special 
pentaspherical coordinates. For this case equation (20) reduces to 


? i a) 
oe) aki (25+ 124)" 


95. Pentaspherical coordinates of an O net. If y, ys, ys 
are the cartesian coordinates of a point on a surface referred to its 
lines of curvature, the functions 42; satisfy the point equation of 
the surface, as follows from (14); and consequently, if 2 involves 
uw and v, the 2’s satisfy an equation of the form 


0°@ ~~ loga 06 
dudv dv Ou 


dlogb 06 


2 
(23) Ou Ov 


+¢é. 


+ 


Conversely, if we have five solutions of this equation satisfying (16), 
say z;, and an independent solution 1/4, then the functions 2}, where 
z;A = 2}, satisfy an equation of this form with c= 0, and con- 
sequently 1, ys, ys, y2t+yit+y%, 1, given by (17) or (21), are 
solutions of the latter equation. Hence: 

Tf five particular solutions of an equation of the form (23) 
satisfy the relation 


(24) Ores gasses 0) 


they are the pentaspherical coordinates of a surface referred to its 
lines of curvature. 

If the invariants of (23) are equal, the O net is isothermic. 
In this case the equation is reducible to the Moutard form 


(25) ~~" = Me. 


Hence: 

If an equation of the Moutard form admits five particular 
solutions 2; satisfying the relations ae = 0, the quantities are the 
pentaspherical coordinates of an rsothermic net. 

96. Congruences of spheres. When the quantities @ in (1) 
are functions of two parameters uw, and v7,, we say that (1) defines 
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a congruence of spheres. When the @’s are independent, we can 
find by differentiation alone an equation of the form 


06 
OU, 


poe +2Ese ales a 


06 
sees as +K0 = 0, 


of which the five functions @ are solutions. If we take as in- 
dependent variables w and v, defined by 


uU— 9 (U1; V1), Ca Wu, Y) 


such that » and w satisfy the differential equation 


olde ana ae-+s(s2) 0 


OU OU, 
the above equation is transformed into the Laplace form 


676  dlogA 06 , dlogB 08 


(26) dudv-—s-aW rater Ou Ov 


+ C6. 


The determination of wu and v requires the integration of the 
differential equation 


(27) Fdut—2Eduydy4+Ddvi= 0. 


The curves on the envelope of the spheres uniquely defined by 
this equation are called the principal curves. 

We assume hereafter that the parameters of a congruence of 
spheres are such that the spherical coordinates « satisfy an equation 
of the Laplace form (26). Then the principal curves on the envelope 
are parametric. The equation of the congruence is of the form 


(28) > &izi eal); 
— 
We consider the congruence of spheres defined by (28). As 
w varies a sphere touches a tubular envelope along the circle C_;, 
given by 


0 &; 
(29) > M2 = 0, tg; = 0, 
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and as v varies, along the circle C, given by 


(30) Dizi = 0, Pa a EU, 


The intersections A; and A, of these circles are the points of tan- 
gency of the sphere (28) with the envelope of the congruence of 
spheres, that is, the points defined by 


Cie tea 0, 2 ae a= 0, Zz oe a= 0. 


The circles (29) and (30) are called the focal circles of the first 
and second rank respectively of the congruence of spheres. 

Differentiating the first two of (31) with respect to v and 
making use of the third, we get 


Eat 


Hence as v varies the points A; and A, begin to move along the 
circle C_;. Similarly as w varies, these points begin to move along Ci. 
But as uw and v vary, the points A, and A, trace out the principal 
curves on the envelope of the sphere of coordinates «. Hence we 
have the theorem of Darboux*’): 

On the envelope of a congruence of spheres, when a displacement 
is made along one of the principal curves, the four points of contact 
of two infinitely near spheres with the envelope le on a circle which 
is a focal circle of the congruence. 

We have also from the above that the line A, As and the line 
A; As, joining nearby points, meet in the plane of C_, or C, as 
v or u varies. Hence these planes are the focal planes of the 
congruence of lines A; Ay. Accordingly in view of the preceding 
theorem we have the theorem of Ribaucour: 

The chords of contact of the spheres of a congruence with its 
envelope generate a congruence whose focal planes are the planes of 
the circles of contact wu = const., v = const., and the developables 
of the congruence are parametric. 


0a; 02; 
=a) ——— === "((), 
: = Ou dv 


81) Lecons, 2™ ed., vol.2, p. 335. 
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97. Derived congruences of spheres. Since the five 
functions « satisfy equation (26), they are the direction-parameters 
of a congruence G of lines in 5-space. Con- 
versely, the direction-parameters of such a con- 
eruence determine a congruence of spheres in 
3-space. From (I, 60) it follows that the direction- 
parameters of the congruence G, and G_1 of 
tangents to the curves of parameter v on the 
first focal surface of G and of parameter uw on 
the second focal surface may be given the 
respective forms 


0 a; 0 ; a; 
F2 Fig. 5 (32) Cas logs a; a log fix 


These congruences Gi, and G_, in 5-space correspond to the con- 
gruences of spheres in 3-space with the respective equations 


. 
(33) D ai log - 4 = 0, Dai 5 logs i= 0. 


Hence we speak of these congruences of spheres as the first and 
minus first derived congruences of the congruence defined by (28). 

Evidently the circles (29) are the intersections of corresponding 
spheres of the given congruence and its minus first derived con- 
eruence, and similarly the circles (80) of spheres of the given con- 
eruence and its first derived congruence. 

Consider now the congruence of spheres defined by the first 
of (33). As w varies, a sphere describes a tubular surface, to which 
the sphere is tangent along the circle defined by (33) and 


re) - 
[ca : log \ a= 0, 


which is readily seen to be the circle (30). In like manner for 
the congruence of spheres defined by the second of (33) as v varies 
a sphere describes a tubular surface to which the sphere is tangent 
along the circle (29). 


98. Congruences of circles DA 


From (8) it follows that «,, a, as, 
—(@s3-+7¢a,) are homogeneous coor- 
dinates of the center M of the sphere. 
Since they satisfy equation (26), MW 
describes a net NV. When we compare 
(82) with (IIT, 2) we remark that the 
centers MW, and M_, of these spheres 
describe nets which are the first and 
minus first Laplace transforms of N. Since the lines MM_, and 
MM, are necessarily the axes of the circles (29) and (30) respectively, 
we have the theorem: 

If G is a congruence of spheres, and G—, and G, its minus first 
and first derived congruences, as u or v varies a sphere describes 
a tubular surface tangent to the sphere along a circle which is the 
intersection of the sphere and the corresponding sphere of the minus 
first or first derived congruence respectively. The centers M, M_, 
and M, of corresponding spheres describe nets in 3-space forming 
a Laplace sequence, and the joins MM_1 and MM, are the axes 
of the circles of intersection. 

Consider further the circle (29). We saw in § 96 that its 
plane is the focal plane of the congruence A, A, tangent to the 
second focal surface of this congruence. Hence on the envelope 
of the plane the parametric curves form a net NV. This circle lies 
also on the corresponding sphere given by the second of (33). If 
B, and £B, are the points where this sphere touches its envelope, 
this plane is a focal plane of the congruence of lines B, By and 
N is the first focal net of the congruence. Hence: 

The planes of the focal circles of either rank of a congruence 
of spheres envelope a net whose tangents are the chords of contact 
of the spheres and the corresponding derived congruence of spheres 
with their envelopes. 

98. Congruences of circles. By definition the circles of 
intersection of corresponding spheres of two congruences of spheres 
determined by the congruences of tangents to a net in 5-space 
form a congruence of circles, for which the spheres are the focal 
spheres. The centers of the spheres are the focal points of the 
congruence of axes of the circles (§ 97). Moreover, as we have 
just seen, the planes of the circles envelop a net, whose tangents 
16 
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meet the circles in the points where the focal spheres touch their 
envelopes. Equations (29) define a congruence of circles, as do 
also equations (30). Moreover, any congruence of circles may be 
so defined. 

When for the congruences of circles C_; as defined by (29) 
the parameter v varies, the circles C_1(u,v) and C_i(u, v-+ dv) 
meet in the points, A, and A,, where the sphere of parameter « 
touches its envelope; they are defined by (31). When the parameter wu 
varies, the circles C_1(u, v) and C_1(w-++ du, v) meet in the points, 
Al, Al, of intersection of the spheres of parameters 


0a; 07 ee; 


Ou’ Odut- 


(34) «i, 


Hence as w and v varies the circle C_; meets the infinitely near 
circle in two points. : 
Consider, conversely, a two parameter family of circles such 
that as either parameter, « or v, varies, two infinitely near circles 
meet in two points. Hence as uw or v varies the axes of the circles 
generate developables. Let F, and F, be the focal points of this 
congruence. ‘The spheres S, with centers /, and containing the 
circles of the system envelope, as w varies, a tubular surface tangent 
along the circles. If the equation of the spheres S, is > Biki === (), 


the circles are defined by this equation and » ee = 0. 


In like manner, the spheres 8, with pa "Ky and passing 
through the circles envelop, as v varies, a tubular surface to which 
they are tangent along the circles. Thus the circles are defined 


also by 
izi= 0, > oe a= 0, 


where the first equation defines the spheres So. 
Since the circles are the same in both cases, ‘we must have 


0B; 0a; 
gfe eartmRs YO amma 


= naj +r Bi. 


But from § 2 it follows that the a’s and 4’s are direction-para- 
meters of a net in 5-space. Combining this result with the second 
theorem of the preceding section, we have: 
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A congruence of circles is characterized by the property that 
as u or v varies a circle meets the infinitely near circle in two 
points, which are the points of intersection of the circle and_ the 
tangents to the net enveloped by the plane of the circle. 

We call these points the focal points of the congruence of 
circles. 

99. Congruences of spheres and circles in cartesian 
coordinates. From (3) it follows that the cartesian coordinates 
1, XH, x3 Of the center of the sphere, and also the function 


(35) 26 = at+ai+o2— Rk? 


are solutions of the equation 


é 070 ~©=—s«loga 30 , dlogb 00 
(36) dudv av iiie du ov’ 
where as follows from (3) and (26) 

A B 


Conversely, if 2%, %, x3; and 6 are four solutions of an 
equation (36), it follows that the quantities @ defined by (2) are 
solutions of an equation of the form (26). Hence: 

If 6 is a solution of the point equation of a net N, the spheres 
with centers on N and radia given by 


(38) R= x2+2°+22—26 


Sorm a congruence upon whose envelope the parametric curves are 
the principal curves. 

As a corollary we have: 

The points of an O net in 3-space form a congruence of null 
spheres. 

When the equation of a congruence of spheres is written in 
the form 
(39) dy —«)?— R? = 0, 


16* 
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the y’s being current coordinates, the equations of the focal circles 

C_, and C, of the congruence are given by (39) and the respective 
equations 

0x OR Ox oR 

Vang Vi Sia Cin) Pastas 2 Fn arama == 0), 

(40) Lys tke =O Ly) 5 tks, 


which shows that the axes of the circles are tangent to the curves 
of the net of centers. Since equations (39) and (40) are equivalent 
to (81), we have: 

Equations (40) define the focal planes of the congruence of lines 
joining corresponding points on the envelope of the spheres (39), the 
developables being parametric. 

By means of (38) equations (40) may be written 


Ox 00 OG 06 
ee Se ee > —— == 4), 
en y Ou au uF f 


If we write 


b 00 a 06 
PASO ay Fy Mill whee ee aek be 
Ou dv 


in consequence of (I, 48), the preceding equations are equivalent to 


O’=4 00_4 oy ‘ OX 064 ss | 
Zy av dv Pan dy Ou au nee 


Hence: 

If 6 is a solution of the point equation of a net N, the spheres 
with centers on the minus first and first Laplace transforms of N 
and with radu given by the respective equations 


ES eae R? => i— 20, 


meet the spheres with centers on N and radius given by (88) in 
congruences of circles. 

When the central net N(x) of a congruence of spheres is an 
O net, the congruence of lines joining the corresponding points of 
contact on the envelopes of the spheres is normal, since the focal 
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-_ 


planes are perpendicular. A surface NV normal to the congruence 
is given by equations of the form [§ 67] 


ow 1 SPEEA ALE iL Boxe 
du E du ov © dv’ 


= WX+ 


where the X’s are the direction-cosines of the congruence and also 

of the normal to the given net N. The function W is to be 

determined by the condition that the point of N lies on the line 

whose equations are (40). Making use of (41), we find that this 
. condition reduces to 


gWioshers dy Yeu W cutesy 
Ou 0u’ ty Nae = Be av’ 


(42) seas C1 


where o, and og, are the principal radii of curvature of V. Hence 
W is found by a quadrature. 

Conversely, if a net WN parallel to N is known, we find by 
the quadrature (42) the radius of the corresponding sphere. Hence 
we have the following theorem of Ribaucour®’): 

If S and S ave two surfaces with the same spherical representation 
of their lines of curvature, the normals of either are the chords of 
contact with their envelope of a family of spheres having their centers 
on the other surface; the radi of the spheres are found by a quadrature. 

100. Congruences R of spheres. We are in a position 
now to establish the theorem: 

Tf the principal curves form a net on each of the sheets of the 
envelope of a congruence of spheres, they are O nets in relation R, 
provided that the radi of the spheres are not constant. 

If the quantities y in (39) are the coordinates of the point of 
contact of the spheres with one sheet of the envelope, we have 


02 04 
(43) Sw—o4=0, Dwy—va~=0. 
Ou OU 
If equation (41) be differentiated with respect to v and w, respectively 


we obtain 
OY Ox Oy Ox 
EU NAS Sao! ey a) 
2 Ov OU ° 2 


82) Comptes Rendus, vol. 67 (1868), p. 1334. 
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a 


Differentiating the first of (43) with respect to v or the second 
with respect to u, we get 


Soo fh +p 


Ou Ov Ou Ov 


Hence if the y’s are to satisfy an equation of the form (36), we 
must have x4 ou. = 0, which is the condition that the net 
N(y) be an O net. In consequence of this result the central net 
is 2, O, and by the last theorem of § 66 and the second theorem 
of § 76, the theorem is established. 

By definition a congruence of spheres is a congruence FR if the 
central net My) is 2, O and the complementary function of Np is the 
radius of a representative sphere. 

From § 68 we have: 

The spheres of a transformation R form a congruence R. 

When two congruences # of spheres have parallel central 
nets we say that the congruences of spheres are parallel. Hence 
from the last theorem of § 76 we have: 

If G and G' are parallel congruences R of spheres and_ the 
spheres G’ do not pass through a point, there can be found by 
a quadrature a congruence R of spheres Gy such that the central 
nets of G and G, are in relation F. 

In this sense the congruences G and G,; are zn relation F. 

The spheres with centers on any surface S and passing through 
a point form a congruence #&, the central net 2,0 on S being deter- 
mined by the equation of the-lines of curvature of the envelope 
of the spheres; it is the net on S determined by the function 
V2? +y?+2? (§ 3). In like manner the spheres with centers on 
a surface S and tangent to a plane a, or a fixed sphere, form 
a congruence &, the central 2, O net on S corresponding to the 
lines of curvature on the other sheet of the envelope. 

The spheres tangent to two fixed spheres form a congruence & 
with centers on a central quadric of revolution, whose foci are 
the centers of the fixed spheres. When one of the fixed spheres 
is replaced by a plane, the surface of centers is a paraboloid of 
revolution. 
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If the centers of the fixed spheres are the points (a, 0, 0) and 
(—a,0,0) and the radii are and 72, we have 


@—a)?+y +t A= (Ran), wtattyt+e=(R+ an)’, 


where ¢, = +1 and «,— +1. From these equations it follows 
that 
etyt 2— R= bate: R=dxte., 


where l, c, d and e are constants. Hence these two functions are 
solutions of the point equation of any net on the quadric. Similar 
results hold for a paraboloid of revolution. Consequently: 

On a quadric of revolution any net is 2, O. 

Conversely, if every net on a surface 8 is 2, O, the functions 
x? + y?+ 2?— R® and R must be linear functions of the coordinates. 
Consequently : 

If every net on a surface is 2, O, the surface is a quadric of 
revolution. 

101. Plucker line coordinates. If 2, x2, x3, 1 and %, Ye, 
Ys, Ys are the homogeneous point coordinates of two points P and Q, 
the numbers p12, 13, P14, P23) P34, Pag Aefined by 


Xj 


(a,j = 1,2, 3, 4,2 + )) 
Yj 


| 3 
(44) Lii= | * 


are called the Pliicker coordinates of the line PQ. Evidently the 
ratios only of these coordinates are so determined. Since these 
ratios are unaltered, if 2,, x2, 73, %, are replaced by 4a, + um, 

.., 4%-+uys, any two points of the line determine the same 
set of line coordinates. The six coordinates satisfy the equation 


(45) Pre Ps + prs ps2 saps (2 0, 


as may be seen by expanding in terms of two-rowed minors the 
identity 
Hy X2 Ls Hy 
Y Ye Ys Ys 
My X2 Us Xs 


i ae Oe werd) 


| 
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Conversely, if we have any six numbers p,; satisfying (45), we can 
find two points, (a, %2, 23, 0) and (y%, 0, ys, ys) Satisfying (44), and 
consequently there is a line with these coordinates. 

Consider two lines p and p’ meeting in the point (a) and 
determined by Q(y) and Q’(y;). Since 


Oa Le Xs Ly 
YW ys Ys Ys 
oa XL L XM 


= 
Yi Yd = 


we have 


(46) pio psa + prs p42 + prs pos + pas Pir + par pis + pos pis = O, 


where pi; = (wi yj —xj ys). Conversely, if two sets of line coor- 
dinates satisfy this condition, any two points on one line are 
coplanar with two points on the other. The line coordinates 
of the line joining P and the point (Ay;+ my) are of the form 
Anijtepij. Hence: 

A flat pencil of lines consists of the lines whose coordinates are 
Anijtepiy, Uf p and p' are lines of the pencil. 

Consider the lines of space whose coordinates satisfy a linear 
relation 


(47) ga Piz + Gaz Pig + Gog is + Are Psa + 1g Pas + Ais Pox — O, 


where the a’s are constants. If (di, Ds, bs, by) is any point of 
space, the coordinates (a, ws, 73, 2) of any point of the lines 
through the given point for which (47) holds, satisfy a linear 
equation whose coefficients involve the a’s and the b’s. Hence 
all the lines through the given point lie ina plane. Consequently 
the lines satisfying (47) form a linear complex. The plane in which 
all the lines of the complex through a point lie is called the 
null-plane of the point. 

When the a’s in (47) satisfy (45), they are the coordinates 
of a line which all the lines of the complex meet. In this case 
the complex is called special. 
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102. The Lie line-sphere transformation. Consider the 
relation between two 3-spaces 7» and R whose cartesian coor- 
dinates x; and X; are in the relations 
(48) (Xq-+ tXo) Xe i+ Xs = 0, 

(X, —i Xe) XL — Ly — Xz = Ore) 


To each point of either space corresponds a line of the other. 
If (a) and (a) are two points of a line of » corresponding to 
a point (X;) of R, we find that equations (48) and similar equations 
in 2; are consistent, provided that 


(49) Pizse P32 0; 


here p,;; = xj xj—aj x and a% = x4 = 1. Hence to the points of & 
correspond lines of the linear complex (49), which is called the 
complex of the transformation. If we have any line of the complex 
and substitute the coordinates of any two of its points in (48), we 
find the corresponding point in R. 

In like manner the coordinates X; and X; of two points in R 
whose line corresponds to a point in 7, satisfy the condition 


> (%i— XY? = 0, 


that is to a point in 7 corresponds a minimal line in R. 

To the points of a line a of the complex (49) correspond minimal 
lines in R passing through the point A which corresponds to a. 
Also to the points of a minimal line 4/ in F correspond the lines 
of the complex through the point of 7 corresponding to JZ. More- 
over, since the transformation is continuous, to the tangents of 
a minimal curve in #& correspond the points in 7 of a curve whose 
tangents are lines of the complex (49). 

A general line in r is defined by 
50) {m Psa + £3 par + Pris = 0, 
( Xe Psa + Xs Pao + pos = 0. 


83) Lie, Geometrie der Beriihrungstransformationen, p. 453 et seq. 
= y 
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Eliminating the z’s from these equations and (48), we get 


(51) 2 ot, X, +2 ay Xot 2 a X,+ ia, (X7-+ X3-+ X41) 
+ og (X7+-X3+ XI—-1) =0, 

where 

pr Hs 16, pig = 1 +1, pus O%3+1e4, 


p34 —= .&3 


(52) 


106, psy = O1— 102, p23 == U5 —1 04. 


Since the p’s satisfy (45), the «’s satisfy (11), and consequently: 
To a general line in r correspond a sphere in R. 
From these results and (10) it follows that to a line of com- 
plex (49) of the transformation corresponds a null-sphere in &. 
From (46) and (52) it follows that to two intersecting lines 
of coordinates p;; and pj; correspond two spheres S and S’ whose 
coordinates « and e@’ satisfy the condition 


(3) oy yt aoas+.... +05 a = 0, 


that is, as follows from (12), the spheres are tangent. 
From (52) it follows that the line of coordinates p};, given by 


(54) 


, naa * , 2k ‘4 eee 
i = Og—106, 13 = Pps, pis = 4, 


psa See a3 + 106, pe Se ADy prs == P98. 
corresponds to the sphere (51). The equations of this line are 


X1 P12 + xe pai prs = QO, 


: | : 
(8d) x2 Pro + X3 Pso+ pos = 0. 


The lines of the complex (49) meeting the line (50) form a con- 
gruence. The line coordinates p;; of a line of this congruence satisfy 
(49) and 


(p34 Pr + paz Pris p28 pia + pr Psa + prs Ppa ++ pra Pog ==0, 


It is readily seen that all of these lines meet the line (55). Hence 
the lines (50) and (55) are the directrices of the congruence. We 


refer to two such lines as conjugate with respect to the complex (49). 
Hence: 
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To a sphere in R corresponds two lines in r conjugate with 
respect to the complex of the transformation. 

From the foregoing discussion it follows that to the points 
on the conjugate lines correspond the minimal lines of the sphere 
and to the lines of the complex meeting the conjugate lines corre- 
spond the points of the sphere. 

Consider two intersecting lines in r of coordinates p;; and pi;, 
not of the complex (49), and the two tangent spheres corresponding 
to them. The homogeneous point coordinates of the centers, C 
and ©’, of the spheres are (a, @:, @3,—0o;—ie,) and (a, a, «%, 
—«ei—ia4), and the point of tangency of the spheres is the inter- 
section of the line CC’ with either sphere. To a line of coordinates 
Apij-+ epi; corresponds a sphere of coordinates 2@;-+ wai. Hence: 

To a flat pencil of lines in ¥ corresponds a pencil of spheres 
tangent to one another at the same point; moreover, the centers of the 
spheres form a linear pencil of points projective with the given pencil 
of lines. 

From (4) it follows that the sphere of the pencil which is the 
tangent plane to all the spheres of the pencil is determined by 
A/w == — (0 +7 004)/(@, + ioy). 

Suppose that this is the sphere of coordinates «. From (52) 
and (54) it follows that to a plane in #& corresponds in 7 two 
lines of the special complex p;,— 0 conjugate with respect to the 
complex (49). All the lines of this special complex meet the line / 
at infinity-in the) plane'‘a; == 0, that isthe liner, = 0) 4, = 0; 
this line is in the complex (49). Hence: 

To a plane in R corresponds in ry two lines of the special 
complex jis == 0 conjugate with respect to the complex of the trans- 
formation, and to the points of these lines the two pencils of minimal 
lines in the given plane. 

Let g and g’ be the conjugate lines corresponding to a sphere S. 
A line a of the complex (49) meeting g and g’ corresponds to 
a point A of S, and to the minimal generators of S through A 
correspond the points m and m’ where a meets g and g’. Since 
g and g' are conjugate with respect to the complex, all the lines 
of the complex through m’ meet g: that is, m’ and g determine 
the null-plane of m’. In like manner m and g’ determine the null- 
plane of m. 
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If S, is a sphere tangent to S at A, the conjugate lines g,; and gi 
corresponding to S, pass through m and m’ respectively. Hence: 

To all the spheres tangent to S at A correspond a pencil of 
lines through m lying in the null-plane of m' and a pencil of lines 
through m' lying in the null-plane of m. 

103. The Lie transformations of surfaces. A point and 
a plane through it constitute a swrface element of which the point 
is the center. We consider the surface elements consisting of the 
points of a surface S in #& and the corresponding tangent planes. 
By the Lie transformation the minimal curves of S correspond to 
two one parameter families of curves c and c’ in 7 admitting lines 
of the complex (49) for tangents; these curves lie on two surfaces o 
and o’. To a point A of XS corresponds a line a of the complex 
tangent to a curve c and to a curve c’ at points m and m’ corre- 
sponding to the respective minimal tangents to S at A. Hence o 
and o’ are focal surfaces of a congruence of lines of the complex. 
Two nearby tangents to c determine a plane tangent to o’, that 
is the null-plane of m in:the tangent plane to o at m’. In like 
manner the null-plane at m’ is the tangent plane to o at m. The 
spheres tangent to S at A correspond to two pencils of lines with 
centers at m and m’, as shown in the preceding section. Hence 
to the surface elements of Y correspond two sets of surface elements 
whose centers are the points of o and o’, and whose planes are 
the tangent planes to o and o’ at corresponding points. Therefore: 

When a Lie transformation is applied to a surface S in R, 
the two corresponding surfaces 6 and o’ in r are the focal surfaces 
of a congruence of lines of the complex of the transformation; 
corresponding directions in the tangent planes to o and o' correspund 
to spheres tangent to 3; and the surface elements of S correspond to 
the surface elements of o and o’. 

Thus the correspondence is a contact transformation. 

As a point m moves along a curve y ono, the tangent planes 
intersect in directions conjugate to y. Hence only in ease + is 
an asymtotic line do nearby surface elements have a corresponding 
direction in common. Two nearby surface elements of XS are 
tangent to the same sphere only in case the center of the element 
moves along a line of curvature of 3. Consequently we have 
the following important property of the Lie transformation: 
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The spheres with centers at the centers of principal curvature 
of X correspond to the tangents to the asymptotic lines on o and o’; 
the lines of curvature of XS correspond to the asymptotic lines on 
a and o', which are the focal surfaces of a W congruence consisting 
of lines of the complex of the transformation. 

Since the tangents to o at a point m are projective with the 
centers of the spheres tangent to ¥ (102), we have: 

The centers of spheres corresponding to conjugate directions at m 
are harmonic with respect to the centers of principal curvature of S. 

104. Congruences R of spheres. W congruences of 
lines. From § 100 it follows that a necessary and sufficient 
condition that a congruence of spheres be & is that the radius 
R be a solution of (86), which from (10) is equivalent to the 
condition that @; be a solution of (26). Hence: 

A necessary and sufficient condition that a congruence of spheres 
be R is that the six coordinates of the congruence satisfying (11) 
be solutions of the same equation of Laplace. 

If a; and oj (21, ....6) are the coordinates of two con- 
gruences # of spheres tangent to the same surface, we have 


Die 0) Bay SSD oa Os 


Hence the quantities #; and a; are homogeneous coordinates of 
two nets, N(a) and N’(e@’), in 5-space lying on the hyperquadric 
ae = 0, and in relation F for which the lines of the congruence 
of the transformation are generators of the hyperquadric (cf. II, 
Bx 03). 

As an immediate consequence of the results of the preceding 
section we have the theorem: 

If two surfaces X and X; are in relation R, and o,o' and 6, 04 
ave the transforms of XS and 3; respectively by a Lie line-sphere 
transformation, the surfaces © and 0; are the focal surfaces of 
a W congruence and likewise 0’ and 6; moreover, 6 and o' are focal 
surfaces of a W congruence consisting of lines of the complex of 
the transformation and likewise 0, and 4. 

Conversely if o and o; are the focal surfaces of a W congruence, 
and X and 3; are transforms of o and 0; by a Lie transformation 
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then Sand 3; are in relation R. Hence we have the following 
theorem of Darboux**) as a consequence of the preceding theorems: 

A necessary and sufficient condition that a congruence be 
a W congruence is that the Pliicker coordinates of the lines be solutions 
of an equation of Laplace. 

Since a Wecongruence is transformed into a W-congruence 
by a projective transformation, we have: 

A net N(x) in 5-space lying on a quadratic variety of fou 
dimensions whose equation is 


(56) jx ce) =0 


represents a W congruence. 

From the results of § 38 we have: 

Each transform F of a net representing a W congruence leads 
directly to a net representing another W congruence. 

Consider in particular a surface o upon which there lies an 
R net N (§ 45), that is a net for which the tangents to the curves 
of the net in each system form W congruences. When a Lie trans- 
formation is applied to o, to the tangents to either family of curves 
of N correspond spheres tangent to S with centers describing nets 
2, O conjugate to the congruence of normals to ¥. Moreover, corre- 
sponding points of these central nets, C and CO’, are harmonic to 
the centers of principal curvature of XY and the nets have equal 
invariants (§ 25), that is S is a surface 2 (§ 89). Conversely, if 
a Lie transformation is applied to a surface 2, there result two 
nets &. Consequently we have the theorem of Demoulin®): 

A net R is transformed into an O net 2 by a Lie transformation 
and conversely. 

Since the nets C and C’ are in the relation of a transformation K 
(§ 25), the coordinates a; and oj (¢ = 1,....6), of the spheres with 
centers on C and C’ tangent to S satisfy equations of Laplace 
with equal invariants. Conversely, if the coordinates «; of a sphere 
are solutions of such an equation, the central net C has equal 
invariants, and consequently (§ 89) the sheets of the envelope are 
surfaces 2. Hence: 


54) Lecons, 2" ed., vol. 2, p. 358. 
*) Comptes Rendus, vol. 153 (1911), p. 590. 
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When the Laplace equation of a congruence R of spheres has equal 
invariants, the sheets of the envelope are surfaces 2, and conversely. 

As a corollary we have: 

A necessary and sufficient condition the a net be R is that the 
" Pliicker line coordinates of the tangents to either family of curves 
of the net are solutions of a Laplace equation with equal invariants. 

105. Harmonic congruences of spheres and circles. 
Suppose we have a congruence of circles C,, whose axes are tangent 
to the curves « — const. of a net N, the circles being determined 
by a solution 6 of the point equation of N, as discussed in § 99. 

Any net N conjugate to this congruence of axes is defined by 


equations of the form 


a Vem Oy OD 
(57) iol ===) 6 00; Ba? 


Ou 


where 6, is another solution of the point equation (36) of N (§ 8). 

. aay Sis 06 00, 
Evidently @ Bye} by-0 = 6-0, aul av a 
equation of N. Hence the spheres S with centers on points of NV 
and radii determined by 


> e—Fk = 20 


is a solution of the point 


form a congruence. It is readily found that the circles C, lie on 
the corresponding spheres of this congruence. 

We say that a congruence of spheres and a congruence of 
circles are harmonic, when the centers of the spheres describe 
a net conjugate to the axes of the circles, and the latter lie on 
the corresponding spheres **): 

We may state the preceding results as follows: 

If a congruence of circles is determined by a solution @ of the 
point equation of the net N whose curves u = const. are tangent to 
the axes of the circles, and @, is the solution determining a net N 
conjugate to the axes, the congruence of spheres harmonic to the circles 
and with centers on N is determined by 

6, 30 
eaeas a 

Ov 
86) Of, Guichard, Annales L’Kcole Norm. Sup., ser. 3, vol. 20 (1903), p. 197. 


(58) 6=6 
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Consider the converse problem when the spheres are given 
with centers on a net N and radii determined by a solution @ of 
its point equation. A congruence G conjugate to N is obtained 
by drawing through points of N lines parallel to the lines joining 
the origin to points of a parallel net N’ whose coordinates 2’ are 
given by 


Ox’ Ox Ox" Ox 
2 Ou mn aw’ Cy oepemertes 
A function 6’ is given by the quadratures 
06 00 26 60 
= = | —, 
eo au Q du’ Ov Ov 


From (I, 37) we have that the focal point generating a net NV 
whose curves u = const. are tangent to the congruence ( is given 


by equations of the form 


(61) en: z—> ae 


Moreover, 1// is the solution of the point equation of N determining 
N as a Levy transform of N (§ 8), that is the function 6, referred 
to in the above theorem. Hence it is readily seen that the function 


(62) a ee 


enables us to express 6 in the form (58). Consequently the spheres 
with centers on the net N and radii determined by 6 meet the 
corresponding spheres of the given congruence in circles harmonic 
to the latter. Accordingly we have: 

The determination of congruences of circles harmonic to a con- 
gruence of spheres is the problem of finding congruences conjugate 
to the net of centers of the spheres and a quadrature. 

Since 6’ is determined by (60) to within an additive constant, 
there are oo *congruences of circles harmonic to the given congruence 
of spheres such that corresponding circles have the same axis. 

This result may be obtained in another manner which brings 
to light the role of transformations / in this theory. Let N; (7) 
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be an F' transform of N by means of a solution 6 of the point 
equation of N, the congruence G of the transformation having 
parameters x’. Thus 


a 


6.2, 


From (II, 7) we have 


0x4 OX, Ox} Oxy 
or 4 , a ly , 
Ou Ou Ov Ov 
where 
h ib 
h SS aes St Se ES 
Aire Bp Ey, G a Speco 


Consequently from (61) we have 


fs Ve. 
Si AT ay gts 
1 
We call the functions 
6’ 
ners OS Sai Q', x, ) 
=, 0 6 


the solutions of the point equations of M and Nj; corresponding 
to the solution 6 of the point equation of N. We find from (62) that 


~ 


ae 


- 1 
—— ee 


Consequently we have: < 

Tf N and N, are F transforms of one another, and @ and 6, are 
corresponding solutions of the point equations of N and Ny respectively, 
the congruences of spheres S and S, with centers on N and Ny, and 
radii determined by 0 and 6, respectively, intersect in a congruence 
of circles having the lines of congruence of the transformation F 
for «axes. 

When, in particular, 6— 6, the function 6: —0, and the 
spheres S; pass eae the origin. Hence: 

If the central net N of a congruence of spheres S whose radi 
are determined by a solution @ of the point equation of N is sub- 
jected to a transformation F' determined by 6, the spheres Sy with 
centers on the transform N, and passing through the origin meet 


17 
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the spheres S in a congruence of circles harmonic to S; moreover, 
the ~1 congruences of circles harmonic to the spheres S and with 
the same axes are obtained in this way by varying the additive 
constant of integration in @'. 

From this result and (38) it follows that the circles are the 
intersections of the spheres 


yD xi—2 Da xt+26=0, Dxri—2 Dax —0, 


where 


eh =e ee 
63 1=x*—-— x ) 
(63) i $ 


and the z’s are current coordinates. Moreover, in consequence 
of (63) the equation of the planes of the circles is 


(64) DX z'—6' = 0. 


Consequently the coordinates a of the net Ny enveloped by these 
planes are found by solving (64) and 


(65) Daa: ta = aches om sie 
in consequence of (59) and (60). From (41) it follows that (65) 
are the equations of the chord of contact of the spheres S with 
their envelope. Consequently No is conjugate to the congruence 
of these chords of contact and we have the theorem of Guichard*’): 
The congruence of lines joining the points of contact of a con- 
gruence of spheres with their envelope is conjugate to the net enveloped 
by the planes of any congruence of circles harmonic to the spheres. 
The quantities x’ and 6’ are tangential coordinates of No. 
The tangential coordinates of the net N,) enveloped by the planes 
of any other congruence of circles harmonic to the spheres are 
given by 


MARS Chet : Oe" amy eg 

en Tye Bing? Qgn) FRE By? 

(66. | a6" jh! Mi pit U a! 
_ ht 06 Laas: 

“Sy Oh BU’ eich ee: 


ol) Sao Peale 
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in consequence of (59) and similar equations defining the other 
congruence of circles. But from these equations it follows that No 
and N,) are in relation F’ or are parallel. Hence: 

When two congruences of circles are harmonic to the same con- 
gruence of spheres, the nets enveloped by the planes of the circles are 
in relation F' or are parallel. 

Conversely since the tangential coordinates of any two nets in 
relation F can be chosen so that they satisfy equations of the 
form (66), it follows that the tangential coordinates of any other 
net conjugate to the lines joining corresponding points of No and 
Nyo satisfy equations of the form (66). Hence: 

If Sis a sphere describing a congruence and G is the congruence 
of lines joining the points of contact of S with its envelope, the 
tangent planes of any net conjugate to G meet the spheres S in a con- 
gruence of circles harmonic to the spheres**). 

106. Representation in 5-space. When we interpret the 
results of § 105 in terms of nets and congruences in 5-space, we 
find that a net representing the congruence of circles is harmonic 
to a congruence representing the congruence of spheres. We shall 
establish this result. 

From (2), (32), (37) and (38) it follows that the parameters 
of the spheres giving rise to the circles C; are of the form 


a = ha; (Gi = hee 3), a, = th (6 +5) ash (o—5); 


, 0a;  Ologa 
A n dv dv 


ye BES Fee] a (2° —( -3 4) 
Bi = ih (= (0+) Ovum! Bote ih i 2 , 


ni) (@ rae 2, 3), 


Since the functions «’ and A’ are the direction-parameters of the 
tangents to a net, they are solutions of a system of equations of 
the form (1,4). Any other solution 6, of (36) gives two other solutions 
of this system, namely 


p =he,, d= 1 (a7 Be 108 


8°) Of. Guichard, 1. c. p. 197. 
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We make use of this fact to obtain the parameters of the con- 
eruence in 5-space representing the congruence of spheres S harmonic 
to the circles C; in § 105. In fact, from (57) and (58) it follows 
that the parameters @ of the congruence are given by 


h , / , i 
@; =hx= 500, (a, g’— Bip’) (i = 1, 2, 3), 
Ov 


— z, > I h Pont , ! 
Cp (04 1) —— = 388 (G40 — fap), 


’ Ov 


a == f= 4 h peep four 
Gh Gs — 50, (m4 — hop ). 
h Aa, 


Hence (§ 13) the congruence and net in 5-space corresponding to 
the congruences of spheres and circles are harmonic. 

In order to prove conversely that congruences of circles and 
spheres represented by a net and a congruence harmonic to it in 
5-space are harmonic to one another, we take the direction-para- 
meters, « and %, of the net in the normal form, so that 


(67) cal nB, —— = ma. 


The parameters of any harmonic net are of the form 
(68) a —= aq—Bp, 


where p and qg are a pair of solutions of (67). From these ex- 
pressions it follows that the spheres S of coordinates @& pass through 
the circles of intersection of the corresponding spheres of coor- 
dinates « and $8. Hence their net of centers is conjugate to the 
congruence of the axes of these circles, since the curves of the 
net and the developables of the congruence are parametric. 
From (68) we have by differentiation 
0a da Op da og 08 


69 = . a. ee 
oe Ou Tou (Ou? 4 jot uno 
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When w varies the characteristics of the spheres S are circles, 
5 : , = Oa : 
r,, the intersection of the spheres of coordinates @ and — which 


in consequence of (67), (68) and (69) pass through the corresponding 
points, A, and As, where the spheres of coordinates @ touch their 
envelope. Similarly, when v varies the characteristics of S are 
circles 7, passing through the corresponding points B, and Ba, 
where the spheres of coordinates # touch their envelope. We have 
seen that the lines A, A, and Bb; By are the tangents to the parametric 
net N on the envelope of the circle C, (§ 97). Moreover, we know 
that the lines of intersection of the planes of the circles 7, and 
Ty, that is the joins of points of contact of the spheres S with 
their envelope, form a congruence with the developables parametric. 
Hence we have the fifth theorem of § 105. 

107. Conjugate congruences of spheres and circles. 
We return to the consideration of the congruence of spheres S 
whose centers describe a net N and whose radius is determined 
by a solution @ of (36), the point equation of N. By means of 
a solution 6, of (86) we determine Levy transforms N_, and N, of 
N, such that IM M_, and MM, are tangent to the curves of para- 
meter «w and v respectively of VV. By means of the functions 


ze 5 6, 08 rae ANY 0, O06 
(70) Can oe 0A, Oy’ iad OW Ov 
Ow Ov 


we determine spheres S_1 and S; with centers on N_, and N, respec- 
‘tively. The spheres S meet the spheres S_; and St in congruences 
of circles C_; and C, respectively, harmonic to S_; and S;. More- 
over, corresponding circles C_; and C; meet in the points A; and 
Ay where S touches its envelope (cf. fig. 6). 

Since the nets N_; and WN; are Laplace transforms of one 
another, the same is true of the functions @_; and 6; Ui Exe it) 
Consequently by the fourth theorem of § 99 the circles C of inter- 
section of the spheres S_1 and S form a congruence. Since the 
spheres S_; and S, pass through A; and dy, so also does their 
intersection C. 

From §97 it follows that the points of contact, Bi, BL; 
and Bi, Bi respectively, of the spheres S_; and S; with their 
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envelopes lie on C, and that the lines 
B_, B_, and B,B} are the tangents to 
the net N enveloped by the planes 
of C. Since S—1 is harmonic to C_1, 
it follows from § 105 that the line 
B_, BL", passes through the net enve- 
loped by the plane of C_1, that is 
the second focal net of A; As. Simi- 
larly the line B, Bi passes through 
the first focal net of A; Ae (cf. fig. 7). 
Consequently the congruence A; 42 is harmonic to N. Hence®®): 

If Ay and Ay are the points of contact with its envelope of 
a congruences of spheres S with centers at points of a net N and G 
as any congruence harmonic to N, the circles with the lines of G 
Jor axes and passing through the corresponding points Ay and Az form 
a congruence. Moreover, the congruence A, A, is harmonic to the 
net enveloped by the planes of the circles. 

Consider now the representation in 5-space. To the spheres S 
corresponds a congruence G, to C, and C_; the focal nets F; and 
Fy, of G, to S; and S_; congruences harmonic to #; and Fy, which 
are tangents to a net P representing the congruence of circles C. 
Hence the net P is conjugate to G. 

Conversely, if we have a congruence 
G and a conjugate net P in 5-space, 
to G there corresponds in 3-space a con- 
gruence of spheres 8 with centers at points 
of a net N. It touches its envelope at 
the points, A; and As, of intersection of 
C, and C_,, the characteristics of S when 
v and wu vary respectively. Since the 
tangents 7; and 7», to. the curves of 

lig. 8 parameter v and « of P are harmonic to 

the focal nets #; and J of G, they gene- 

rate congruences represented in 3-space by congruences of spheres 
harmonic to the circles C, and C_; respectively, the centers of the 
spheres being on nets N; and N_; conjugate to the tangents to 


8%) Cf. Guichard, 1. c., p. 198. 
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the curves of parameter v and wu respectively of N. However, since 
T; and T. are tangents to the net P, the two congruences of 
spheres with centers on N, and N_; meet in a congruence of circles, 
and corresponding points of N; and N_, are the foci of the axes 
of the circles (§ 97). Hence (§ 10) the congruence of axes is 
harmonic to N. In view of these results we say, with Guichard, 
that congruences of spheres and circles related as in the preceding 
theorem are conjugate to one another®), 

In order to obtain a congruence of circles conjugate to a con- 
eruence of spheres, we note that the coordinates of Ni are of the 
form (57) where 6; is a solution of the point equation of N, the 
net of centers of the spheres. The function 0, determining the 
radius of S; is given by (70). Hence the circles are defined 
by the equations 


; ; ee i al 0%, 00 
(1) Ler—2ym)+2%—=0, Dy +—sA=0, 


where the y’s are current coordinates. 

Conversely, if we have a congruence of circles, any net har- 
monic to the axes of the circles is given by equations of the 
form (61) and the radius of the spheres of the conjugate congruence 
is determined by (62). The converse may be stated in geometrical 
form, if we observe that it follows from the representation in 
5-space that there is a reciprocal correspondence between the 
congruence harmonic to N and the nets harmonic to the congruence 
of axes of the circles. In view of this fact and the preceding 
results we have: 

If G is a congruence harmonic to the net N enveloped by the 
planes of the circles of a congruence, and Ay and Az are the points 
of meeting of a line of G and the corresponding circle of the con- 
gruence, the plane determined by the mid-point of the segment Ay As, 
and the axis of the circle envelopes a net N; the spheres with centers 
on N and passing through Ai and Az form a congruence conjugate 
to the given congruence of circles’). 

108. Congruences of circles K determined by trans- 
formations R. In § 81 we found that if NV, and N2 are F trans- 


SD) Us Oxy We ID 
31) Of. Guichard, |. c., p. 198. 
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forms of an O net N, there can be found by quadratures alone a set 
of cot nets Ne, of which N; is a member, which are & transforms 
of a family of c1 nets My, of which NV is a member; corresponding 
points of these «7 nets lie on a circle K; the tangent planes to 
the nets at points of K pass through a point Mz which describes 
a net Ng conjugate to the congruence K of the axes of the circles K, 
this congruence being harmonic to the central nets of the trans- 
formation of N into N.; the normals to the nets Niz and N, at points - 
of K are tangent to the sphere S with center at Mg and passing 
through K. We wish to show that the circles K form a congruence 
of circles and the spheres S a congruence of spheres harmonic to 
the former. 


; 1 : : : ; 
Since o = sae is a solution of the point equation of N, 


the function (cf. § 81 and VI, 96) 


A, 
001 = o——P 
Pi 


is a solution of the point equation of Noi, and consequently 


Or Fn __ it (61 po — 42 pr) Q+ (42 1 — 1 Ge) P 


Bc a alae d Pi go— Po U 
Ou 
Oy == © Aor 8 wor = w- (91 po— Os pr) R+(6.71— 1 r2) P 
Ya of 001. bv Dit o— Poi : 
Ov ; 


are solutions of the point equations of the focal nets 7; and Fy, of 
the congruence K, and either is a Laplace transform of the other. 

From (VII, 33) it follows that the radii of the spheres with 
centers on #, and Fy and passing through the corresponding circles 
K are given by 


RE — (01 po— Ge pi)?+ (82 Gi— 91 Ge)” 
(1 Go— Do G1)” 


rk, = (01 p2 — 9. pi)?+ (02 71 — 1 Pe)? 
ey ee 
i (pr Vg— Pe rr)? 
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From these equations and (VII, 33) we find that 


2 2 ‘ 
Lyi—Rj,=2oy, Lyi — Bj, = 2ovy, 


Hence (§ 99) the circles K form a congruence, and the spheres S 
form a congruence harmonic to these circles (§ 105). 

From the second theorem of § 11 it follows that the lines 
joining the focal points of the same rank of corresponding lines 
of the congruences of the transformations R of N into two nets of 
the class NV, meet in a point M which describes the net NV’ enveloped 
by the planes of the circles K. If A; and A,'are the points of 
contact of the sphere S with its envelope, the lines A; A, form 
a congruence G which is conjugate to the net N (§ 105). 

Since normals to a pair of nets N and N; are tangent to the 
corresponding sphere S, the circles orthogonal to N and N; form 
a cyclic system (§ 79) and lie on the spheres 8. In §113 it is 
shown that a cyclic system is a congruence, and consequently this 
cyclic system is harmonic to the sphere. From the results of 
§ 105 it follows that the axes of these circles form a congruence 
conjugate to Ng. 

109. Orthogonal congruences of spheres and circles. 
Consider the congruence of spheres S with centers on N( (z) and 
radii determined by a solution 6 of the point equation of N, and 
also the harmonic circles whose planes are defined by (64).. The 
spheres S with centers on the net N enveloped by these planes 
and with radii determined by a solution » of the point equation 
of N are orthogonal to the corresponding spheres §, when, and 
only when, 


(72) 9 = Der— 6. 


In consequence of (65) we have 


es OP i On 
(73) = ae av = Le av 


Because of these equations it follows that the spheres § are 
orthogonal also to the first and minus first derived spheres of S 
(§ 99). Moreover, equations (73), being of the form (41), show 
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that the line joining the points where S touches its envelope passes 
through the corresponding point of N and hence is the axis of 
the circle. 
Conversely, let y be any solution of the point equation of N, 
and let S denote the spheres with centers on N, and radii deter- 
mined by g. Let N(x) be any net conjugate to the line joining 
the points of contact of S with its envelope, then equations (73) 
hold. By differentiating them with respect to v and w respectively, 
we get ag » 
ODDS os Ox Ox 


Ov bu ; du ov 


In consequence of these equations @ given by (72) is a solution 
of the point equation of NV, and therefore the spheres S with centers 
on WN and radii determined by 6 meet S and the two derived con- 
gruences of spheres orthogonally. We say that the congruence 
of spheres S are orthogonal to the congruence of circles in which 
the spheres S are cut by the tangent planes of N. 

By definition the poles of a circle are the two points on its 
axis, equidistant from the plane of the circle, which are the centers 
of the null spheres passing through the circle; any sphere with 
center in the plane of a circle and orthogonal to a sphere through 
the circle passes through the poles of the circle®*). For the present 
case the points of contact of S with its envelope are the poles 
of the circles, since the spheres S are orthogonal to § and its 
derived spheres. Hence: 

The circles in the tangent planes of the surface of centers of 
a congruence of spheres which have for poles the points of contact 
of the spheres with their envelope form a congruence of circles whose 
focal parameters are the same as for the congruence of spheres. 

Also: 

If C describes a congruence of circles, the spheres with centers 
on the net enveloped by the plane of C and passing through the 
poles of C form a congruence orthogonal to the congruence of circles**). 

We have seen that the spheres S orthogonal to a congruence 
of circles C are orthogonal to any congruence of spheres S  har- 


°°) Note that when the circles are real the poles are imaginary and vice-versa. 
) Cf. Guichard, 1. ¢., p. 195. 
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monic to C, as are also the first and minus first derived spheres 
S; and S_; of 8. Hence if the equation of § is Dre = 0, and the 
equations of C are Deez = 0, Dbz = 0, where the e’s and #’s 
satisfy (67), it follows from (68) that 


Ddre=0, dys, Maye i) 


a 
Ou 


0 a) 
ae h—% Dre, Dt s=o. 


Ou 


Consequently the spheres S, S; and S_; are represented in 5-space 
by a congruence and its first and minus first derived congruences 
whose lines are perpendicular to the tangents to the net represen- 
ting C. Conversely, if we have such a configuration in 5-space, 
the corresponding spheres S, Si, S_1, mm 3-space are orthogonal to 
the congruences of spheres harmonic to the circles C represented 
by the net. Consequently the points of contact of S with its — 
envelope are the poles of C. Since the centers of the spheres lie 
in the planes of C, and these planes are the tangent planes of 
the central net of S, the spheres are orthogonal to the circles. 
Hence: 

A necessary and sufficient condition that a congruence of spheres 
and a congruence of circles be orthogonal zs that the congruence of 
spheres and its first and minus first derived congruences be represented 
in 5-space by congruences of lines perpendicular to the tangents to 
the curves of the net representing the congruence of circles. 

110. Transformations F of congruences of circles. 
Consider the congruence S of spheres and the circles C harmonic 
to them, as defined in the preceding section, and in addition a 
second congruence of circles C; harmonic to 8. Let Ni(x1) be the 
net enveloped by the planes of these circles and g; be the solution 
of the point equation of N; determining the congruence of spheres 
with centers on N, and orthogonal to S. Then 


Mis re 
(74) Qn = Det, —8, 
and 

0g ins, (82 0g LMI 
(75) a ye fe a. 
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From the fifth theorem of § 105 it follows that N, is an 
F transform of N, or is parallel to N, the nets N and N, being 
conjugate to the congruence @ of lines joining the points where S 
touches its envelope. Consider first the case where N and N, are 
not parallel, then 


Oe 


where @ is a solution of the point equation of N, the direction-para- 
meters x’ of G and 6’ being in the relations 


ax ax Ox’ Ox OO , 29 09 a6 


Ou Ou’ dvi’ Be ih dvi«i 


Since @ is normal to the tangent plane to NV, we have 


(78) ni <= — 0, pase zy 


and consequently g’ defined by 


(79) g = Lax 
satisfies the equations 

Og’ Og ag’ ag 
80 = Ay = : 
cD) Ou Ou’ dv av 


From (72), (74), (76) and (79) we have 


6 
(81) VF PTs 


that is gy, is the transform of ¢. 

Conversely, let N and N, be two nets in relation F, and » 
and y; be corresponding solutions of their point equations in the 
relation (81). Let C and C, be congruences of circles in the planes 
of N and N, determined by the functions y and 9; respectively. 
The equations of the axes of these circles are 
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82 Saigo Ui ap gd ame EN 
(82) au ou : Ly av dv : 
and 

0X1 OP oe 0X1 091 ens. 
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These two lines are found to intersect in consequence of (76) and 
(81). If we denote by x the coordinates of the point of inter- 
section M, we find that they satisfy (82) and (79). 

From (79) and (80) equations (78) follow. In view of this 
result and the fact that x’ and g’ are solutions of the point equation 
of N’, equation (79) is the tangential equation of a net, and there- 
fore M describes a net conjugate to both axes. 

From the preceding section it follows that the spheres S with 
centers VW and radius determined by 6 given by (72) are harmonic 
to the circles C. But by means of (76), (79) and (81) we find 
that (74) is a consequence of (72). Hence the spheres S are like- 
wise harmonic to C. 

We say that the circles C and C; whose planes envelope nets 
in relation #' and which are determined by solutions of the point 
equations of these nets in the relation (81) are F' transforms of one 
another, or simply in relation F. Hence: 

Two congruences of circles which are F transforms of one an- 
other are harmonic to a congruence of spheres, and two congruences 
of circles harmonic to a congruence of spheres are F transforms of 
one another unless the corresponding circles lie in parallel planes. 

Incidentally we have: 

When two congruences of circles are in relation F, corresponding 
circles meet in the two points where each circle cuts the corresponding 
line of the harmonic congruence of the transformation F of the nets 
enveloped by the planes of the circles. 

If N, Ni, No and Ny are four nets of a quatern in relations / 
(§ 21) and the planes of congruences of circles C, C, and C2 enve- 
lope the respective nets N, Ni; and N, and are determined by 
functions y, gi and g»2 respectively, where 


gq cure saab : q ee Te 


270 VII. Circles and spheres 


the function gi, defined by 


dd 


6 
(84) 6; O12 gis = oe (62 O21 91 + 91 O12 2— 912 O21 9), 
2 


is the corresponding solution of the point equation of Ni2, whose 
coordinates are given by (Il, 49). Hence the circles Cj, whose planes 
envelope Ni. and which are determined by 12 are F' transforms of 
Cy and. Cy. 

We shall give another geometric interpretation of transformations 
F of congruences of circles. Take two congruences of circles con- 
jugate to the same congruence of spheres. Since their axes are 
harmonic to the net of centers of the spheres, the intersections of 
corresponding axes form a net, and consequently the spheres with 
centers at points of this net and containing the circles form a con- 
gruence of spheres harmonic to the two congruences of circles. Hence: 

Two congruences of circles conjugate to a congruence of spheres 
are im the relation of a transformation F. 

As a corollary we have: 

The nets enveloped by the planes of the circles of two congruences 
of circles conjugate to a congruence of spheres are in the relation of 
a transformation F. 

In consequence of the last theorem of § 107 and the second 
of § 110 we have: 

Two congruences of circles in the relation of a transformation F 
are conjugate to a unique congruence of spheres. 

From the foregoing theorems follows the theorem: 

Any two congruences of circles harmonic to a congruence of 
spheres are conjugate to a congruence of spheres, and conversely. 

Since two congruences of circles in relation # are conjugate 
to a congruence of spheres, it follows from that the nets in 5-space 
representing the congruences of circles are conjugate to the con- 
gruence of lines representing the spheres. Hence: 

The nets in 5-space representing congruences of circles in relation F’ 
are IF transforms of one another; and any two nets in 5-space in 
relation F' correspond to congruences of circles in relation F. 

The theorem preceding this one is a consequence of the latter and 
the fact that two nets in relation # are harmonic to a congruence. 
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111. Parallel transformations of congruences of circles. 
We consider the exceptional case where the corresponding planes 
of two congruences of circles harmonic to a congruence of spheres 
are parallel. Now 
0X1 0x OLpA. 2 ] Oy 


85 — A;~— — 
Se) au "04 av av? 


and consequently (75) is satisfied by 


Ou 28 Ow’ Ov av 


(96) OG Oe, h Oy O91 ] Og 


Suppose, conversely, that we have two congruences of circles, 
C and Ci, whose planes envelope parallel nets N(x) and AN; (21), 
and the circles are determined by corresponding functions ¢ and qi, 
that is in the relation (86), we say they are parallel transforms of 
one another. 

We consider the point M of coordinates x defined by (73) and 


(87) De (a1 


By differentiating this equation and making use of (73), (85) and 
(86), we find 


On Ox 
pe 2 (a1— x) = 0, aa (a —x) = 0. 


2) = Gi—y. 


Since a1— x and gi—g satisfy an equation of the Laplace type, 
they are the tangential coordinates of a net, the locus of M. From 
§ 109 and (87) it follows that the spheres of center M and radius 
determined by @ given by (72) are harmonic to the circles C and C,. 
Hence: 

Two congruences of circles which are parallel transforms of 
one another are harmonic to a sphere; and congruences of circles 
harmonic to a sphere such that corresponding planes are parallel, 
are parallel transforms of one another. 

112. Congruences of spheres with applicable central 
nets. Let N(x) and N(z) be two applicable nets in 3-space. Since 
they have the same point equation, the function 
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is a solution of this equation. If 6 is a solution of this equation, 
the spheres S with centers on NV and radii given by 


(89) R?=> 7°—206 
form a congruence. Since this may be written 


(90) R? = > x?—2 (6+ 6) 


the spheres S of radius #& and centers on JN also form a congruence. 
Moreover, corresponding spheres of these two congruences touch 
their envelopes at the same points when N and N are applied to 
one another. This result follows from the following theorem of 
Beltrami which is a consequence of the last theorem of [§ 164]: 

When the surface of centers of a two parameter family of 
spheres 1s deformed, the points of contact of the spheres with their 
envelope (which itself changes in the deformations) are fixed points 
with respect to the spheres. 

When 6 — 0 in (89), the spheres S pass through the origin. 
The envelope of these spheres is the origin O and the locus of the 
point O’ symmetric to O with respect to the tangent planes to NV. In 
accordance with the above theorem, when WV is applied to N, the 
loci of O and O’ are the sheets of the envelope of the spheres. 
Since O and O’ are the points of contact, we have by § 109 that 
the null spheres with centers at O and O’ meet the tangent planes 
to N in a congruence of circles orthogonal to the spheres 8. More- 
over, as NV may be displaced in space the null sphere at the origin 
may be replaced by any fixed null sphere. Hence: 

If N and N are applicable nets, the circles, in which the tangent 
planes of N are met by a fixed null sphere, become a congruence of 
circles when N is applied to N. 

113. Generation of cyclic systems. It is our purpose now 
to show that the congruences of circles referred to in the last 
theorem are cyclic systems (§ 79) and that all cyclic systems can 
be obtained in this manner. 
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Suppose we have a surface S referred to a general moving 
trihedral. From [§ 69, (51)] it follows that if (a, y, g) is a point 
fixed in space, it is necessary and sufficient that ‘ 


es Ox i 
2 a a 57 = + 8+ 1 2— 11Yo = V, 
8 Yo ee ae dYo 
aay +4 + 1io— peo = 0, ey TF tit 11 Lo— pito = O, 
Oz 0g 
+ PYo— 9% = 0, =~ — +p yo— a1 % = 0. 
If we put 
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the first four of the above equations may be written 
(91) q%@—=—A, ity = Ag; peo = B, Pie = B,, 


and the last two 


02 02 
zy = — (ay A + yo B), Z 
20 Aas (% A Yo ) & aa 


= — (%) Ay + Yo B,). 
It follows from (91) that 
(94 —p1.Q4—(AB,— A,B) = 0. 


Comparing these results with equations [§ 174, (12), (13)], we 
have that the circles of radius 72 and center (7, yo) lying in the 
plane z = 0 of the moving trihedral form a cyclic system. Evi- 
dently these are the circles in which these planes are met by the 


fixed null sphere 
PAC: — Lo)” = 


Conversely suppose we have any cyclic system consisting of 
circles, of center (zo, yo) and radius AR, lying in the plane z= 0; 
then 7, yo, R must satisfy [§ 174, (12), (13)]. Since these equations 


18 
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involve only the first fundamental coefficients of S, an infinity of 
cyclic systems is obtained by the deformation of the envelope of 
the planes of the circles. As the values of p, g, pi, @ given by 
(91) satisfy [§ 69, (48)] one of the deforms of S is determined by 
these values. The point whose coordinates with respect to its 
moving trihedral are 7, y%, —7# is fixed in space and consequently 
we have the theorem of Darboux**): 

A general cyclic system of circles situated in the tangent planes 
to a surface 8 is obtained by taking a deform of S, say S, con- 
structing the circles C of intersection of the tangent planes of S by 
a fixed null sphere and then taking the positions of C when S is 
deformed into S. 

If the center of the fixed null sphere is (a, a2, a3), 264 in (89) 
is 2 ax —)> a2, and consequently we have: 

If N(a) and N(#) are applicable nets, the circles in the tangent 
planes of N(x) determined by the solution > x?— > (%—a)? of its 
point equation form a cyclic system. 

In other words we have: 

If N(x) and N(2) ave applicable nets, the circles in the tangent 
planes of N which have for poles the points of contact with their 
envelope of spheres with centers on N and radii given by 


R= S@—a? 
Sorm a cyclic system. 

114. Transformations F of cyclic systems. In § 110 
we established transformations /’ of congruences of circles. Now 
we wish to show that certain of these transformations transform 
a cyclic system into cyclic systems®). 

Let N(x) be the net enveloped by the planes of the cyclic 
system C, N(x) the applicable net and g given by 


(92) 29 = > x— D> zx 


the function determining the cyclic system, the point equation of 
N and N being (36). 

4) Lecons, vol. 3, p. 354. 

%) Proc. Nat. Acad. Sci., vol. 5 (1919), p. 555. 
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In § 27 we showed that if A and 7 is any pair of solutions 
of the system 


oh eee, 


(93) 3° = (1-1) dlogb 


Ou 


? 


s = (hI 


the nets N’ (a’) and N’ (z'), whose coordinates are given by 


/ 


Ox 


_ 1, 3% Oar as on at Ox dx! __ 0% 
Ou Ou’ av dv’ Ou Ou’ OY Oe 


are applicable, and parallel to N and N respectively. Also, if 6’ 
is the solution of the point equations of N’ and N’ defined by 


(95) ee 
and @ is given by 
00°) 3-00 GOl. 3208 


9 — fy sa pee PHY ji, 
(96) Ou au’ dv Ov’ 


the nets N,(a,) and N,(Z,), whose coordinates are defined by 


= bs (ise 
(97) t= &—ay et; Ly = 2—— 2 


are applicable, and are F transforms of N and N respectively. 
The circles C, lying in the tangent planes of MN, and deter- 

mined by the function g,, given by (81), form a congruence which 

is an F' transform of C (§ 110). These circles form a cyclic 


system, if 
291 — — Dz}. 


Substituting the values from (81) and (97), we find 


=> x x! —> 2 x'— +. 


As this function satisfies (80), we have: 
If N(x) and N(@) are applicable nets and N'(a') and N'(z') 
are applicable nets parallel to them, and N, is the F transform of 


18* 
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N by means of N’ and the corresponding functions 6 and 6! =D>)2'* 
— > z'% the circles in the tangent planes of N, determined by g,, 
where 


(98) Bg, = Dae De® ~25-( Dna —Yrr'—4), 


form a cyclic system which is an F' transform of the cyclic system 
of circles in the planes of N determined by 29 =>x®—D 2°. 

We remark that similar results hold for the cyclic systems 
of circles in the tangent planes of N and N, determined by 
gy =—g and g, — —gq respectively. 

We shall show that these transformations admit a theorem. 
of permutability. To this end we take two nets N’(a’) and N(x”) 
parallel to N and the nets V’ and N” parallel to NV and applicable 
to NV’ and N” respectively. By means of these we determine two 
F transforms, N, and N,, of N, and N, and Nz of N such that 
N, and N, are applicable, and also N2 and N2. If we choose the 
additive constants in the functions 67’ and 63 so that (cf. H, 97) 


67. a3—2( Dia’ x MS e") = aes 


there are 0’ pairs of applicable nets Viz and Nyy such that N, 
N,, Ns, Nig and N, Ni, No, Nyy are quaterns under transformations F. 

In accordance with the preceding theorem, we set up a cyclic 
system in the planes of NV, with circles determined by gy, given by 
(98), and a cyclic system in the planes of N. with circles deter- 


mined by 
f2 = oa (2 LL ie Dee --- +), 


Since g, and gz are transforms of g by (81) and an analogous 
equation, it follows that a solution gy, of the point equation of 
My is given by (84). 

In order that gj, shall define a cyclic system for Ny, we must 
have, in accordance with (98), 


ae rs 645 
$19 a (San ct" x} — > 51% ry” — 2), 


It is readily found that this condition is satisfied identically. Hence: 
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If C, and Cy are two cyclic systems which are F transforms of 
a cyclic system C, there can be found by quadratures «+ cyclic 
system Cig which are F transforms of C, and Cy. 

115. Cyclic systems in 3-space and nets O in 5-space. 
From the theorem of [§ 177] it follows that the spheres focal to 
a cyclic system are orthogonal. Consequently a cyclic system is 
represented in 5-space by an O net (§ 98). We consider the con- 
verse problem, taking an O net N in 5-space corresponding to the 
determinant 


DCAD. Gy Pelee) Ge 
eas eee ae 
(99) A= |X3 Sa eres ; 
aM eters 
Tne neces 
We recall that 
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0X) , De 
(100) aa = ay; Ss; a = bey (k = 1, 2, a) 
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Let 3, and 3, denote the spheres of coordinates € and y 
respectively. If « are the coordinates of the congruence of spheres 8 
orthogonal to the circles C’ represented by N, we have 


(101) Dak = 0, Dan = 0. 


Since the two derived spheres of S must also be orthogonal to 
3, and 3), we must have also (§ 97) 


ss a) 
(102) De s=0, Do s=0, Pi=y=0, D1=0. 
In order that (101) be satisfied, we must have 


3 
(103) oe = > x1, Xx, 
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where %,, Zs, 23 are determined by (102). Making use of (100), 
we find that they must satisfy 


(104) > max =0, > be = 0, 
and consequently they are determined to within a factor, say ¢. 
Now ay 
Oe OXk OO | OXk 
bu —— Ou oe Ov 2 Ov Xi 
(105) > Beg 0 ¥ ie, 
av * . au © 


From these equations it is readily shown that the x’s satisfy the 
same Laplace equation as the @’s. If we choose the factor ¢ so 
that @,, %:, @,; are the coordinates 2, %2, 73 of the net N of centers 
of S, this equation assumes the form (36), and consequently 71, %2, %s 
are the coordinates of a net VN. Moreover, from (5), (104) and (105) 
we have 


R=DYe=> xr, Ddaet=> dxe?*=> dz. 


Hence N and N are applicable, and the conditions of the second 
theorem of § 113 are satisfied, so that we have: 

A necessary and sufficient condition that a congruence of circles 
be a cyclic system is that it be represented in 5-space by an O net. 

From this result and the last theorem of § 110 we have: 

The problem of transformations F' of cyclic systems is the same 
as of transformations F' of O nets into O nets in 5-space. 

The centers of the spheres ¥, and X; are the focal points of 
the congruence G of axes of the cyclic system. Their homogeneous 
coordinates are 


Bree oy (Ee m0", 2, — (+ in’). 


Since the homogeneous coordinates of the net VN, of the centers of 
the sphere S; of coordinates X; are 


Th, KR, YE eee 


it follows from (100) and § 33 that the nets NV; are harmonic to @. 
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Moreover, the cartesian coordinates x of Nj; satisfy an equation 
of the form (36), where 


b k 


ot axt 


Ok 
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As Ry= 1/(Xp+iXp and (X$—iXp/(Xp+ 1X) are solutions, so 
also is eR Hence the nets M; are 2, 0. 
The equation of the sphere S; is 


> XMz= 0. 


The pentaspherical coordinates z and z, of the points where it 
touches its envelope are common solutions of this equation, and 


(106) DE = 0, 12 = 0. 


Since they must satisfy De = 0 also, we have that they may 
be taken as 


(107) pe Ne eg be 2h oe XE 


These points le on the circle of intersection of the spheres 
XS, and 32, namely (106), and since their pentaspherical coordinates 
satisfy an equation of the Laplace type (26), the points describe 
O nets N and N, (§ 95). As in the case of Mn, these nets are 
harmonic to the congruence G, and consequently the net is ortho- 
gonal to the circles. Similar results follow for the spheres S 
and $3, which proves again that the circles of intersection of the 
spheres 3, and 3; form a cyclic system. 

In the same manner it is shown that if a, ad, a3; are any 
constants satisfying the isotropic relation Dw = 0, the quantities 
DOT EE are pentaspherical coordinates of an O net orthogonal to 
the circles. Hence: 

The last two rows of an orthogonal determinant of the fifth 
order determine a cyclic system; any isotropic linear functions of 
the terms of the first three rows are pentaspherical coordinates of 
an O net orthogonal to the cyclic system. 
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116. Cyclic congruences. In § 73 we found that a necessary 
condition that a congruence be cyclic is that the direction-para- 
meters satisfy the relation 


(108) > xX? = A? U2 BV? 


where U and V are functions of w and v alone respectively, and 
A and B are the functions which appear in the direction-equation 
of the congruence (26). Guichard®*) has shown that this condition 
is also sufficient for space of any order. We adapt his proof to 
the case of 3-space. 

In § 30 we saw that the homogeneous coordinates 2 and y’, of 
the foci of a congruence can be chosen so that 


dZ dy 
bie ee ay 


(109) 


= "2, 


in which case the direction-parameters 


a gt 
x eng (i = 1, 2, 3) 
satisfy an equation (26) with 
1 1 
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Since A and B are determined to within respective factors U and V, 
functions of w and v alone, the condition (108) may be written 


é 1 1 
(110) 2X? = = +5. 
y Zz 
If we define functions — and 7 by the equations 
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%) Annales L’Kcole Norm. Sup., ser. 3, vol. 15 (1898), p. 203. 
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the condition (110) reduces to 


ey = 0. 


i=1 


Moreover, from (109) it follows that the functions ¢ and 7 satisfy 
the equations (100). Hence the &’s and y’s are the elements of 
the last two rows of a determinant 7 of the fifth order. In con- 
sequence of the preceding section, we have that the congruence 
is harmonic to O nets. Hence: 

A necessary and sufficient condition that the direction-parameters 
of a congruence in 3-space be cyclic, that is harmonic to a net O, is 
that its parameters satisfy a condition of the form (108). 


Exercises. 


1. Show that 4—= - are the pentaspherical coordinates of any point of 
the plane at infinity not on the circle at infinity; and that a point on the circle 
of inflnity has an infinite set of coordinates of the form z;—= 2+ h/R,, where h 
is any constant and Yz!?— 0, 32}/R;= 0. 

Darboux, Lecgons, 2"? ed., vol. 1, p. 270. 

2. When two spheres are orthogonal, the center of either is the pole of 
their radical plane with respect to the other; consequently any one of the five 
spheres of § 94 is conjugate with respect to the tetrahedron whose vertices are 
the centers of the other four spheres. Darboux, Principes de Géom. Anal. p. 384. 

3. If a sphere S of center (a, 6, c) and radius R is subjected to an inversion 
with respect to the sphere So of center (0, 0, 0) and radius k, the center (a’, b’, c’) 
and radius R’ of the transform S’ are given by 


im Boe Oe elt, Ae f 

a b CL meh a?+ b?+ c?— R?° 
When 8 is orthogonal to So, S' coincides with S. Darboux, |. ¢., p. 386. 
4. When in Ex. 3 we replace S by Sy, we have Rk’'= — R. Consequently 


the pentaspherical coordinates z, of a point P and its inverse P’ with respect 
to the fundamental sphere S; differ in sign, but the other four coordinates of P 
and P’ are respectively equal. Hence five successive inversions with respect to 
the five fundamental spheres transform a point into itself. Darboux, 1. c., p. 387. 

5. From (19) it follows that the equation in pentaspherical coordinates z 
of a sphere of radius p and center of pentaspherical coordinates 2/ is 


Zz, zi 
OS ee eS 
ish 27, me 
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Hence the pentaspherical coordinates of the center and the radius of the sphere 
Saiz = 0 are given by 
1 een V aa? 
“= as = 


j P= . 
a ee pe 
z, z, 
Darboux, l. c., p. 390. 


6. If in (20) we replace dz; by dz;+kéz; and equate the coefficients of i: 
on both sides of the equation, we get 


ds ds cos (ds, ds) = beh e 
25 
(Dz) 
for the angle between two displacements. Darboux, l. ¢., p. 389. 
7. A homogeneous equation ie .... 25) =O defines a surface. For 
a displacement on the surface aE: Bz, dz,;=0. If we put dz;=2 a we 


2 


have 3 24 5f = = 0, since ¢ is homogeneous. From Ex. 6 it follows 
that the oat a2, is normal to the surface. Darboux, l. ¢., p. 403. 
Galilee ) = 0 and w (%1,.... 25) = 0 define two surfaces, the 
angle 6 between their tangent planes at any point is given by (cf. Exs. 6, 7) 
0g Ob 
Oz Oz: 
cos 6 : 
Vesey 
Oz: 


Darboux, lL. c., p. 404. 
9. The equation 


2 (u 


0260 
_ Oudv ga dv segs 


admits the solutions 06 = A V wu — a) (v—a), where A and a are arbitrary con- 
stants. If we put f(w) = Y(w— a;) where a;(i = 1, ...5) are constants, the 


five functions 


(a;— wu) (a;—v) (@; =p) 
— 7 (Misa 
i (a;) 
satisfy (24) and for each value of the constant A are the pentaspherical coor- 
dinates of a surface referred to its lines of curvature. The equation of this one 
parameter family of surfaces is 


Li Gero) 


2 


2; 


(i) > —— =0 
a;—h : 
which, in consequence of (21), is expressible in cartesian coordinates as follows: 


vi wi 4 Yt+wty¥ty  G+yity—D? 


Waa > Gaeeh tG.-—) Ss i ee 


(ii) 
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These surfaces of the fourth degree admitting the circle at infinity as a double 
line are called cyclides. Darboux, Lecons, 2"4 ed., vol. 1, p. 258. 
10. Show that 
z ie 


ee 5 
G—*) Daw (a;—h’') ae a,—h aes Gir ha 


and consequently two cyclides meet orthogonally along their line of intersection. 
Show that three cyclides of the family (ii) Ex. 9 pass through a point, and that 
this equation defines a triply orthogonal system of surfaces. 

Darboux, Principes de Géom. Anal., p. 478. 

11. A cyclide defined by (i) Ex. 9 is transformed into itself by an inversion 
with respect to any of the five coordinate spheres (Ex. 4). Darboux, 1. c., p. 421. 

12. Show that transformations R of an O net defined in pentaspherical 
coordinates is the same problem as finding congruences conjugate to a net in 
5-space on the hypercone (24) (cf. VI, Ex. 3). 

13. A necessary and sufficient condition that the spheres of a congruence 
be orthogonal to a fixed sphere or pass through a point is that 6 in (88) be 
a linear function of the x’s. Show that in the former case either sheet of the 
envelope is obtainable from the other by an inversion with respect to the 
fixed sphere. 

14. If the spheres S of a congruence cut a fixed sphere 2 under constant angle, 
different from 0 and z, by the addition of a constant to the radius of each sphere S 
the new spheres Si are orthogonal to a fixed sphere 3; concentric with 2. Hence 
the sheets of the envelope of the spheres S being parallel to the sheets of the 
envelope of the spheres S; are in relation R. 

Darboux, Lecons, 2™ ed., vol.1, p. 310. 

15. When the equations (50) of a line in are written in the form x =rz-+p, 
y =sz+a, the equation of the corresponding sphere in R is 


fete) 3 (y—i a (z— 11 \*_ [zany 


where 7 = sp—rao. Lie, l.c. 
16. To the points in R correspond in v the lines defined by the Pfaffian 
equation : 
xdy—ydx+dz=—0. 

Jure;_]s ¢; 

17. The surface elements of a surface o (§ 103) are defined by zx, y, z, p, q. 

From Ex.16 it follows that the null-plane of the point (a, y,z) is yx’— vy'+z—2'=0, 

where x’, y’, z’ are current coordinates. Since this is the tangent plane to o’, 

the corresponding surface element of the latter is defined by 
a’ == — q, y' =P, 2! = 2—xp—yq, p=y, Qa oe es 

Lie, 1. c., p. 467. 

18. The lines through m (a, y,z) of ¢ lying in the tangent plane are defined by 


(ac! — x) = r (2’—2), y'—y = s(2'—2), 


Gi 


~— 
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where x’, y’, z’ are current coordinates, and 7 and s are such that pr-+qs = 1- 
To these lines correspond the spheres 


r(X?+ ¥?4+Z2)—(sta—rz)X—i(s—at+rz)¥+(i—se+ry)Z+y—sz=0. 
; Lie, 1. c. 
19. The tangent plane to 2 is defined by (i) Ex.18 when r= 0, gs=1, 
that is ; 
(eq+1)X—i@g—1) Y+@—q)2Z+2—-qy = 09. 


This plane is tangent to each of the spheres (i) at the point (X, Y, Z), where 


ey 23 petrdqy Mae ecg mee _ _ peray 
X+1Y =—z+u eer xX—1Y = at Z ES 


and the other functions, P, Q, of the surface elements of 2 are 


ee el 
(Piz “q—ax’ Q = Rr Ban, 

These five equations determine the surface element of Y corresponding to a surface 
element of a. Lie, 1. ¢. 

20. Show that when the equations of Ex.19 are applied to the surface o’ 
we get the same result as for a. Bie plac. 

21. Let a line d generate a congruence G, its focal points being A and B; 
and let d: and d_, be the corresponding lines of the first and minus first derived 
congruences of G. When this configuration is subjected to a Lie transformation, 
spheres S, S: and S_, correspond to d, d: and d_,; the spheres S and S; are 
tangent at a point M, of one sheet 2: of the envelope of the spheres S, and S 
and S_, at a point M_., of the other sheet 2_,; moreover, the centers C and C; 
of S and S; are harmonic to the centers of principal curvature of 2; at Mi and 
the centers C and C_, are harmonic to the centers of principal curvature of 2_, 
at M_.,. Demoulin, Comptes Rendus, vol. 153 (1911), p. 590. 

22. If in the preceding exercise the lines d belong to the linear complex 
of the transformation, the spheres S are points M, the two surfaces 3; and 2-1 
coincide and are the locus 2 of these points; the spheres S; and S_: coincide, 
are tangent to 2 and their centers are harmonic to points of Y with respect to 
the centers of principal curvature of 2; and the lines d; and d_, are conjugate 
with respect to the complex. Demoulin, |. c. 

23. To a surface with isothermal spherical representation of its lines of 
curvature corresponds by a Lie transformation a surface upon which there is 
an R net for which the tangents to all the curves is one family meet a fixed 
line (cf. VII, Ex. 25). Demoulin, 1. e. 

24. To an isothermic surface corresponds by a Lie transformation a surface 
upon which there is an R net for which the tangents to all the curves in one 
family are lines of the complex of the transformation. Demoulin, 1. ¢. 

25. When a congruence in 5-space is I, the corresponding congruence of 
spheres in 3-space is formed by point-spheres, whose centers describe a surface 
upon which the parametric net N consists of its lines of curvature. The orthogonal 
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congruence of circles consists of circle points with centers on N and in the 
tangent plane of N. Guichard, I. c., p. 199. 

26. The spheres of a transformation R in 3-space are represented in 5-space 
by a congruence 2, I, such that if the parameters of the congruence are given 
by (2) with h=1, the complementary function is R. Conversely any con- 
gruence 2,1 of spheres gives a transformation of Ribaucour of the sheets of its 
envelope. 

27. A necessary and sufficient condition that on an envelope of spheres the 
lines of curvature in both systems be spherical is that the six coordinates of 
the sphere be of the form a= U;+ Vi, where U; and Vi are functions of « 
and v respectively subject to the condition S(Ui:+ Vi)?= 0. 

Darboux, Lecons, 2™¢ ed., vol. 2, p. 357. 

28. A necessary and sufficient condition that on an envelope of spheres the 
lines of curvaturesin one system be spherical is that the six coordinates a; of 
the spheres satisfy an equation of Laplace for which one of the invariants is 
equal to zero. Darboux, 1. ¢. 

29. When the envelope S of the planes of a congruence of circles is referred 
to a moving trihedral, and the coordinates of the center are (a, b) and the radius 
is R, the coordinates of the poles of the circles are (a, b,iR) and (a,b, —7R). 
The radii of the spheres with centers on S orthogonal to the circles are given 
by /a?+b?— R*®. In this case equations (40) assume the form [§ 174, (14)]. 

30. By means of the preceding exercise and [§ 175, 20] show that a necessary 
and sufficient condition that the circles form a cyclic system is that the focal 
points of the congruence of lines joining corresponding points on the envelope 
of spheres are harmonic with respect to the points of contact. 

Ribaucour, Journ. de Math., ser. 4, vol, 7 (1891), p. 260. 

31. From the preceding exercise and § 82 it follows that a necessary and 
sufficient condition that the circles orthogonal to the spheres of a transformation & 
form a cyclic system is that it be a transformation Dn, of isothermal O nets. 

32. If N and ™, are two O nets in relation R, the circles orthogonal to N 
and N; form a cyclic system (§ 79); the poles P, and Pt of the circles have 
coordinates of the form 


ae oe 
q—ir’ 


Ce 
ao, = x«2—0 


the points P, and P4 describe the sheets of the envelope of the spheres through 
Py and P’, with centers on the net N(@) enveloped by the plane of the circles 
(ef. § 79); the radius of the spheres is given by 


R= 2; GO +kpt+O+kh = 2jo+ hk’; 
also 


Sz? — R? = S?4-2jo'+2Pk, 


where w’ is given by (VI, 80). Show that the right-hand member of this equation 
is a solution of the point equation of N. Show also that Po» and P% are har- 
monic with respect to the focal points of the congruence of axes of the circles. 
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33. A necessary and sufficient condition that the poles Py and P% of Ex. 32 
describe O nets in relation R is that the point equation of N admit as solution 
R=V/ 2jo+k*. This condition is reducible to 


(i) 6+ pO (pit ps) +p po [9 (A+) —@—r?] =0. 


Show that the two sheets of the envelope are conformally represented upon one 
another and the transformation R is Dm. 

34. If S and S; are two surfaces of Guichard of the first kind in the 
relation of a transformation Rm (§ 92), the condition (i) of Ex. 33 is satisfied 
when m= 4. The same is true for the associate surfaces S and Si. The points 
P» and Py describe isothermic nets No and Ny which are Christoffel transforms of 
one another; likewise P%, and P’,; and the product of the segments P, P4) and 
P, P’, is equal to 4. The nets Ny and N’, are in relation D1 and likewise 
Ny and N%,. Calapso, Annali, ser. 3, vol# 24 (1915), p. 25. 

35. If two applicable nets N and N are O, the cyclic congruences deter- 
mined by the method of § 112 are normal, and parallel to congruences of normals 
to a spherical surface [cf. § 178]. 

36. The problem of finding cyclic systems whose planes envelope a sphere 
is equivalent to the determination of surfaces S applicable to the sphere. If 
4, Ha, L, ave the coordinates of a surface applicable to a sphere of radius a, 
the circles in the tangent planes of the sphere determined by 2g = a?— Sx? form 
such a cyclic system. 

37. Let S be a surface applicable to a sphere So, and x; (¢ = 1, 2, 3) the 
coordinates of S; then a, ®», x3, Sx? are the tangential coordinates of a surface 
whose lines of curvature correspond to the lines of curvature of S. 

Ribaucour, |. ¢., p. 55. 

38. Consider a Go net N in 3-space as defined by (VI, Ex. 12), and take 
the congruence of spheres of radius o with centers on V. Show that corre- 
sponding points of the Laplace transforms of N lie on the corresponding sphere; 
that the developables of the congruence G of lines joining corresponding points 
of contact of the sphere with its envelope are parametric and the focal planes 
of G are tangent to the sphere at corresponding points of the Laplace trans- 
forms, Ni and N_, of N; that the focal point of the first rank of G is the center 
of the osculating sphere of the curve v = const. of Ni; and the center of normal 
curvature of the curve w = const. of Ni, and similarly for the focal point of 
second rank; and that the curves « = const. of N-1 and v = const. of Ni have 
common osculating circles at corresponding points. 

Stetson, Annals, vol. 19 (1917), p. 123. 

39. If the curves of two nets Ni and N; correspond and the osculating 
planes of the curves v = const. of Ni osculate the curves «= const. of Ne at 
corresponding points, then M, and Ny, are O nets, and N; is the first Laplace 
transform and N. the minus first transform of a net N, which is a net Go. 

Stetson, Annals, vol 19 (1917), p. 123. 


Chapter IX. 
Rolling surfaces. 


117. Congruences harmonic to nets C. Let N(x) be 
a net C in 3-space and N(x) the applicable net. If 6 is a solution 
of their common point equation, the congruences G and G harmonic. 
to these respective nets and determined by 4 have direction- 
parameters of the form 


da, 00 8a 00 = 0%; 00 38a; 28 


5 eis = : 
: du Ov dv Ow’ : du dv Ov bu 


These functions satisfy the same direction-equation and are in the 


relation Ft 
2 Xi = DX, 


since N and N are applicable. 

If 6 = Zz, then X;—0; if 6 = Z,+%z%2, then X?+X3 = 0. 
In the latter case G is 2,J, that is a normal congruence. The 
intersections of corresponding lines of G and of the harmonic con- 
gruence G’ determined by 6 = xs generate a net Nag conjugate to 
G and G’, being a derived net of N (§ 11). From (I, Ex. 15) it 
follows that Ng is parallel to the net of coordinates 

Xi Xj 


0% 00 0% 00 7 ¥ 


Ou Ov Ov Ou 


and the complementary function y’, defined by (VI,17) is equal 
to 1. Hence this net and consequently Nag, is an O net. There- 
fore the oo1 O nets normal to G are determined by the congruences 
harmonic to N for which 6=2z3;-+const. Then by applying an 
orthogonal substitution to the z’s, or what is the same thing 
displacing NV in space, we have: 
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If N(x) is a net C and N(x) the applicable net, of the con- 
gruences harmonic to N: 


co! families of parallel congruences are 2,1; 
ow” families are 3,1 and the others are 4,1; 


in the first and second cases 6 = D> artd with i 0 and 
>a +0 respectively. The O nets normal to a congruence 2,1 are 
generated by its points of intersection with the parallel ne 
congruences determined by 0 —»’ ba-+e, where My ab=0, Dake b= 

ao being the conjugate imaginary of a. si 

If now we consider the congruence G harmonic to V determined 
by 6 = 2%,+7%2, we find that the lines of this congruence lie in 
the plane «+772. —0. Moreover the points of these lines corre- 
sponding to the points on the congruence G which generate the 
O nets normal to G are the intersections of these lines in the plane 
+ 1%, == 0 and the planes 7; = const. In the general case when 
6= > ae+ d, with a= 0, the lines of the congruence G@ lie 
in the isotropic plane Dar+ d = 0, and the points corresponding 
to the points on G describing the O nets are the intersections of 
these lines and the oo’ isotropic lines lying in this plane. 

118. Rolling surfaces. Let S and § be two applicable 
surfaces, and M and M corresponding points. Imagine S held fixed 
and S moved in space so that M comes into coincidence with M, 
and the tangent planes at M and M come into coincidence, and 
likewise corresponding linear elements arising from Mand M. For 
each pair of points Mand M we have a different position of S. Con- 
sequently S assumes oo” different positions, unless S and § are 
ruled surfaces with generators in correspondence [cf. 142], in which 
case there are oo! different positions. In this particular case the 
two surfaces do not have a net in common; it will be assumed 
that this case is excluded in what follows, unless mention is made 
of it. As 8 undergoes this rigid motion of two parameters it is 
said to voll on S. The common tangent plane at the point of 
coincidence of S and S is called the plane of contact. 

The results of the last paragraph of the preceding section 
may be stated as follows*®): 


7) Darboux, Annales L’Kcole Norm. Sup., ser. 3, vol. 16 (1899), p. 467. 
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When a surface 8 rolls over an applicable surface S, a plane i 
invariably fixed to S, cuts the plane of contact of S and S in 
a line d which generates a congruence, which is harmonic to the 
net common to S and S. When « is isotropic, the congruence of 
lines d is normal to a family of surfaces whose lines of curvature 
correspond to the net common to S and S; moreover, every isotropic 
line in 7 meets d in the point which describes one of these normal sur faces. 

Any line fixed to S may be looked upon as the intersection 
of two planes fixed to 8. Since furthermore, there is a unique 
isotropic plane through an isotropic line, we have: 

When a surface S rolls over an applicable surface S, a line 1 
invariably fixed to S meets the plane of contact in a point which 
generates a derived net of the net common to S and S; if las an 
asotropic line this derived net is an O net, the normals to which are 
the positions of the intersections of the tangent planes to S and 
the unique isotropic plane through Ll; all derwed O nets are so determined. 

As a corollary we have: it 

If two parallel isotropic lines are invariably bound to a surface S 
as it rolls over S, the two O nets generated by the points of meeting 
of these lines and the plane of contact have the same spherical 
representation. 

We may now restate the first theorem of $113 as follows: 

If a surface S rolls over an applicable surface S and Q is 
a point invariably fixed to S, the isotropic lines through Q (null 
sphere) meet the plane of contact in points P, on a circle C, which 
generate the O nets orthogonal to the cyclic system of the circles C. 

Also: 

If S and § are applicable surfaces and lines | are drawn 
through a fixed point normal to the tangent planes to S, as S rolls 
over S the lines | generate a cyclic congruence whose developables 
correspond to the net common to S and S. 

If N(x) and N,(x,) are nets in relation F’ by means of a net 
N’(z') and corresponding solutions @ and 6’ of the point equations 
of N and N’ respectively, and g, y’, g: and y, w’, Y are sets of 
corresponding solutions of the point equations of NV, A’ and N; so that 


6 6 6 
ey = Ek, Pipe $— are We ler 
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the derived nets of N and NV, by means of the respective pairs of 
functions y, W and g,, % are in relation # (II, Ex. 6). Suppose 
now that N, N’ and N, are nets C, and that the applicable nets 


are N, N’ and N, so that 
Ue, 


Ly ae hee 
6 ? 


the functions @ and 6’ being chosen in accordance with § 27. If 
we take 

g=nr+thy+aqet+d, g = n2’+hy’+a2', 

W = Ugh + bey + 2 + de, W! = ax’ + bey’ + 2’, 


where a, b,,....d, are arbitrary constants, then 


(= he, +hyntaata, Wy = A221 + b2 41 + 21+ de. 


In this case the derived nets of N and A, are the loci of the 
points of meeting of the line 


Herthytaetd =), agx+ boy +cet+td, = 0 


with the respective planes of contact as N rolls over NV and J, 
over N,. Hence: 

If Nand N ave applicable nets, and N, and N, are F trans- 
forms of N and N respectively, by means of 6' = => x? — Dz" , such 
that they are applicable, and lis a line invariably bound to N and N,, 
as N, rolls on N, the point where | meets the plane of contact of 
N, and N, generates a net which is an F transform of the net 
generated by the point where | meets the plane of contact when 
N rolls on N. 

If the line / is isotropic, the two nets thus found are O nets 
in the relation R. Hence: 

If Nand N are applicable nets and N, and N, ave F trans- 
forms by means of 6'= ay wel? yx", the cyclic systems in which 
a point sphere invariably bound to N and N, meets the common 
tangent planes as N rolls on N and as N, rolls on Ny, are in 
relation F’; moreover, the two surfaces orthogonal to these cyclic systems 
determined by each generator of the null sphere are in relation R. 
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119. Special isothermic surfaces. We apply these results 
to the case where § is a quadric Q which meets the circle at 
infinity in four distinct points P;. Through each of these points 
pass two isotropic generators, d;, d;. The twelve points of inter- 
section of lines d; and di, where 7 + k, are the umbilical points of Q. 
If m; and mj; are the points where d; and dj meet the plane of 
contact of Q and S, and 2; and 2} denote the loci of m; and m; 
as Q rolls over S, on the eight surfaces 3; and %; the lines of 
curvature correspond to the nets NV and N common to Q and S. 
Two surfaces ¥; and +; (k +7) are normal to the circles of inter- 
section of the planes of contact with the point sphere having its 
center at the umbilical point of intersection Pi, of d; and d;. Two 
surfaces 3; and 2; have the same spherical representation of their 
lines of curvature, by the third theorem of § 118. The O nets on 
3; and 3; are conjugate to the congruence of the lines of inter- 
section of the plane of contact and the plane of the lines d; and dj. 
Likewise, the O nets on 3; and 3; are conjugate to the congruence 
of lines of intersection of the plane of contact and the plane of 
the lines d; and dj, that is the tangent plane to Q at Pix. The 
congruence of lines m; mj is harmonic to the net N on 8S, and its 
focal points divide harmonically the segment m; mi, since the points 
m; and m; lie on the generators of Q. Similar results hold for the 
congruence of lines m; mz. Hence 3; and 3; are isothermic surfaces 
in the relation of a Christoffel transformation [§ 159]. Moreover 
3; and 3}, are in the relation of a transformation K (§ 25) which 
is a transformation D» since the nets are O nets. Hence we have 
the theorem of Darboux®’): 

When a quadric Q which meets the circle at infinity im four 
distinct points rolls on an applicable surface S, the eight surfaces 
generated by the points of intersection of the isotropic generators 
and the plane of contact are «wsothermic, their lines of curvature 
corresponding to the net common to Q and S; two of these surfaces 
determined by generators through a point at infimty are Christoffel 
transforms of one another: two determined by generators through 
an umbilical point are in the relation of a transformation Dm. 

In § 84 we considered these isothermic surfaces from another 


%) Lc. p. 492. 
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point of view and found that they are the type called special by 

Bianchi. 
120. Rolling of a surface applicable to a surface of 

revolution. Let S be a surface of revolution defined by 


“= 7 COSt, y =r sinv, 79 (7). 
Its linear element is 
(1) ds® = (1+ g"*) dr? +7? dv’. 
Let S be a surface applicable to S. If we put 
(2) du = V1+ "dr, U7 
the linear element assumes the form 


ds* = dw?+ U? dv’. 


The tangents to the deforms of the meridians of S, that is the 
curves v = const. form a normal congruence G for which the other 
focal surface, S,, called the complementary surface to S, is given 
by equations of the form [ef. § 76] 


(3) = ¢2£— ete 


We recall from [§ 124] that this surface S, is applicable to 
a surface of revolution, whose linear element is 


, Fre 4 
(4) is =U? fa dal ds 


1 
ayia dw, 
that the normal congruence @ is a W congruence and that any 
normal W congruence may be obtained in this manner. 
When we apply equations (3) to S, we obtain 


i= yi = 0, 21=9-—"179, 


which is the point of intersection of the tangent to the meridian 
at a given point and the axis of revolution of S. Hence: 
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When a surface of revolution S rolls on an applicable surface 8, 
the point in which the axis of S meets the plane of contact generates 
the complementary surface S, of S, and the line joining this point 
to the corresponding point of 8 generates a normal W congruence 
of which S and S, are the focal surfaces; moreover, any normal 
W congruence may be generated in this manner. 

If we put 
(5) hR—=kV ite", Ww kv, 


% 


where & is any constant, by means of (2) equation (4) is reducible to 
y 
(6) as. = @ drit+rj det. 


If S is the quadric of revolution 


Z r 
“) alia arr 
we have 
: ’ (a— b) 27+ 0? 
Yay 
(8) ise sae Sia b (b as 7?) : 


Substituting this expression in the first of (5), solving for r? and 
putting k? = 6?/(b—a), we have 


yr (a—b) +P? 


ke b(b—Fr?) 


Hence (6) assumes the same form as (1) for the expression (8), 
that is S, is applicable to S. 
Similarly, if S is the paraboloid of revolution 


(a) eae 22 r 
we have 1-++ y®—1-+ m7»? and by taking k* = —1/m?, we find 


that S, is applicable to S. Hence: A 
When a non-developable quadric of revolution S rolls on an 
applicable surface S, the point in which the axis of S meets the 
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common tangent plane generates the complementary surface S, of S, 
and S, is applicable to 8S. 

As a consequence of the results of § 100 we have the theorem: 

When a non-developable quadric of revolution S rolls on an 
applicable surface S, the spheres with centers on S passing through 
either focus are tangent to two surfaces in relation R. 

121. The fundamental theorems of Guichard. Let S 
be a surface applicable to the quadric of revolution S which is 
defined by (7). Denote by A and A’ the extremities of the axis 
of revolution of S, and let S be in contact with S at a point M. 
Denote by d, d, and d’, dj the isotropic generators of S through A 
and A’ respectively. These lines meet the common tangent plane 7 
in the respective points a, a, a’, aj. The lines aaj and a’ a, are the 
generators of S through M. The lines aa’ and a,ai are the inter- 
sections with the plane w of the isotropic planes through 4A’ 
and the pairs of parallel generators d, d’ and d,, di. 

From the theorems of § 118 it follows that as S rolls on S, 
the lines aa’ and a,aj generate normal congruences, and the points 
a, a’ and a, a1 generate O nets normal to these congruences. More- 
over, these congruences are harmonic to the net N common to S 
and §. Since the lines aa{ and a’a, are the generators of S and 
therefore form a harmonic pencil with the tangents to any net 
at M it follows that the focal points of the lines aa’ and a,a{ 
divide harmonically the segments aa’ and a,a; both of which are 
of the constant length AA’. It can be shown by the methods 
of [§ 73], that the surfaces generated by a, a’, a, aj, have constant 

ee 
mean curvature + “ar 

The lines aa’ and a,a; meet in the point M/’ in which the 
axis of S meets the common tangent plane. Hence J/’ describes 
a derived net N’ of N, and as shown in the preceding section N’ 
lies on a surface applicable to 8. 

From the fourth theorem of § 118 it follows that a and a, 
describe two of the O nets orthogonal to the cyclic system of circles 
in which the null sphere at A meets the common tangent plane. 
Hence these O nets are in relation R, and the net NV’ is the central 
net. Similarly a’ and aj describe O nets in relation R with the 
same central net. 
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Hence we have the theorem’): 

When a central quadric of revolution S rolls on an applicable 
surface S, the points a, a, and a’, ai in which the isotropic generators 
through the extremities, A, A’, of the axis of S meet the common 
tangent plane, generate surfaces of constant mean curvature, such 
that (a) and (a), and (a’) and (ay), are pairs in relation R; and (a) 
and (a'), and (a) and (a3), are pairs of parallel surfaces. 

From the theorem of Bonnet [§ 73] it follows that the mean 
points of the segments aa’ and a, ai generate surfaces of constant 
total curvature in relation RF. 

Since the tangent planes to S and its complementary surface S, 
are normal to one another, when S rolls on S, the tangent planes 
wt, to S, pass through the axis of S, an infinity of them corre- 
sponding to one plane. When S, is applied to S the planes 7, 
become tangent to S$ and the lines which coincided with the axis 
of § when S was applied to S become a family of generators 
of S, since an infinity of the planes a, pass through each line. 
The isotropic planes through the axis become the isotropic tangent 
planes to S which have the property of passing through the foci 
of §. Consequently when S, is applied to S either the lines 
a ai (or a’ a,) coincide with the axis of S and a and aj (or a’ anda) 
become the foci of S. Accordingly as S rolls on S; the surfaces 
generated by a, a and by a’ ai are the sheets of the envelope of 
spheres with centers on S and passing through one and the other 
focus of S respectively. Since a and a, are symmetric with respect 
to the common tangent plane, we have the above results in the 
following form as given by Guichard’®): 

If S is a central quadric of revolution whose aais is of length 
2a, F, and Fy, its foci, and gy, and gz the symmetric points of F, 
and Fy, with respect to the tangent planes of S, then as S rolls over 
an applicable surface the points Fy, Fs, 91, 92 describe surfaces of 
constant mean curvature + 1/a. 

When ¥ is the paraboloid (9), two of the points a’ and aj are 
at infinity, and consequently the points a and a, bisect the focal 
segments of the normal congruences generated by the lines in which 


99) Darboux, l.c., p. 477. 
100) Comptes Rendus, vol. 128 (1899), p. 232; cf. also Darboux, |. ¢., p. 477. 
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the isotropic planes through the axis of S and the isotropic generators 
through the vertex of S meet the common tangent planes of S 
and §. Hence: 

When a paraboloid of revolution S rolls on an applicable sur- 
Jace S, the points in which the two isotropic generators through the 
vertex meet the common tangent plane generate two minimal surfaces 
in relation R, and the central net of the transformation R is described 
by the point in which the axis of S meets the common tangent planes. 

In § 120 we showed that this central net lies on a surface 
also applicable to S. By reasoning similar to that for a central 
quadric of revolution, we obtain the theorem of Guichard'’): 

When «a paraboloid of revolution rolls on a surface applicable 
to the paraboloid, the focus and the point symmetric to it with respect 
to the common tangent plane generate minimal surfaces. 

In § 127 we give analytical proofs of these theorems of 
Guichard. 

122. Deformable transformations R of the first type. 
Let S) be the surface of centers of a congruence of spheres of 
radius R. Corresponding points on the sheets, S and S,, of the 
envelope are symmetric with respect to the tangent plane to Sp 
at the corresponding point /. Let Sy be referred to a moving 
trihedral whose plane y= 0 is the plan MM) 14, and let the 
parametric lines on Sp be chosen so that the x and y axes are 
tangent to the curves v = const. and wu — const. respectively. 
If o denotes the angle which the line Jf M) makes with the plane 
z= 0, the coordinates of WM are Reoso, 0, Ksinoe. 

The displacements of a point P of coordinates tcoso, 0, ¢sine 
are given by [§ 69] 


bose fd (tcos 0) + Edut(qdut+q dv) tsine, 
(LO) da 4, der du-+ 7, dv) tcos¢—(p du-+ p, dv) tsin o, 
Oz = d(tsino) — (qdu+q dv) tcoso. 


When we replace ¢ by & and require that 
coso 0x+singdz = 0 


Be Sten 
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for all displacements of Mj, we find 


OTe ae OR 
it ——-+1¢é = eee (), 
(11) s + coso= 0, ne 0 
In order that M/ describe a line of curvature on S, it is necessary 
that there be a point P such that 


Ox oy Oz 
cosa 0 sing’ 


These conditions are equivalent to 


12) ni dvu+[(rdu-+ 7, dv) coso—(pdu-+ p, dv) sino] t = 0, 
( €sin¢odu+ [qdu+q, dv—do]t = 0. 


Eliminating ¢ from these equations, we obtain as the equation of 
the lines of curvature on S 


i sino (p sino—r cosa) du*-+m (gu—5~) av’ 


(13) 
+ ln (g— 2") + § sin o(p, sino—r, c0s0)| dude = 0. 


The equation of the lines of curvature on S, is obtained from (13) 
by replacing « by —o. In order that the lines of curvature on 
S and S, correspond, that is that the congruence of spheres be R, 
it is necessary and sufficient that 


0 0 : 
a reoso a tae a +& sine COS67; 
. aC ia. 4 2 . 
p sine hh m1 Y+§p, sin? o 


We recall that, in accordance with the theorem of Beltrami 
(§ 112), if S) is deformed, the spheres touch their envelope at the 
same points of the spheres as for S. We investigate under what 
conditions a congruence # of spheres remains a congruence & in 
all deformations of the central surface 5). Evidently o remains 
unaltered, as do also the functions &, 7;, 7,71, since they depend 
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only on the linear element of Sp [§ 72]. However, the functions », q, 
Pi, %@ Vary in the deformation. Consequently if equations (14) are 
to hold for all deformations, we must have [cf. § 72, (75)] 


é 00 ; ON 
(15) r= ——— =0, —=0, h 5, + Sing cose aac. 


Hence o must be a function of w alone. Then from the last of 
(15) it follows that the parameter 1 can be chosen so that 7 is 
a function of w alone. Moreover, from the first of (15) we find 
that € is a function of wu alone. Hence S) is applicable to a surface 
of revolution. If we take the linear element of S) in the form 


(16) dsj = U? du?+ uw? dv, 
from the last of (15) we obtain 


(17) tano = 24 


where c is a constant. Then from (11) we have 


(18) R= — Uy ee tr. const. 

V w+ 
Hence we have the theorem of Bianchi*®): 

In order that a congruence R of spheres remain a congruence R 
im all deformations of the central surface So, it is necessary and 
sufficient that Sy be applicable to a surface of revolution and that 
the radius of the spheres be given by (18). 

123. Deformable transformations R of the second type. 
In this section we determine every congruence & of spheres whose 
central net Ny admits an applicable net MN) which is 2,0 and conse- 
quently is the central net of another congruence # of spheres*®*), 
To this end we make use of the equations of a transformation R 
as given in § 78. 


102) Lezioni, vol. 2, p. 117. 
08) Cf. Trans. Amer. Math. Soc. vol. 17 (1916), pp. 437--458; also, Calapso, 
Annali, vol. 26 (1917), pp. 151—190. 
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From (VII, 7) we have 


ssa lela 0 ) — & 
(19) lp) oie ap laoe 
where 
(20) I,=VE(1+—"), In = VG (1+—-), 
Op 2 p 


Since the radius of the spheres of the transformation is 6/p, and 
this radius must be the same for the spheres of centers on No 
applicable to No, by the theorem of Beltrami (§ 112), we must 


have for the functions 6 and p of the corresponding transformation 
(21) 6 = 08, i 0), 


where @ is a factor of proportionality to be determined. 
From (VU, 10) we find that the first fundamental coefficients Kp, 
Fo, Go of No are 


m= 23[1+(£)] Fy = Lala‘, a= 23[1+(=) 


If we denote by S and S, the sheets of the envelope of spheres 
of radius 6/p with centers on Ny and by q, 7, w the functions of 
the R transformation from S into She the latter functions must satisfy 
equations of the form (VII, 7). From (19), (20) and the analogous 
equations for the transformation of S, we get 


VBqe(1+ 2-2) =Vza(i+—-), 
: Cre 
(23) manne 
V Gr f 7) — Gr f =*), 

eter Qo p i Q2 Pp 
From these equations and the ones obtained by expressing the 
equality of the first fundamental coefficients of Sp and S as given 
by equations of the form (22), we have 


(24) I= ea, r= or, w= ow, 
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by making a suitable choice of signs of VE and iG: and requiring” 
that the quadratic relation (VII, 8) be satisfied also by the functions 
Pp, 4 r and w. 

When the above expressions for g and 7 are substituted in 
the equations analogous to (VII, 7), we obtain 


010C Oe 20 We ye 0 loge ds age) Fe 


VG-. 2 VG = ee 6 
VR ou VE ou 6 


_— ala 


Oy VE—V n= VE Ve Ve—VG eo @ 


(oVEGiVE (V4—V@Q+4IV6 (VE-V®) 


(28) ; fs : 
—VE VG—VGVE=0. 


The Gauss and Codazzi equations for S are [§ 65] 


8 1 La 8 1 AGH V EG tte 

feo eet) Oa \\ [A parr Ola Osa semen 
(29 apse a ae: —_ 
. '|2 (VB) _ 1 ove 0 ee oVG 
so or eae ea Ou \ go f° a OU 


Similar equations for S are satisfied by the functions E, G, o, and 
and g, given by (23) and (26), provided (28) is satisfied. Hence if 
(23), (26) and (28) hold, the conditions of the problem are satisfied. 

The central nets No and ™ of the two transformations R are 
2,0, the complementary function being the radius R of the spheres. 
for each net. In § 27 it was shown that any net N% parallel to M is 
applicable to a net No determined by a quadrature, which is parallel 
to No. From (VI, Ex. 1) it follows that Né and N% are nets 2, O, 
and that they have the same complementary function R’ which is 
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obtained by a quadrature. Moreover, from § 76 it follows that 
two of the nets N% parallel to Np are special, that is >7/2—= R”. 
Hence if the central nets Ny and Ny of two transformations R are 
applicable, there exist two transformations R whose central nets No 
and Ng are parallel to No and No, such that the spheres of the 
transformation with centers on Né pass through the origin. We 
apply the preceding formulas to this case. 


If in (27) we put Taps VG = = 0, we get 
G0) VER=VE—VE, V@=VE_VEaE. 
Now equation (28) reduces to 
VEIV@4+VGVE =0, 


that is N’ and Nj are conformal. But as shown in § 82 this is 
possible only in case N’ and Nj are isothermic nets in the 
relation of a transformation D». If we make use of the results 
of § 82 and put 


/ 


Ce VO aa AV Te, 


in (30) we find that (26) is satisfied. Hence we have the theorem 
of Bianchi‘): 

The central net No of a transformation Dm of an isothermic 
net N’ into an isothermic net N{ admits an applicable net Nb such 
that as N$ rolls on Né the spheres of the transformation pass through 
a fixed point O. Hi! 

This result may be looked as follows: When Np rolls on No, 
the point O invariably fixed to Nj generates the surface S{. In the 
terminology of Bianchi’) Sj is a surface of rolling, being generated 
by a point fixed to one surface as the latter rolls over an applicable 
surface. From the foregoing results we have also the converse 
theorem °°): 


101) Rendiconti dei Lincei, ser. 5, vol.24 1915), p. 303. 
10>) Rendiconti dei Lincei, ser. 5, vol. 231 (1914), p. 4. 
106) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 349. 
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Transformations Dm are the only transformations R for which 
one of the two sheets of the envelope of the spheres is a surface of 
rolling as the central net rolls on its applicable net. 

In § 78 we saw if M is any net parallel to Nj and F# is the 
complementary function, the sheets of the envelope of the spheres 
of centers on No and radius # are parallel to the isothermic nets 
N’ and Nj. Hence we have the theorem: 

A necessary and sufficient condition that an O net N admits 
an ER transform N, such that the central net of the transformation 
as applicable to a net is that N have the same spherical representation 
as an isothermic net. 


1 oVE 
From (VII, 3) it follows that the functions Va 0 and 
pe VG have the same values for all parallel O nets. Con- 
VE du 
sequently we must have 
(32) 1 evn oy 1 oV@ ow 
WG Ot. seve VE on Sou 


From (31) it follows that 


1-3, F) mee 
ryaae aes = — Zilog (Fe), 
(33) ; - 
eee eee g 


= = : 0 
VEY ou Ou 


We remark that p,q, 7 of the R transformation of N into N, 
and N’ into Ni are the same (§ 78). Hence if in (VII, 8) we put 
w= my, where m is a constant, it follows from this equation and 
(VI, 49) written p?+ q?-+77 = 2me'»’ that 


(34) Op 0-9; 


Consequently from (33), (VII,47) and the last two of equations 
(VII, 7) we get 


(35) VB+VE= eS +e%, VE4VE=04—e-04 


(36) 
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The equations of the A transformation from N into AN, are 


1 
OOS aang (pX+q&+1y), 


where the functions satisfy the system 


80 oe 80 = 
ee ged 4 —— 
a V Eq, a V Gr, 
36! 06’ 
== a? = ply 
Ou od Ov ae 
sl peee dhs aa) iy Domnall Mase 
on 01 2, om Qo 
ag VE aw ( 6 aq 
— — , 1) ee = ay —p@! = — 
du es aes are @’ cise ‘ dv 
ar aw ar VG@ ow (. 6 
—<—. == : — Pace ri) 
du dv 2 dv Os au 
Ov q 6 B) 
— ; feed Ve —b@! 
Ou 6 > 6’ ak | 
Ov Y 6 
SS ees aaa a G SS WAL 
ae 9 > (- A’ "| e€ a‘ 
Hence: 


Any O net having the same spherical reprensentation as an 
isothermic net admits »° R transformations for which the central 


met No is applicable to a net No which is 2, 0. 


For the case of N’ and N’ equations (25) can be integrated 


with the result @ = 1/’. 


Since p, q, 7 are the same for the trans- 


formation from N’ into Ni and N into N,, it follows that @ has 
this value in general. Hence the transformation functions from N’ 


into Nj{ are 


= DP ze i ae 
(37) DS yp"? Ci y’? y!? ae ee y!? 
and for N into N, 
ge OB a ) aA vy 
(38) D5 Gat, 4 —=—;, Nos as 
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From (30), (31) and (23) we find 


Ve ee 2 LQ= e? + wre 
01 OC milan 02 ae 


where @i, @2 and gi, g2 are the principal radii of the isothermic 
net NV’ and the net N’ respectively. Pas 
Since the left-hand members of (26) are the same for N’, N’ 


and N, N, we have from this equation, (39) and (34) 


= VE-—e™, iG Kas ——*, 

40)4 Wee pen! Ue 

oe VE ESD Os Cree Be “ay 
01 01 OP es Qs Qs 6 ¥ : 


Also from (27), (35) and (VII, 9) 


Vip Te—VE, Vigi= ae HG: 
(41) Satin he ee prea! | Ee 

VE, pes VE 4 ol VG: a. VG Lipp 

Ou 01 6” O12 02 A" 


Since the nets N’ and WN are defined intrinsically, the deter- 
mination of the cartesian coordinates of these nets requires the 
solution of a Riccati equation. 

124. Deformable transformations of the second type 
of minimal surfaces. We apply the results of the preceding 
section to the case when the transformation D,» is the one con- 
sidered in § 87 which transforms the O net N’ of a minimal sur- 
face into the O net Ni of a minimal surface. Then »’ =p and 
from (39) and (VII, 70) we have 


Ve Va 
gh See es 


? 
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that is N’is a plane net. We have seen in the preceding section 
that Ni is a point net. Hence the spheres of the transformation 
pass through a point and are tangent to a plane; consequently the 
central net les on a paraboloid of revolution. In order to obtain 
the equation of the paraboloid, we find the distance from the 
point Nz to the plane N’. From (VII, 48) and the condition »’ = p 
we find that this distance is 1/m. Hence the equation of the 
paraboloid is mr?=2z. Therefore we have the theorem: 

The surface of centers of a transformation Dm of a minimal 
surface mto a minimal surface is applicable to the paraboloid of 
revolution m(a*-+ y?) = 221%), 

125. Deformable transformations E,,. From § 88 and (32) 
it is seen that a transformation EL, of a surface with isothermal 
representation of its lines of curvature into a surface of the same 
kind is a deformable transformation R of the second type. We 
apply the results of § 88 to this case. 

Comparing equations (VII, 76) and (36), we find that the 
function 6’ in (36) is given by 


(42) ee 

p 

From (40) it follows that V Loge V Gee = 0, that is N is 
a planar net. This result may be stated as follows: As So rolls 
over S, a plane invariably fixed to S) has S for its envelope. 
Bianchi’®*) calls S an envelope of rolling in this case. Hence we 
have the theorem of Bianchi’): 

A surface S with isothermal representation of its lines of 
curvature is an envelope of rolling, when the central net No of any 
En transformation of S rolls on its applicable net. 

We shall prove the converse theorem*”’): 

Transformations Em are the only transformations R for which 
the given surface is an envelope of rolling as the central net No 
rolls on its applicable net. 


107) Of. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 532. 
108) Rendiconti dei Lincei, ser. 5, vol. 231 (1914), p. 3. 
109) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 367. 


110) Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64. a 
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If S is to be a plane, we must have from (40) 


VE VA 
Q1 G2 01 OD Bp 


From the first it follows that the spherical representation of S is 
isothermal. Replacing the first by (VII,70), we have from the 
second that (42) must hold, and consequently the transformation 
igus 4): 

126. Transformations F of deformable transforma- 
tions R of the second type. Consider a deformable congruence & 
of spheres of the second type G, and denote by G@’ the parallel 
deformable congruence R which gives a transformation D,, (§ 123). 
Let MN) denote the central net of G and N of the deform G; like- 
wise NV} and Nj. Then, as we have seen 


(43) Zo = RY, 


From § 76 it follows that if we take the F' transform of No 
by means of 6/ = = (Dai — Rk, the coordinates 2) being the 


direction-parameters of the conjugate congruence of the trans- 
formation, we get a net Nio which is 2, O, the complementary 
function being 


Moreover, in consequence of (43) we have 


of = = (Da? — Dz). 


Hence from § 27 it follows that the / transform of Ny by means 
of 6’, the coordinates 7) being the direction-parameters of the 
conjugate congruence of the transformation, is applicable to 4p. 
Then >t, —D)x?, is a solution of the common point equation 


‘) Similar results follow, if we require that S; be a plane. 
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of Ni» and ne Since Sy x}, —R? is a solution of this equation 
(§ 76), so also is > &2,— R, and consequently Ny is 2,0. Hence: 

When a deformable congruence R of spheres of the second type 
is known, another congruence of the same type can be found by 
quadratures ™), 

127. Converses of the theorems of Guichard. In this 
section we determine under what conditions the two sheets of the 
envelope of a congruence of spheres have the same constant mean 
curvature for all deformations of the central surface Sj. We con- 
sider first the case when the sheets are minimal surfaces. 

If 0, and ge, denote the principal radii of curvature of S, then 


a= kR—t, 0: = k—t, 


where ¢, and ¢ are the roots of the equation obtained by eliminating 
du and dv from (12). In consequence of (15) this equation is 
reducible to 


: 00 , 00 
| e? [ean q) sing + 1, cose (o— 5") +n: sin ie 
14) 00 
| +¢n (a—255} -Ssintons| + ensing = 0. 


If S is to be a minimal surface, we must have 2R = t,+h, 
that is 


00 
4 . 2 Lees ee 
€sin*o py n(a 2 “| 


2h , 
‘ 00 : 00 
(pq — pq) Sing + 7; cos o (u— 5") + risino oo 


If S, also is to be minimal, this equation must be satisfied also 
when o is replaced by —o. This gives the two equations 


‘ 00 00 
(wa—P: q) sin 6 — 7, COs os | Riz %, roe 


45) 00 
(2 Rr, cose + mgt(2R sino 2° — 8sin*o} p == AG 


112) Rendiconti dei Lincei, ser. 5, vol.30? (1921). 
20* 
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The first of these equations involves only functions which do not 
vary as So is deformed. In order that the second hold for all 
deformations of Sj, we must have 


(46) 2 Rr, coso-+ 7, = 0, 2k" —gsino— 0. 


Eliminating R, we get the third of (15). 

From (16) we have 7, = u, 7; = 1/U. In consequence of (17) 
the first of (46) becomes 2R — —UV c?-+ u?. When we substitute 
this expression in (11), we obtain U = c¢,V c?+ u?, where q is an 
arbitrary constant. Hence by a suitable choice of the parameters 
the linear element of S) is reducible to the form 


(47) ds = (1+ m?u?) dwt wd. 


This is the linear element of the paraboloid of revolution Q, defined 
by (9). Also we find 


Sera NY 2,2 
(48) fois Im ttm m7). 


These expressions satisfy the first of (45) and thus all the conditions 
of the problem are satisfied. Moreover, it can be shown that R 
equals the distance from a point of Q to its focus on the axis of 
revolution. Hence we have the theorem‘): 

The spheres with centers on a paraboloid of revolution and 
passing through the focus constitute the only congruences R of spheres 
the sheets of whose envelope are minimal surfaces in all deformations 
of the central surface. 

We consider next the case when the two sheets have the 
same constant mean curvature 1/a for all deformations of Sy. In 
this case 

R?—2aRkR+(a—Rk) (4 +h) +h th =0. 


Substituting the expressions for 4+ and ¢4,4 from (44) and 
requiring that this condition hold for both S and S,, we get 


3) Of. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 479. 
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(R?—2ak) (ra — p,q) sino—r, cos = 


(49) + 2(a— Rk) noe + En sino = 0, 
[((R?—2aR)r, cos o—(a—R) 1] 9 


| +|(R!—2aR) 2° aa (a—R) sino] p, sing = 0. 


Since these equations must be true for all deformations of Sp, the 
coefficients of g and p; in the second must be equal to zero. In 
consequence of the third of (15) this is equivalent to the single 


condition 
(50) (R?—2aR)coso+ Uu(R—a) = 0. 


On differentiating this equation with respect to w and making use 
of (11) and (15), we obtain 
(51) (R— a)(Ucos?o—uU')+uU* cose = 0. 
Eliminating & from (50) and (51) and substituting for coso its 
expression from (17), we find 

PN Eien ) UV? u? 
wet | (wu? + c*)? 


When (50) and (52) are satisfied, so also is the first of (49). 
The general integral of (52) is 


= 0. 


(52) U?—u u"( 


w+ ec 
u =a) 0) 2-0)’ 
where / is an arbitrary constant. Hence the linear element of Sp is 


a? (u2-+ c) 
(— *) (wu? + 2) 


This is the linear element also of the quadric Q of revolution of 
the conic 


2 
z Y 
2) i abit wae’ 


(53) = du? + w'dv’?. 
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about the x-axis, provided that 


/? 


(55) yer i i 


Hence to each choice of / there corresponds a value of ¢. 
Equation (51) reduces to 


. Hie Wa ae Vee = 


Furthermore since a” enters only in (52), we have that a in (50) 
and (51) may be replaced by —a. Accordingly we have also 


yw aris \tiee! Mateo 0: 


Hence the spheres with centers on the quadric Q may pass through 
either of the foci on the x-axis, and we have the theorem‘): 

The spheres with centers on a central quadric of revolution and 
passing through ether focus on the axis of revolution constitute the 
only congruences R of spheres the sheets of whose envelope have the 
same constant mean curvature for all deformations of the central 
surface. 

128. Theorems of Ribaucour and Bianchi. In accordance 
with the theorem of Beltrami (§ 112) the tangent planes to either 
sheet of the envelope of a congruence of spheres envelop a surface 
for all deformations of the surface of centers, if these planes are 
understood to be carried along in the deformation. We seek the 
general solution of the problem: T'o determine all cases for which 
the surface elements of a surface S; associated with a surface S$ 
continue to be the surface elements of a surface in any deformation 
OLS), 

Let S be referred to any system of parametric lines. Between 
the coordinates, x, y, z, of S and 2, y, 21, of S, we have relations 
of the form 

14) Cf. Bianchi, 1. ¢., p. 481. 
5) Of, Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 3. 


(58) 


(60) 
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: Ox Ox 
(56) xr = x«t+l1— + m—+4+nX, 
OU Ov 


where J, m and » are the same for y, and z,. Differentiating this 
equation and making use of [§ 64, (7), (8)], we obtain 


Bay FD'—GD\ az 
ou (L+n H? Ou 
+ (apn 25H?) 22 4 (4 Dit Dim) x, 
57) dv Ou 
(d7 Oy we paces “coin 
dv He Ou 
FD'—ED"\ dx an ; , E 
+ (Q+n a + (Se + DIL Dim) X, 
where 
me OP oy JU, fal eM, 4/12 22 
eae ae ae set iipetit™ 
Geof Mie fA J12| _ om 12 22 
Mat lott etm Q= Ft ieee epee 


the Christoffel symbols being formed with respect to the linear 
element of S. 
If X,, Y, and Z, denote the direction-cosines of the normal 
to Si, we have 
Ox Ox é 
(59) 2 Bacal ror ie vir ion ee 


and similar equations for Y, and 7,, where 4, uw, »v must be such that 
OX, Pes Oxy, aan 
2g ku 0, 2 = 0 
Substituting from the above equations, we get 


(nda—vl) D+ (nw—vm) D’ = A(EL+ FM)+ 4 (FOI+GM)+ y - 


(nh—vl) D+ (np — vm) D = 1(EPL FQ) +6 (FP+OQ+Y —, 
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If S is deformed in any manner carrying the surface-elements 
of S, invaribly bound to it, for a deform S of S we have 


| B= =+1—= = + ms 4 nX, 
(61) ail es 

| X= 122 4 pS 40%, 

u 

where J, m, 7,4, #, v are unaltered by the deformation. This fact is 
of prime importance. 

The right-hand members of (60) involve only quantities unaltered 
by the deformation. Consequently we must have 


(62) nh = vl, Nie = VM. 


There are two cases to be considered, 
I’. When v + 0, then 


m= at as 


which expresses the fact that S, is a sheet of -the envelope of 
spheres with centers on S, that is the theorem of Beltrami. 

2°. When » — 0, then n= 0. Im this case the points of 8, 
lie in the corresponding tangent planes to S, and since Dae Ages Sh 
corresponding tangent planes to S and S, are perpendicular. The 
existence of this case was established by Ribaucour’'’), Hence we 
have the theorem of Bianchi’”): 

A necessary and sufficient condition that ~%* surface-elements 
mvaribly associated with a surface S continue to be the surface-elements 
of a surface in all deformations of Sis that they are the elements 
of a sheet of the envelope of a congruence of spheres with centers 
on S, or of a surface S, such that corresponding tangent planes to S 
and S, are perpendicular and points of S, le in the corresponding 
tangent planes to S. 

We remark that if equations (62) hold for one deformation 
of S, they hold for every deformation. 

16) Journ. de Math., ser. 4, vol. 7 (1891), p. 92. 
SON Tbe hy Ide 
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129. The surface generated by a point in the tangent 
plane to a surface S as S rolls on an applicable surface S. 
The formulas of the preceding section can be used to find the surface 
generated by a point P associated with S as S rolls on an applicable 
surface S. When in particular P lies in the tangent plane to S, we 
have n= 0. We consider this case. 
If we put 
(63) ‘ = PE+2LMF+ MG, 2,—= DPE+(LQ+ MP) F+ MQG, 
2,—= PE+2 PQF+ Q’G, 


the first fundamental coefficients of S, are found from (57) to be 

Ey= 2+(D+mD, Fy, = 24+(D+mD)(lD'+mD"), 
G, = 2,1 (1D’+mD"). 

Also the coefficients of S, are 


Ey= 2,4(0D+mD), Fo = 2.4+(0D+mD)(D'+mDd"), 
G, = 9,4 (1D! +mD"), 


(64) 


(65) 


where D, D’, D” are the second fundamental coefficients of S. 
Since the functions 2,, 2,, 2; are the same for both surfaces, 
we have from (64) and (65) 


4 ds? —ds*? = [(UD+ mD')du+ (D'+mD") dv}? 
(66) —[(ID+ mD’) du+ (D’+ mD") dv}. 


As an application of this result we consider the case when S 
is a ruled surface and S is not ruled, and we take for the curves 
v = const. the generators of 8, that is D—0. We take the 
point P determined by the condition that it lies on a generator 
of 8 and is such that as 9 rolls on S it describes a line of length 
zero on S. Then we have m=O, ds,;—0. Since DD” —D” 
— —D’*, we have from (66) 


(67) ds? = ? D(Ddw+2D' dudv+ D" dv’). 
Hence we have the theorem of Darboux™®): 


18) Annales de l’Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 497. 
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When a ruled surface S rolls on a non-ruled applicable swur- 
face S, the points where the different lines of length zero of S meet 
the generators of S describe surfaces which are conformably represented 
on one another; and their lines of length zero correspond to the 
asymptotic lines on S. 

The surfaces described by the points a, a, a’, a in § 121 
are examples of this theorem. 

130. Kinematically conjugate directions on rolling 
surfaces. If on a surface S we take a curve C of the family 
determined by an equation of the form dv = Mdu, and at each 
point of C draw the tangents to the curves of another family 
determined by an equation dv = Nou, the coordinates of this ruled 
surface R are given by (61), when we put /—tdu, m= tor, 
n= 0, t being the parameter of a point on the line. As J rolls 
on an applicable surface S, along C, these lines generate a ruled 
surface R tangent to S. From (66) it follows that a necessary 
and sufficient condition that R and # be applicable is that 


(D+ D)dudu+ (D' + D’)(dudv+ dvdu) + (D"+ D” dvov = 0, 


or 


(D— D)dudu-+ (D'— D’) (dudv + dv du) + (D"— D")dvdv = 0. 


If we desire the condition to be satisfied for all deformations 
of § and in particular when S and 8 are congruent, we must 
take (69). In fact (68) is obtained from (69), if S is replaced by 
its symmetric with respect to the origin. 

Equation (69) coordinates with every family of curves on S 
a second family, and the relation is involutoric. Beltrami‘’®) has 
called two such families kinematically conjugate. The preceding 
results may be stated as follows: 

If S and 8 are applicable surfaces, and C and C are any two 
corresponding curves, the ruled surfaces, R and R, consisting of the 
tangents to S and S in directions kinematically conjugate to C and C 
are applicable. 

As S rolls on S and C rolls on C, coincident lines of R and R 
form the instantaneous axis of rotation of the rolling. Hence: 


9) Giornale di Battagline, vol. 10 (1872), p. 103. 
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When a surface S rolls on an applicable surface S, the in- 
stantaneous axis of rotation les in the plane of contact and its 
derection is kinematically conjugate to the direction of motion of 
the instantaneous center. 

Since the common conjugate system of curves on S and S satis- 
fies the equations 


Ddudu+D (dudv+dvdw+D" dv ov = 0, 
D du du+D! (du dv + dv du)+D" dv bv = 0, 


we have the theorem: 

The common conjugate system on two applicable surfaces is 
kinematically conjugate. 

When S rolls along a curve of either family of the common 
conjugate system, the surfaces Rk and FR are developables whose edges 
of regression correspond, since the points of these edges are Laplace 
transforms of points of C and C. 

The equation 


(70) (D—D) dw?+2(D'—D’) du dv+(D"—D") dv? = 0 


defines two families of curves on S and S which are kinematically 
auto-conjugate, that is as 8 rolls on 8 along one of these curves 
the instantaneous axis is tangent to the curve itself. In this case 
also the surfaces R and R are developable. Since S and S are 
applicable, the curves C and C have the same geodesic curvature, 
at corresponding points. Also as follows from (70) and [§ 49] their 
normal curvatures are equal, and consequently their first curvatures. 

As an example of the foregoing we consider two applicable 
surfaces S and S, and assume that the curves u = const. are the 
asymptotic lines on S. Then 


D* = D'*—DD", 


In consequence of this relation we have that the equation of the 
asymptotic lines on S may be written 


((D'—D’) du+ D" dv] ((D' +D’) du+ D’ dv] = 0. 


From this equation it follows that the curves kinematically conjugate 
to u == const. on S correspond to one family of asymptotic lines 
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on S. Bianchi has called them virtual asymptotic lines on S. More- 
over, the other family of virtual asymptotic lines on S satisfy (68). 
Hence we have the theorem '*°): at 

If S and 8 are applicable surfaces, the ruled surface R consisting 
of the tangents to the asymptotic lines in one family where they meet 
a virtual asymptotic line of S is applicable to the ruled surface R 
of tangents to the corresponding virtual asymptotic lines of S where 
they are met by its corresponding asymptotic line. # 

If S is a ruled surface, we may take it for R, and then 
RF consists of the tangents to the corresponding virtual asymptotic 
lines on S, which are geodesics. Hence as a corollary of the above 
we have the theorem of Chieffi'”’): 

If S is applicable to a ruled surface R, the ruled surface con- 
sisting of tangents to the geodesic virtual asymptotic lines of S at 
points of meeting of any asymptotic line a of S is applicable to S 
with a rigid in the applicability. 

131. Congruences of rolling. Whena non-ruled surface 8 roils 
on an applicable surface S, a line 7 invaribly fixed to S generates 
a congruence @ called by Bianchi?) a congruence of rolling. In 
order to find the focal points of G, we note that there are two 
instantaneous axes of rotation in the plane of contact a at a point AZ 
for which 7 and a nearby position /’ meet, namely the direction /, 
joining M and the point P, in which / meets 7, and the direction /; 
normal to the plane through / perpendicular to 7. When /, is the 
axis of rotation, the point P, generates one of the focal surfaces. 
When /, is the axis, the lines 7 and 7” meet in the foot P, of the 
common perpendicular of 7 and /,, that is the foot of the per- 
pendicular from M to 7; and thus Ps, generates the second focal 
surface of G. The plane of the lines 7 and 2” is the tangent plane 
to the locus of P, and is perpendicular to ~. The plane of / and 7’ 
is the tangent plane to the locus of P: and is normal to the line /P,. 
Hence we have the theorem of Bianchi?*’): 

For any congruence of rolling one focal surface is generated 


120) Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1918), p. 445. 

1) Giornale di Battagline, vol. 43 (1905), p. 9. 

'22) Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 15. 

3) L.c. These results have been established by him by analytical processes 
in the Rendiconti di Palermo, vol. 39 (1915), p. 187. 
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by the point P, in which | meets the plane of contact a, and the 
other by the foot Ps of the perpendicular from the point of contact M 
to l; the tangent planes to these respective surfaces are the plane 
through | normal to 7 and the plane through Ps, perpendicular 
to MP3. 

From the above treatment it is seen that the focal surfaces 
of @ are generated by the same surface-elements attached to S 
whatever be the surface S on which S rolls. 

From the results of § 130 and the above considerations we 
have that the developables of a congruence of rolling correspond 
to the curves kinematically conjugate to the curves on S whose 
tangents are the lines 7, and J, for a point of contact. The latter 
are the curves corresponding to the curves in which S is met by 
the pencil of planes through 7 and by the parallel pencil of planes 
normal to 7. Bianchi has called them the meridian profiles and 
the curves of level respectively. Hence: 

For a congruence of rolling the developables correspond to the 
curves on S kinematically conjugate to the deforms of the meridian 
profiles and the curves of level on WS. 

Since a right conoid is the only surface posessing a family 
of meridian profiles which are also curves of level, we have the 
theorem of Bianchi: 

The congruences of rolling with coincident developables are those, 
and only those, generated by the aais of a right conoid as it rolls 
on an applicable surface. 

From the preceding considerations it is evident that the 
developables of a congruence of rolling are real. We remark also 
that the focal surfaces of a congruence of rolling afford examples 
of the theorems of Beltrami and Ribaucour (§ 128). 


Exercises. 


1. Show that the theorem of Bonnet [§ 73] may be interpreted as follows: 
When a sphere rolls on an applicable surface, its center describes a surface of 
constant mean curvature. 

2. When a quadric § tangent to the circle at infinity at a single point P 
rolls on an applicable surface S, the two isotropic generators of S through P 
meet the common tangent plane in two points, a and a’, which describe two 
parallel surfaces of constant mean curvature + l/aa’. 

Darboux, Annales L’Hcole Norm. Sup., ser. 8, vol. 16 (1899), p. 468. 
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3. If S and S are applicable surfaces and the spheres with centers on Ss 
and passing through the origin become tangent to the plane z=0O as S rolls 
on S, it is necessary that 

w+ y?+ 77= 2, 
Tf we put [cf. § 47] 
ats Seve mg hed 
‘and Uedt fas c af Faden Sutap at 


eliy=w FE Yi) 


Gps 


then since S and § are applicable 
42*dadB 
(ap+1)? 
Hence the projection of S on the unit sphere and of S on the plane z = 0 are 
conformal. The general solution is given by 


= dwdw. 


w=f@, M=f@, 2= Ft) VFO, 


where f is arbitrary and /f> is the conjugate function. 
Calo, Annali, ser. 3, vol. 4 (1900), pp. 1283—130. 
4. If S and S are applicable surfaces and the spheres with centers on S 
and passing through the origin become tangents to a sphere of radius a with 
center at the origin as S rolls on S, is is necessary that 2?-+97?+-7? = R?, 
xt y?+22= (Rta). 


Tf we put a 
Fie Reet Wy geen ce page iss 
af+1 af+1 af+l 
aE. a+p eee f—a i ap—1L 
De (Hate ) B+1’ y=i(Rta) ap+l’ G ——"(hretee) B+1 
since S and S are applicable, we have 
R'dadgp dadg 
———. = (Rt a)*’—_~, 
. (l+ap)? EO" atone 


Hence the projections of S and S on the unit sphere are conformal. The general 
solution is given by a= f(a), 8 = fo(&), where f is an arbitrary function 
and fo is the conjugate function. Then R can be found directly from (2). 
Calo, 1}. c. 
5. When the Christoffel transform (cf. VII, Ex. 8) of N’ in § 123 is taken 
as N, the corresponding net N is a point, and consequently the central net of 
this transformation is the other special net 2, O parallel to N%. 
6. Show by means of (VII, 3) that a necessary and sufficient condition 
that an O net have the same spherical representation as an isothermic O net is that 
Om ie On). tel mie. ole G 
Ou fe Ov | de Gr Ou ). 
Trans. Amer. Math. Soc., vol. 17 (1916), p. 447. 
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7. A necessary and sufficient condition that an Onet on the unit sphere 
be the spherical representation of an isothermic net is 


Ope lero, © \esine od 1 0VG 
Ou V6 OMe On) VE Ou | 


8. Show that the net N’ of § 123 is parallel to two isothermic nets (N yy 
and (N)” for which 


V@=V@=—,  VH"=VO" =e», 


y 


that a transformation D of (N)' is determined by the functions p, g, 7 of (87) 
and (6)'= —1/»’, (v)' = 6’, (m)'’ = —m; and that the resulting transform is 
the net obtained from the given transformation of N’ referred to in (VII, Ex. 17). 
9. Show that there exists an O net, with the same spherical representation 
as an isothermic net, for which the tangential coordinate P is equal to E—G. 
Calapso, Annali, ser. 3, vol. 26 (1917), p. 171. 

10. If we have an Onet N of the kind in Ex.9 and put 


Ye= ve ==7)/,.cosh ge. \/ Gla ve =Y/ P sinhg, 
1 2 
from (VII, 3,5) we have 


Oem Citi te Oc : 
Ow ou 2 VP smh y, 


Cee «Md Vide git 
dv be = B57 P CEU 


From (VII, 9) and (85) we have for an R transform of this O net 


E, Gi olibme 0 pe eeab cent p? 
+> = P+-2,P =. ° PTO )+4—,, 
Pi PRs iy 6 (e 7) ae ela v0 


In order that this expression be equal to Pi, namely (VI, 101) 


ed og Toye pa 
ei ce pel Wak Lae honey 


we must have 


Pp+QqtRr—04+2Y Pmy (ree re tres +4 mp = 0. 


The left-hand member is found by differentiation to be a constant. Hence there 
are oo* transformations R of N into nets of the same kind. 

Calapso, l. ¢., p. 152. 

11. If N’ and N” are isothermic O nets in the relation of Christoffel (cf. VII, 

Ex. 8), the mid-point of the join of corresponding points on N’ and N” describes 

an Onet N parallel to N’ and N" for which// E= cosh, / G@= sinh. When 

these expressions are substituted in (36), the function 26 —0’—v6/6' is constant. 

Show that there are co! transformations R for which this constant is equal to 
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zero, and that for each of these transformations Hi—Gi—1; also that Mi: is 
the locus of the mid-point of the joins of corresponding points of Nj and N,. 
Calapso, Annali, ser. 3, vol. 26 (1917), p. 152. 

12. A necessary and sufficient condition that the parametric curves of two 
applicable surfaces S and S’ be kinematically conjugate is that D’= D’. 

13. A necessary and sufficient condition that the kinematically auto-conjugate 
curves for two applicable surfaces, S,S, reduce to a single family is that S 
and S be ruled surfaces applicable with generators corresponding. 

Bianchi, Memoirie dei Lincei, ser.5, vol. 12 (1918), p. 441. 

14. When two applicable surfaces are referred to their kinematically auto- 


“— ay oH 0 {12 0 412 
conjugate-system, D = D, D'=—D', D'=D and 5 | 1 t=an {3p ine 


Christoffel symbols being formed with respect to their linear element. 


Bianchi, |. ¢., p. 445. 
15. Given two quadratic differential forms 


(1) as dW+2 aia du dvut dr. dv?, bir dw?2+ 2 dio du du + bos dv?. 


When the Jacobian of these forms is equated to zero, the resulting equation, namely 


an du+ar dv, a2 dut do dv mae 
bi du bie dv, bio du t+ bos dv | ‘hots 
defines two functions w= ¢ (u,v), v = w (u,v) in terms of which the forms (1) 
become 
Gi du?+ Gr. dv?, br dU? +. ban d 02. 
Bianchi, Lezioni, vol.1, p. 82 
16. If S and § are applicable surfaces, the curves defined by equating to 
zero the Jacobian of the forms 


Hdw+2Fdudv+ Gdv’, 
(D — D) du?+2(D'— D')dudv + (D"— D") dv? 


form an orthogonal kinematically conjugate system. Bianchi, Lezioni, vol. 2, p. 38. 

17. On two applicable surfaces of constant mean curvature + 1/a whose 

lines of curvature correspond and for which o and 2 are the radii of principal 

curvature of one surface and —2, — of the other [cf. § 125], every orthogonal 

system is kinematically conjugate; moreover, this is the only case where every 

orthogonal system is kinematically conjugate. Bianchi, 1. ¢., p. 39. 

18. The lines of curvature on a surface of rolling described by a point O 

fixed with respect to a rolling surface S correspond to that kinematically con- 

jugate system on S which projects into an orthogonal system on a sphere with 
center at O, the projection being from O as center. 

Bianchi, Memorie dei Lincei, ser. 5, vol. 12 (1918), p. 448. 

19. The lines of curvature on an envelope of rolling described by a plane = 

fixed with respect to a rolling surface S correspond to that kinematically con- 

jugate system on S which projects orthogonally into an orthogonal system on x. 

Bianchi, 1. ¢., p. 448. 
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20. When a surface S rolls over an applicable surface S, any two parallel 
lines fixed with respect to S generate congruences for which one family of 
developables correspond, namely, those corresponding to the curves kinematically 
conjugate to the transforms of the curves of level of S. 

Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 16. 

21. When a surface of revolution S rolls on an applicable surface S, the 
axis of S generates a normal congruence, since the focal planes are perpendicular. 
One of the focal surfaces is the complementary surface Si of S corresponding 
to the deforms of the meridians of S. 

Bianchi, Rendiconti di Palermo, vol. 39 (1915), p. 205. 

22. For the surface S defined by 


& =rcos0, ¥ =rsind, % = clogr +f), 


where f is an arbitrary function, the distance cut off on the z-axis by the per- 
pendicular from any point P of the surface to the axis and the tangent plane 
at P is equal to c. Hence when § rolls on an applicable surface, the axis 
generates a congruence of rolling for which the focal distance is constant. 
Bianchi, 1. c., p. 207. 


23. When the surface S defined by 
@ =r cos 0; y =rsind, Zz =clogr+mé 


rolls on an applicable surface S, the z-axis generates a congruence G of rolling 
for which the distance between the focal points is ¢ and the angle between the 
focal planes is sin~2c/]/c?+m. Hence G is a pseudospherical congruence 
whose focal surfaces have the same gaussian curvature — 1/(c?-+ m?) (cf. § 171]. 

Bianchi, 1. ¢., p. 208. 


21 


(1) 


Chapter X. 
Surfaces applicable to a quadric. 


132. Transformations F of nets on a quadric. Consider 
a net N on the general quadric Q, whose equation is 


ee + fy+tge2+2ayz+2bert+2ery+2ra+2sy+2te+ w=0. 


Since the coordinates are solutions of an equation of the form 
(II, 6), we have on differentiating (1) with respect to w and » 


Ox 0x Oy Oy, 02 02 Oy OZ , Oy 02) 
Ou Ov au by. 2 OUNOD tf Sy av dv aa 


OZ 0x 02 Ox Ox Oy Ox ot) : 
ag? Ou Ov a Ov sal tele OV q Ov Ou oo 


Any net N’(2’) parallel to N is given by equations of the 
form (II, 3). Consequently we have an equation of the form (2) 
in which x, y, z, are replaced by 2’, y’, 2’. From this it follows 


that the function 
(3) 6 = ex? + fy®tgz?4+2(ay2Z+b2 a'+ca2'y') 


is a solution of the point of equation of N’'*‘). It is readily 
found that 6’ and 6, given by 


(4) 6 = 2lexa’'t+fyy'+gze+alye+y'2)+b(ex' +2 x) 
t+e(ay’ +a’ y)+tra’+sy+ tz] 
satisfy the equations 


06° _ , 98 00’ 00 


(5) ou Ou? Ov dv" 


1) The function 0’+0, since N’ cannot lie on a cone. 
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When these values are substituted in (II, 2), it is found that 
the F transform J, (a) lies on Q. It has been shown in § 5 that 
any congruence conjugate to a net N can be obtained by drawing 
through points of WN lines whose direction-parameters are the 
coordinates of some net parallel to N. Hence we have the theorem 
of Ribaucour: 

Any congruence conjugate to a net on a quadric meets the 
quadric again in a net to which it is conjugate. 

We apply the results of § 21 to the particular case when NV 
is on the quadric Q, and also N, and Ns, that is when 6, and 6, 
are of the form (4). In order that 6,, and 64% be of the form (3) 
and (4) with a y' 2; x y 2 replaced by 21”, yi’, 21”; a1, 1, A 
respectively, we must have 


(6) as 03—2 [ea'a”+fy'y" + ge 2" +ayle"+y"Z 
+ b(z xe” +e" a!) +el(a'y y +a"y)) iy 


By differentiation it is found that the left-hand member of this 
equation is constant, and consequently the additive constants in 
6)’ and 63 can be chosen in oo ways so that (6) shall hold. Hence: 

If N, and Nz are F transforms of N and all three nets lie on 
Q(1), there are ~' other nets Nig on Q which are F transforms 
of N, and Nz; they can be found by a quadrature. 

133. Permanent nets on a quadric. Let Q be a quadric 
referred to its asymptotic lines, and write its linear element in 
the form 
(7) ds? = Kyodo? +2 Fydadg+ Gy df’, 


and its second quadratic form 
(8) O = 2D, dadZ. 


If S is an applicable surface, its linear element is (7) and its 
second quadratic form is 


(9) O = Dode?+2Didadp+ Di ds. 


Since the asymptotic lines on Q are straight lines, we must 
have [§ 85] 


21* 
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LT otf f22he 
oe {of= tif ° 
the Christoffel symbols ie being formed with respect to (7). 
0 
If we put 
(11) io y Ey Gp — dle o Se cu —— V — K, 
0 
from [§§ 63, 77] we have 
aS __ dloge ne - 1 @loge 
1 fo OB oe 2So ba” 
(12) 11 - aa 
l= a8 HO% 13 |,= og oeHe 


Hence the Codazzi equations [§ 64] for S are reducible to 


a Dy aDi 0 a 0 0 Sy 


aDi ait ge Sie aap le 
0a b 08 Powe. 
Since Q and S are applicable, 
D, Di —Di? == — Dj = — Hh 6%. 
If we put rs 
T). " Nn" , Do 
(14) 4=oD, 4” = oD, 2 Na age 
Do 
we have 
(15) V4" = 6DiV #*—1. 
Then (13) may be replaced by 
Pa 0M’ Boe 04’ 
us) Ghe > am Oa’ Oa oDp ap 


The equation of the common conjugate system of Q and 8S is 
[§ 56] 
Adea®t— A" dp? = 0 


(17) 
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By means of the above formulas we find that the Gaussian cur- 
vature of the left-hand member of this equation is zero, and con- 
sequently it can be given the form dudv. Hence we have the 
theorem of Servant’): 

If S is a surface applicable to a quadric Q and the latter is 
referred to its generators, the common conjugate system can be found 
by quadratures. 

If we put 


e-°(V Ada—V 4" ds) = du, &(V Adat+V saps) = dr, 
we find, in consequence of (16), 
(18) go ft VY 7s 1, e-29= 4'/—V 42], 

From equations (17) we have 


(19) 2V Ada = e&dute—°dv, 
2V 4" dB = —edute-dv. 


In terms of wu and v the second quadratic forms of Q and § are 
necessarily of the form 


® = Dduv?+ D" dv’, @ = Dduw?+ D" dv’. 


In consequence of (8), (9) and (19) we have 


1 Py Rs ver 4! 
OND ery th Paes 
= = =| 
21 D=—D'= 
a) 90V A?2—1 


From these follow the theorems*”*): 
If a net upon a quadric admits an applicable net, then 
1 


(22) D+ p" = — a: 


125) Bull. Soc. Math. de France, vol. 30 (1902), p. 19. 


126) Cf. Servant, l.c., p. 20. 


(23) 
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The permanent net on a deform of a quadric is isothermal- 
conjugate. 
From (19) we have 


OG ee BB GAS ET I le Oe eg Of . meee 
ou eV a! 0b OV 4 0u ee” Or oy ee 


In consequence of (15) and (18) we have from these equations 


da 0B da 0B sd 


OU Ov Ov Ou 
da 0B 0a OB 1 


Ou Ou dv Ov 96 De 


b] 


(24) 


Conversely, if we have a solution of this system, and define 
functions », 7 and 4” by (23) and 7’ by (15), we find that » and 
d' satisfy (18). Since the corresponding equations (17) are con- 
sistent, we obtain (16). Then a surface S applicable to Q is defined 
intrinsically by (14), and we have: 

The determination of permanent nets on a quadric is equivalent 
to the solution of equations (24). 

134. The permanent net on a deform of a quadric. 
When a quadric Q and an applicable surface S are referred to 
the permanent nets N and N, we have, in consequence of (21), 


DP pi 


(25) C= 7 ye H*? = EG— F*, 

where ot = — K, K being the total curvature of Q and S, and the 
linear element of Q and S is 

(26) ds* = Hdw+2Fdudv+ Gav’. 


If we define two functions a and b by means of the equations 


(27) D=—<a', Ds. 
we have from (22) 
(28) a—va +. 


a 


(32) 
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In consequence of (21) and (25), we may take 
(29) —D = D" = cab, AG =o: 


The Codazzi equations for N and N are [ef. § 64] 


oe on = DTP" {9} ae triP+{a}2" 
we PU Tal) ae OUT +B) 


the Christoffel symbols Ne being formed with respect to (26). 


From these equations, in which D, D” and D are replaced 
by their expressions from (27) and (29), and the identities {cf. § 63] 


Cn =i} +{eP ae 


we obtain, in consequence of (28), 


ae ee avin {ile so logbe, 
Mie J12\ feel 2 bv 
ote Rais lee oy ~ log, S[k gt 


A eee menor the cartesian coordinates of S, from the 
Gauss equations [§ 64, (7)] for S we have that 2, y, @ are solutions 
of the equations: 


2 . dlogb 00 
0°60 Beh pe ae og 
Ou? av du ou dv Ov 
(33) 
070 ~——s OD loga 306 i dlogb 06 
dudv ov bu Gu dv’ 


Hence from § 45 we have: 
The permanent net on a deform of a quadric is an R net'*"), 


127) Cf. Tzitzeica, Comptes Rendus, vol..152 (1911), p. 1077; also Bianchi, 
Rendiconti dei Lincei, ser. 5, vol. 22 (1913), p. 3. 
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We desire to prove the converse theorem: 

When the functions a and b in the equations (33) of an R net 
satisfy the condition (28), the net is applicable to a net on a quadric. 

From (31) and (33) we have for any R net N 


fil) 8 jog f18)_ Plaga, 85 __8 og ath 
\1 Ou ee b? \1 Diy et it Ou log Hq’ 
fit) ts, fal flog a 
2 H’ \2 ou” euler fais 


When these values are substituted in the second set of (30), we 
find that the second fundamental coefficients of an R# net satis- 
fying (33) are of the form —D = D" = a?b7/H. Then since 
DD" = —otH®*, we may take Ho = ab, in which case we have 
(29) and the above expressions for the Christoffel symbols are 
reducible to (32), in consequence of (28). As a result we have 
that (27) furnishes a solution of the first set of (30) in which the 
symbols have the values (32); that is N admits an applicable 
net NV, for which the second fundamental coefficients are given 
by (27). 

If «@ and 8 are the parameters of the asymptotic lines of the 
surface S on which N lies, we have 


Ada =adu—b dv, wu dB=adu+d dy, 


where the integrating factors 4, w are subject to the conditions 


@ [a 0. 1D) ae a (a ees 
0 (4) +5 (7} ae Au G\— Ou (-) =. 


In consequence of (27), (29) and [§ 64,(7)] the coordinates of 8 
satisfy the equations 


rs eae — =v Io gab— + a *< logabs—, 


. 


070 © dloga 06 ea dlogb 06 
dudv ov Ou du dv 
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If we express these equations in terms of @ and f, we obtain 


1 076 1 076 1 00 Diastoe a /1 1 0b 1 da 
ab (iy Sart 3 juaae 7 Ene cle at cece i Hl 


$e pe (Aree (4-3 bau 1 22] =o, 


OB] Oulw dv \w bw Ou fu Ov 
1 376 11,4670 06 0 1 0b 
ab(— oat) Be mag (2 }8u (7 bigs cu al 


jo pelea peta re 
OB| bv \u je Cul 
Adding and substracting these equations, the resulting equations 


are reducible in consequence of the above conditions on 4 and « 


to the form 
076 00 076 00 


da2- -"— dea’ ap? — 28° 


and consequently S is a quadric. 
135. Transformations F, of permanent nets on a central 
quadric. For the central quadric Q, whose equation is 


(34) ex? + fy?+ ge? = 1 
we have 
(35) Xs ¥, 2 = SS In Ge, 
VS Ex 

and the Gaussian curvature is given by*®®) 

age ee 1 Bag I VA 2.2 
(36) K a ct (> e®x?)”’ CG aC: De x, 
where ct = —I/efg. 


If Q is referred to a net N whose point equation is the second 
of (33), we have 


a7) 9 low DN ees ye geal. 20 sV= 2 
(37) 55 108 | Del) [= ga loea’ ad Pd |- Fy 108 O* 


128) Of. C. Smith, Solid Geometry, 9" edition, p. 223. 
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and also 
OLROG 
(38) “ou Se 
Hence 
(39) aoe (22) os a? U, De (22) ch liga 
Ou 4 av cg 


where U and V are functions of « and v alone. 
In consequence of (27), (32), and the Gauss equations for Q 
we find 


| 


a \ie 2 pate 
: [Zeleal | - log Del] 200° Dex 2% 


(40) OU Ou oO Ou 
40 
,) 0x\? r) b? dx\? da 
em NN Res 9 ah? ee 
av [2e(55) | Ov log o De (s") i Peak eX Ov’ 


From (35) and (36) we have- 


(at) Ses Oeitine 8 eh yYexte 1 2 ey 


CO WIND Ov Cro UneO 


When the expressions (39) are substituted in (40), the result is 
reducible by means of (41) to 


1 aU 
Ou 


pi =) dlogo ae 
Z ed “ou 2 Ov 


=—(0— 


Also on differentiating equation (38) with respect to w and » we get 


dloga a (y+) d logo 
dv € 


(U+V) Seas 


i Ou @ au 


(aay Boe? te (u——) dloge 0 


From these two sets of equations it follows that U = —V= l/c, 
and consequently 


(42) De (72) — = De (s=)— — ae 
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Hence from (28) and (36) we have the theorem: 
For any permanent net on a central quadric (34) the coordinates 
satisfy the condition 


(43) De (<2 ae De (2) is ¢ ea’, 


where ct = —1/efg'”). 
This equation may be written 


(44) at—b? = 2 > ex. 


Suppose, conversely, we have a net NV on the quadric (34) 
satisfying the condition (43). Since equations (39) hold for any 
net on the quadric, the functions a and b in the point equation of 
N can be chosen so that we have (42). If these equations are 
differentiated with respect to wand vw respectively, and the Gauss 
equations [§ 64, (7)] are used, the resulting equations are reducible 
by means of (41) to 


oleh E)o-ait—o 


(45) OU oO Ou 
b2 et wee (=) p'—pe2 ay 
2 du \o av ‘ 


From (38) and (42) we have 


(bas Ou Ov Ov OU 


2,2 2 2 2 
eORAed = Dep (Fee 3 Y= Dep a — Ae, 
Hence, if we take Ho = ab, from (31) we obtain 


(46) car See 


ea, ES b 
1 Ou 0 a 


\2 aay Oke 


In consequence of these expressions equations (45) give 
D=—oa’, D"=cb?. Substituting these expressions in the first 


129) Cf. Calapso, Annali, ser. 3, vol. 19 (1912), p. 62. 
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set of equations (30) and making use of (28), which is a conse- 
quence of (42) and (43), we get the expressions (32). When these 
values are substituted in the second set of (30), a solution is 
—D = D"=oab. Hence there exists a net N applicable to N. 
Therefore: 

When a net on a central quadric (34) satisfies the condition (48), 
at is a permanent net. 

Let N be a permanent net on the quadric Q (34). From (3) 
and (4) it follows that if in the equations of the form 


(47) y= 24-—-— Hu 
we put 


(48) j= 2 (exa’+ fyy'+ gzz) = 2 > exx’, mY =D ex'?, 


the F transform N, of N lies on Q. In order that NV, be a per- 
manent net it is sufficient that 


(49) Do (S)'4+ De (22) =e Detar 


From (47) we have by differentiation 


a wat 00 32) pay 2 r (2 , 068 SY, 
50) ae a les Ou a du)’ av rn ae Ov 
where 
(51) «=ho—?, o—lo—@e@’. 


Substituting these expressions in (49), we can reduce the resulting 
equation by means of (42) to 
(52) o*q?§—a*b? = 86’? D> Pa, 

In consequence of (IJ, 16) we have from (51) 


(5) = ree ho 06 


BENG Ph ap eee ra 


(5) = + ote Seay lt 00 
Bu Nell. seine as Oume 6g Ou: 


(53) 


(57) 
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Differentiating (52) and making use of (53), the resulting equations 
are reducible to 


oo 4 28) E10 —o)- +e Det (m—2) 
Oe Dee (e,—2)| pe 


Og 1 oe 


6 av le ho (c—1) +0 Dex a) 


aos Dex (%—2)| =), 
y= a Se _ CD eax. 
By means of (44), (51), (52) and (54) these equations are reducible to 


86 (h6—,\ _. ap , 9 06 Le 2 
u 6 ie 2) =0, ce 6 aa gr 2 a 


which can be integrated in the form 

(56) ia aot 6°, 

where *& is an arbitrary constant. When this value for g is sub- 
stituted in (54), this equation and (52) are equivalent, in conse- 
quence of (47) and (51), to 


h? a? —22b® = c2#> (&—ke) xv”, ha?—I1b? = c2> (e&@—ke) x2’. 


Differentiating the second of these equations, we obtain 


2 2 
Ei a 27088 1 — 5 Deke) a! 5 = 0, 


2 
8 F) a bu 
e5) i ‘ey a® dloga C Ou 
Pree rs soe fey PON rae 
Ou i av Y b? av hy b? ae he)x Ov 0, 


in consequence of (44) and 
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is eet, Dae | dlogb- 
= U—h) Wen Were 
OT = tO, MOT eee oe OY Oy SOU) ee 
ey to yt ae Siete Be By gigs 
ag _y 0Z az’ __ , 82 
du ou?sitSt*«i 


It is readily found that equations (58) and (59) form a com- 
pletely integrable system, in consequence of (44). Moreover, for 
every set of solutions of this system equations (57) are satisfied 
to within additive constants, as is found by differentiation. Hence 
each set of solutions satisfying (57) determines an F” transform 
which is a permanent net. From (47), (48) and (59) it is seen 
that if x’, y’, 2’, h and / are multiplied by the same constant, the 
transform NV, is unaltered. Hence when k is any constant different 
from e, f and g, there are oo” sets of solutions satisfying (57) and 
giving distinct transforms. 

When k =e, there are ~' sets of solution s, 7’, 2’, h and/ of 
(58) and (59) satisfying (57). Thenz’ is given by a quadrature (59) 
and involves an additive constant, say m. In this case each set 
of solution s, y’, 2, h and / determines !' transformations, such 
that the corresponding points of the oo* transforms lie on a conic, 
the section of quadric by a plane parallel to the lnes from the 
origin to the points (@’-+m, y’, 2’) as m varies. Similar results 
hold when k — f or k=g. Hence: 

A permanent net on a central quadric ea*?+ fy?+g2* =1 
admits «* transformations Fy, into permanent nets on, the quadric 
Jor each value of the constant k; when k is equal to e, f or g, the 
transforms N, may be grouped into «© families of ~©* transforms 
each such that corresponding points of the nets of a family lhe on 
a conic'*®), 

136. Transformations F;, of surfaces applicable to 
a central quadric. It is our purpose to show that each trans- 
formation F of a permanent net N on a quadric Q into a permanent 
net V, on Q leads directly to a transformation #’ of the net NV 
applicable to N into the net N, applicable to Nj. In fact, we 


130) Cf. Journ. de Math., ser. 8, vol. 4 (1921), pp. 37—66. 


136. Transformations F; of surfaces applicable to a central quadric 335 


shall show that it is possible to find without quadratures a net 
N’ parallel to N such that 6’ given by (48) can be put in the 
form (ef. IT, 95) 


(60) 6' = k (> x"?@— Dx"), 


and then the desired transform is defined by 


Equating these expressions for 6’, we have 
(62) (e—k)a?®+(f-bDy?+g—be2+k Dz”? =0. 


Differentiating this expression and assuming that equations of 


the form 
; On ax" On 
(63) he @ Ou’ av bea? 


hold, we obtain 
(e— Wa’ $f ant OM ay 2 +h Dat — 0, 


(64) ) é 
(e— ha! 5 = + (fy L + g—n/ 2 +k Da'2% = 0, 


If these equations are differentiated with respect to w-and v and 
in the reduction use is made of equations [§ 64, (7)] for N and N, 
two of the resulting equations are satisfied identically in conse- 
quence of (64) and the other two are reducible to 


hve (22) +0 Se—Wa X44D LZ ¥ — 0, 
(65) 
oe (F=) 1M SEGA OE Be 


In consequence of (27), (28), (29), (35), (42) and the second of (57) 
these two equations are equivalent to 


(66) (h—l) cab+ck > xv’ X —0. 
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Solving equations (64) and (66) for x’, y’, 2’, we have ex- 
pressions of the form 


poem A Lig a iim Pa emer AU eZ 
Ke = 22 DX+ Fal 5, DO ye (Fe as) 
Ox p(pORn 5p O@ 
+5, De —be' (P ES 


If we differentiate these expressions, we find that ’, y’, 2’ satisfy 
equations of the form (63), by making use of equations of §§ 134, 
135 and of [§ 63]. 

Also from (67) we have, with the aid of [§ 48, (11)], 


(67) 


(68) ® D>) 2”? = ae (I—hy? + D> (eh)? a’? (> (e— Wa’ X)’. 


Substituting this expression in (62), we find that it is satisfied 
in virtue of (57). 

From these results and the last theorem of § 135 we have, 
when k is not equal to 0, e, f or g, the theorem: 

If N is a net applicable to a net N on a central quadric 
ex? + fy? t+gz2? =1, for each value of k different frome, f, g and 
zero, there exist o* transformations Fy of N into nets N;, applicable 
to the quadric; these transforms are conjugate to «©* congruences G; 
their determination requires the finding of solutions of a completely 
integrable system of equations subject to a quadratic and a linear 
homogeneous relations ***). 

When k = e, the function a’ is determined to within an additive 
constant m, aS seen in § 135. There are only 00° sets of solutions 
y’, 2’, h and 7, and in consequence from (67) it follows that there 
are only 7 congruences @ of the oo® transformations. As m 
varies we obtain oo* transforms N, conjugate to the same con- 
gruence. They are defined by (61) with 


6 =2> exa'+2mez, 6 = e(a’+ m)?+ fy? + gz”. 


From this expression for @ and the results of § 23 it follows that 
the tangent planes at corresponding points of these nets N, enve- 


431) Journ. de Math. 1. c. p. 53. 
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lope a cone. If §, 4, So are the coordinates of the vertex, the 
equation of the tangent plane is 


oe So) D.C ( No) Y, — (¢ = bo) A ae 0, 


where ¢, 7, € are current coordinates, and X,, Y, and Z% are 
direction-parameters of the normal to N,. When their expressions 
are calculated, it is found that they involve m to the second degree, 
and consequently the cone is a quadric. 

When k= e, x’ does not appear in (62) and (64). Solving 
the latter for y’ and z’, and SAGs in (62), we obtain a homo- 
geneous quadric equation in x’, y’, 2’. Hence the lines of the 
congruences G through a point of N form a quadric cone. Since 
similar results hold when / is equal to f or g, we have in con- 
sequence of the last theorem of § 135 the theorem: 

If N is a net applicable to a net N on the central quadric Q 
(34), there are Kw” sets of solutions of equations (57), (58), (59) 
with k equal to e, f or g: there are thus three families of ©” trans- 
forms N, of N which are applicable to Q: the transforms of each 
Family are conjugate to “%* congruences G, there being «* trans- 
Sorms conjugate to each G; the lines of the congruences G through 
a point of N form a quadric cone; the tangent planes at points 
of a line of G of the nets N, conjugate to it envelop a quadric 
cone, and the points on Q corresponding to these points of the 
nets N, on a line of @ lie on a conic**), 

When Q is the quadric of revolution e(@’-+y*)+g2? = 1, 
the transformations of the type described in the first of the above 
theorems exist. There is, however, only one family of transformations 
of the type described in the second theorem; they are F,. When 
, equation (62) may be written 


(69) 2a" I Pe al ary 


2) The two types of transformation set forth in this section were dlis- 
covered by Guichard in a different manner in his Mémoire sur la deformation 
des quadrics, Mémoires & L’ Académie des Sciences de France, ser. 2, vol. 24 (1909). 
His method did not reveal the relation between the nets V and N, on the quadric 
in either case, nor did he show that the nets WN and N are in relation # when 
k=e, f ov g. These results were announced by the auther in 1919, Trans. 
Amer, Math. Soc., vol. 20 1919), pp. 323—338. 
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From the results of § 100 it follows that NV is a net 2,0 and 
consequently N is 2,0. From (69) it follows that N’ is one of 
the two special nets 2, O parallal to NV, the complementary 
function being 


(70) 7-1 ae A 


Suppose conversely that we take for V’ one of these two 
special nets 2,O and define 2 by (70). Equations (64) and (65) 
hold fork =e =f. Adding equations (65), we have in consequence 
of (27), (28), (29), (35) and (42), the second of (57). From these 
follow (66), (67), (68), and then the first of (57), as in the 
general case. Thus / and / determined by N’ satisfy the equations 
of § 135, 2’ is given directly by (70) and x’ and y’ by the qua- 
dratures (59), and thus involve additive arbitrary constants. 

Each of the two parallel special 2, 0 nets N’ determines 
a normal congruence conjugate to N ($61). In accordance with 
the theorem of Beltrami (§ 112) and the results of § 100, when 
the net NV is applied to its applicable net NV on Q, the lines of 
these two normal congruences coincide with the lines joining points 
of N to the foci on the axis of revolution of Q. Hence we have 
the theorem: 

Let N be a net applicable to a net Nona central quadric of 
revolution Q; the lines joining points of N to the foct of Q on the 
axis of revolution become lines of two normal congruences Gy and Ge, 
conjugate to N when N is applied to N; there can be found by two 
quadratures ~® nets N, conjugate to G, and ©? nets No conju- 
gate Gs, which are applicable to ~* nets N, and ~%* nets Ny on Q; 
the nets N,, or No, can be grouped into ~* families of ©} nets 
such that their tangent planes at points on the same line of the 
congruence form a quadric cone and the corresponding points of the 
applicable nets on Q lie on a conic'®), 

When @ is a sphere, real or imaginary, with the equation 
e(a®-+ y?+ 2%) = 1, an applicable net N consists of the lines of 
curvature on a surface of constant gaussian curvature, since every 


183) Tn order to obtain one of these families we hold fixed the additive 
constant in #’ and let the additive constant of y’ vary, and vice-versa; cf. Trans. 
Amer. Math. Soce., l.c., p. 337. 


(72) 


(74) 
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net on Q is orthogonal. If we take k —e, it follows from (62) 
that NV’ is a cone; hence there are no transformations of the type 
of the second theorem. When k +e, we have from (60) and (62) 


— ot De", that is the transformation is R (§ 67). Hence: 


A surface of constant gaussian curvature admits «©* trans- 
Sormations R into surfaces of the same curvature. 

137. Theorem of permutability of transformations F;, of 
surfaces applicable to a central quadric. Let N,(z;) and 
Nz (x2) be obtained from a net N(z) applicable to a net N(x) on 
Q by means of transformations /;, and F;,, and let MN; (x) and 


N2(x2) be the nets on Q to which N, and N, are applicable. Let 
6, and 6, be the functions of these transformations, where 


(71) Ci ky (> 22—> 2"), 64 Ike (S22 — >a"), 


x’, x"; a, x" being obtained from x and x by the quadratures 


a> Deel Ne iene OD Oi, Od tema el 
ee on oe Oe: Die ery ea eae 
0G OF ty OTE ECan. ee 
on be oa a LI eS eae 


We seek under what conditions the net Ny. whose coordinates 
are of the form 


IG = sae 6 2) Fr 
(73) L129 = & rare De, 
where (cf. §§ 20, 21) 
= 05 i OY 
i oO — Gy Gis = eer Oe O15 = 03,— a —~ 05, 
BOT 2s | OO Oi) DO 10%, (005 20s 
Oe Oa? Oy Ce Vee ‘Ou’ av Pie 


is applicable to a net Nyz on Q, defined by 


2 1 
(75) Lig = Ly — oe ey == 2 —— a. 
2 


If we put 


(76) Oe ie Ito > ai”? D> yea! tne 
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we find that this expression is equivalent to that of (74) if 
(77) Ip 4 + hey 05 — 2 ley kg (>) x e"— > ee") = 0. 


When the left-hand member of this equation is differentiated, it 
is found to be constant in consequence of (71), (72) and (74). 
Hence the additive constants entering in 61 and 65 can be chosen 
so that (77) holds. 

From (6) it follows that N,, defined by (75) is on Q, if 


(78) OY + 0 —2(ea' x" + fy'y"+ gz'z") = 0. 


Solving equations (77) and (78) for 61/ and 63, we find ex- 
pressions which satisfy (74). Hence: 

If N, and Nz are transforms of a net N applicable to a net 
N on a central quadric Q by means of transformations F)., and Fr, 
(ks + k,), there can be found directly a net Ni, applicable to a net Nr» 
on Q, which is in relations Fy, and Fy, with Ny and Nz respectively. 

This theorem holds when /; or ke, or both, is equal to e, f or g, 
but ky +h. It holds equally when Q is a central quadric of 
revolution, or a sphere, real or imaginary ***). 

138. Transformations B, of surfaces applicable to a 
central quadric. Let N(x) be a net applicable to a net N(x) 
on the central quadric (34). We consider a transformation F, 
of NV and N as treated in § 136. We have 


(79) (r= 2 > err. 
FKrom (35) and (36) we have 
(30) Sy Ey De 


By differentiation of (79) we have 


00 Si On 06 s Ox 
8 ] a Ce: Ss — SS > eS ae i Sores 
ey) Out a Ou? au my Ol Ov 


84) Trans. Amer. Math. Soe., 1. ¢., pp. 824, 335. 


(87) 


138. Transformations Bs of surfaces applicable to a central quadric 34] 


and with the aid of (27), (28), (42) and (57) we find 


11| 0@ 06 3 207 a? b? 
saG,2 = 1 \2e 2 ae : che a? 6 + (Ih), 
(62) 442 | 
| 86 __ J22| 08 | j22\ 00 20 ab ee 
ee el eae Lola cko'b"e + ¢ Fal 
Because of (28) and (32) we have 
0°76 076 dloga 00 dlogb 06é 
p _=——¥Yy 5 Sy ie Mii g fe 
fe au? “5 av" SO aot : au Ow one 


From the results § 49 it follows that if we take two trans- 
formations Fy, of N(k + e,f,g) and write 


(84) 6, = 2 Dexa’, 6, = 2 Deux", 
the net N(x), defined by 
‘ = Ox Ox 
(85) Peat Ou . an’ 
where 
eye! (6 04 an Ryde (ee 8 Oe 
(86) At O4 sa Re A\?* du " du 


06, 06, 00; 065 


i - “, 
Ou Ov OU Ov 


is a Wtransform of NV, that is these two nets are on the focal 
surfaces of a W congruence. 

On substituting the expressions for the derivatives of 6; and 6. 
analogous to (81) and (82) in (J, 68), we reduce the resulting 
expressions to 


Qo7a? [ (0x 26. Ox 00s ‘ s 
ct Nee Ay rie i, ( (hy) == rk 5 
Ox OO, Ox et bes ‘ a 
€ ge ia) aes 
ee Ou an Ou (0 (ly Py) € 9 


Ox == 207b? On 0 65 Ox 0 As 9 
= ¢ = | (a? (Ll; —hy )— ek 
Gen Ie av Ou OU « Carano 2. 2 


0% 00, Om bas) es Tee 
au dv. dv Ou) (a Ba) 5 tay po 


—_ 


(93) 


(95) 
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By means of the same functions 6, and 6, we obtain a derived 
net V(x) of N. Its equations are 


Ox OD 


Ou Tq Ou’ 


(88) B= pap 


where p and qg are given by (86). On substituting the expressions 
for 6, and 6,, as given by (84) in the expression (86) for 4, we 
find, in consequence of (35) and (cf. (29)) 


(89) HG; 
that 


> W / Ox oy om au) 
4=4 Qef(e’y'—a'y" : 
4 def (x"y'—a'y 1 Ov Ov bu) 


= AH ef (a"y’—a2'y")Z = 4cabefg>x(y"2'—y'2"). 


(90) 


Hence the expression for z is reducible to 
(91) eee y" z! yz!" 

7 ex (y" - yz") 
From this we have 


(92) | Derr = 1. 


The equations analogous to (57) are 


9 9 © 2 ‘,] > 
e—ee—= cD (e—keaz?, ha—Pew= cD (e—kex”?, 
hw—hb?= 3D (e2—keaz’', ha®’—hb? = D> (e@—ke) ax". 


By differentiation it can be shown that the left-hand member of 
the following equation is constant for any two transformations F%, 


(94) hy hy a®— 1 Ip b®? — 0° D (e?—ke) x' x” = 0. 


We choose the nets V’ and NV” so that (94) is satisfied. By means 
of these relations we show that 


LAP kA G—kg ye" —y"2'? = L(e—he)a’* > Lie—ke) a"? 
ei Sil Nig Hy 3e 3 
— (ek aaa") = — at (ly hg —le h,)?; 
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also that 
(?—ke) (f?—kf) (9? kg) (D ay"e—y'z") |’ 


(96) 
ea Z oe (hs Ae 


In consequence of these identities we have 


(97) >> De is i 


that is N(Z) lies on a quadric confocal with Q. 

The equations for NV analogous to (87) are obtained by removing 
the bars from the quantities x, X, Dand D”. Substituting from (81) 
the expressions for the derivatives of 6, and 6, and making use of 
(35), (36), (84), (89) and (90), we reduce the resulting equations to 


Oe _. 40° a PIG 52 2(¢2 Bo ae "yl" 4 2k (y'2"—y"2 Z) 


Ou d 
tb? [(z Aa yz’) (la—he) I}, 
(98) : cia Ae is Gh 2 2)]} 
oo = STEAD. (e208 Ka Hy vag ye) 
| +e l(zy"— ye") (h 1p —he)]}. 


From (93) we have 


ye") (I a®— hb) — (ey 2) (la 2? he?) 
] 


99 Meals Ad if LUA HEY 
re sehen Die (yial—ny! 2) (3-3 — | ey —ezy)r. 


Adding the left-hand member of this expression to the expressions 
in parentheses in (98) and subtracting the right-hand member, we 
get in consequence of (28) 


eS Bide 
= oh 4a see a (zy"” —yz2")—he (cy’— yz!) + (e"y’ —z'y")], 
OOM 


, 4 ! / ed bf 
ee _ sata at9 (; (ey"”— ye) + (2e"y'—2y")). 


—~y2")— ly (z 
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a ‘ One 
For N the expressions analogous to pe e (22 and e( 
U, \ 


a 
OV, 


for N are» we - (32) a nde: as - (2). Making use of well- 


k— k— 
known theorems on determinants, we find ultimately that 


Aah 
+ ke 0x 02 
pape ee 
k—e Ou Ov 


(101) 


From (87) and the analogous equations for NV we have, 


consequence of (27) and (29), 


> (2)—2 (2) = 2 OD) = 
~ be de yrde 0% _ 9 
(102) — au dv ik 
0x \" 0x — 2 ia 
> (=) ay (22) = (D"—D") = 74’. 


From (101) and (102) we have 


ou 


(103) 


Hence if we put 


Dlink |p Me i deh oleae ie ee 
104) sj % = \ eae — 7 aes \ a Of oth eed \ ene eons! 
( ~ k —— 8 5 Yo k—f Y: AN k—9@ ot: 


the net V(x) is applicable to the net No (Zo), which in consequence 
of (97) lies on Q. The equations (104) define the relateon of Ivory 
between a quadric and a confocal quadric; the point of coordinates 
Xo Yor Z iS the intersection with Q of the orthogonal trajectory 
of the family of confocal quadrics which passes through the point 


of coordinates 7, 7, 2 of (97)**), 


95) Bianchi, Lezioni, vol. 3, p. 59. 


al Sak Sy Ox Ox “Si. k 0% 0% 
Baler fp ese oul’ du Ov ““k—e bu bv’ 


in 
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" tA ut 


The functions of a transformation W are 2’, y’, 2’, x", y", 2”, 
My, 4, hy and ly. They satisfy a completely integrable system of 
the form (58) and (59). Moreover, the five conditions (93) and (94) 
must be satisfied. However, these equations are satisfied also by 
the functions 
105) ax + Ba", oy + By", a2 +Be", aeh+Bh, o14+Bb, 
( ya ton", vy toy”, yve+02", yhtdhk, yvi+dh, 
where a, 8, 7 and 0 are constants. In this case, as follows from 
(85), (86) and (88) we get the same nets V and NV. Consequently 
for each value of & there are &' transformations of the kind sought. 

Tf NV, (v,) and Nz (a) denote the F), transforms of NV, we have 


fi tees Ay / eI7) A. ” 
aa I rns car) La SSO 
Ay 2 


In consequence of (91) and (92) we have 
ern, —) > ex LES 


Hence the point of coordinates, 7, y, 2 is the pole of the plane 
of the corresponding points on N, V; and No. 

We may state the foregoing results as follows. 

If N is a permanent net on a central quadric Q, there are wv 
sets of transformations Fy, of N into nets N, and Ns so that the 
condition (94) is satisfied for each value of k different from zero; 
the locus of the pole My, of the plane M M, My with respect to Q 
is a net N on a quadric confocal to Q; as N rolls on its applicable 
net N, the point My), describes a net N, such that N and N are the 
Socal nets of a W congruence, and N is applicable to the net on Q 
which is the Ivory transform of the net N. 

These are the transformations A; found by Bianchi by entirely 
different processes!*®), 

Let N be a permanent net on the quadric (84) and \V, an 
Fy, transform of V by means of the functions 2’, y’, 2’, h, and i; 
satisfying (57), (58) and (59). From the form of equations (93) 
and (94) and the observations concerning (105) it follows that 


1 


136) Lezioni, vol. 3, Chaps. 1, 2, 3; ef. also Journ. de Math., lL. c., p. 61. 


346 X. Surfaces applicable to a quadric 


there exist only two sets of functions 7”, y”, 2”, ho, 2 and a’, y’”, 
2", hs, ls each satisfying (93) and (94) with 2’, y’, 2’ h,, 1, and 
determining different B) transforms of N, and also of the net N 
applicable to N. 

The corresponding transforms N, and Nz of N are determined 
by 6;, 0, and 6;, 63; where 6, and 6, are given by (84) and 
6, Dex’. Consequently these transforms are conjugate to 
the congruence harmonic to N determined by 6;. The same is 
true of the transforms NV, and NV; of N determined by 6,, 66 
and 6;, 03. The congruence harmonic to N determined by 4, 
consists of the lines of intersection of the corresponding tangent 
planes to NV and its 7), transform NV, by means of 2’, y’, 2’, h, and 1. 
In view of the preceding results we have the theorem: 

If N is a permanent net on a central quadric Q and N, ts 
an Fy, transform of N, and P, and Py, are the points of intersection 
with the confocal quadric Qr of the line of intersection of corre- 
sponding tangent planes of N and N,, then as N rolls on its 
applicable net N, the points P, and P, generate nets applicable 


to Q, each of which is a By transform of N. 

139. Permutability to transformations F, and B,. Let 
N(x) be the permanent net on a deform of the quadric Q (34) 
and N(x) its By transform by means of functions 2’, y’, 7; 2”, y", 2”; 
hi, li, he, bo. Leet av”, y'”, 2", he, ls, be a set of solutions of (58) 
and (59) with / replaced by k’ satisfying the conditions 


(106) 22—?2B =e Dd(e—Koa"”, heav—hbi = 2 > (e—K eax”, 


so that the /, transform Ns; of V, defined by equations of the form 


0. 
(107) ty = &— ir wt", 
where 
(108) 0s aa > eaal”, a =—>> eat!” 


is on Q. 
From (I, 33) it follows that the equations of the forms 


05, 
(109) th = a! — = a”, ey = a” — ig!" 
? u 03" 
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define nets parallel to N3; the corresponding functions /s,, /3, and 
higz, lsz are given by (ef. II, 50) 


i _ hs 03— hy 64” 1. ve ls 03 — hy 6s 
‘oH ipo he G29 5) 31 ds 6, Ge b) 
hg 0. —he 64" 1,05 —Iy 05" 
hgz = l32 = 


hs 6;—— 63" ; ls As i As” A 


The functions a; and 63 appearing in the point equation of Ns are 
of the form (ef. II, 12) 


dg = a (is Aad —1), , bs = = b (ae mt —1). 
3 


In order that these functions may satisfy equations analogous 
to (93) and (94), namely 


azh?, —b?2, = & D> (e@—ke) x", ah? ,—bl, = 7D e—ke) xe, 
a? Igy — b2 1g, = C2» (ce? —ke) x5.x5, a hag — 2 lag = 02>, (C2 — kee) 5.24, 
a3 hes gs — 02 Igy Iga = a> (e— ke) x33’, 


it is necessary and sufficient that 


2 
a®hy hs—b*hy ls — 0? > (2 ke) a! a!” — < (k—k’) 05 = 0, 

(110) ‘, 
lish. —Blol—C > (e?—ke) x"! = g (k—#) 65 =3.0 


Differentiating these equations with respect to w and v, and making 
use of (58), (59) and analogous equations, we find that the left- 
hand members are constant. 

If k’+k, the functions 6; and 63 are uniquely determined 
by (110), and consequently 73 and 2%’ are uniquely determined by 
(109). Then by means of the functions 


(111) O34 Fay 2 > ex: Ly As9 = 2 > eas xy 


we obtain a By, transform Ny of Ns which is applicable to Q. 
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It is readily found by differentiation that the left-hand members 
of the equations 


(112) 05+ 0f”"—2>en'x'” = 0, 64 + 69’ —2 > ex" x" = 0 


are constants. If we take 6; and 6%’ as given by (112), we find 
that 


G. 
(113) As, aa i ria Ay" Age = Oo ain 65" 
3 3 


These are the conditions that NV and N; are in relation F (cf. § 22). 
We desire to show that this transformation is in fact a trans- 
formation Fy, as defined in § 136. 

From § 22 we have that the functions 6. and 6% of the 
transformation F from N into NV, are given by 


803 


> 0 0: y mr 0 y yr 063" 
(114) 4; = 03+ p a, Lg@— ee 2 


i = ad | ) : 
dv’ eR NRT Hay. Ov 


where p and q are given by (86) and 


ttt — 4 (a Me @i!! is \ . a” a _ al" as a” oe 
A v Ov Ht Ou Ue 
yin. 969" B61" 063" 861" 
Beat fd ote. y Ov Ou’ 
and 
004" 0 0; 004" 00 
(115) ; oe — tg ae as = ls re (Joa alee) 


Moreover, the direction-parameters of the conjugate congruence 
of this transformation are the coordinates 7”, y/”, 2’” of a net Ns". 


parallel to Ns, where 


‘ aryl my ") Oa” my Ox 
(116) St Lord We a aie 
Ou 0 


v 


From § 22 corresponding to (85) and (116), we obtain 


aa - Ox 0x” OF 
117 a de eee ee ge 
(117) Ou Ou’ Ov l Ow’ 


r 
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where 


(is) A= — (4% . 2h PEAS (0s eB me es 
p qd OU Ou 
Substituting the expressions (108) for 6; and 63” in (114), we 
get, In consequence of (88) and (115) 


(119) 6, = 2 > eal 5 


and 
an — ent Ait 003; 00 | "(a 0 Os 08, all 


Ov Ou Ou Ov Ov OU Ou Ov 


{120) Ne 
yr é a C rrr t/ } / wr / / yt 
= 0 le Dra yile’— 32) OY Dy ee I; 
this second expression for 6%” is derived from the first with the 


aid of (29), (35) and (36). 
From (110) and (112) we get 


ath, hg — bh, ls = D> (2@—KM eax!” + +< (k '—};) 64", 
(121) i 


a* hy hs — b7 lgls = ey (e?— k’e) aa!" + < (k’ —k) 05”. 


From equations (121), (100), (106) and (90) we deduce 


; 4 
Wf 4 gl By a 'y z! = 5 e 
ye) ay yz) 207 (k’—k) abfg 


E Ox ls ana Viet —#)}. 
p ou gq ov 


mr 
1 


(122) 


By means of (122) and analogous equations equation (120) is 
reducible to 


os 1 Roy \ 2 2 hg 0 x 
= a Di(Qe ie =f age. se <a: > ex!" a 
—h ot 


(123) k 
o x 
2 ls _ a Ox 
a cq CRY | 
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Equations of the form 


: a all! 
BEN Mi i tr tr os 
ge =a" +p — 


tt 
Ou +g 


define a net N’” parallel to N. This expression is reducible to 


hy i 00, 0x 06 — es 0x 06 a 
A my mr 2 2 wr 1 it 

OT a of b 63 

i A E ae Ou Ou Ov; “\ dv Ou ou Ov] 


(124 


eae od [aD ye Baa) 8 Gia eget 


which in consequence of (122) becomes 


ile 1 Sia], hg Ox ls Or 
220) fee Ua ae Qe ote cp Pr cq = 


Since N is applicable to No, defined by (104), it follows from 
the results of § 136 that a ee ee Fy of N is given by 
the functions 


bs = 2 Di edoits”—= 2k D5 — 5 a" 
Pri ~ pe ‘ e ~1/7> 
6 = ary —— k pa ees 4G ; 


provided that analogously to (57) and because of (101) 


(126) 


a a d ana a Se 

h? a2 p?— /2 b2g? —= — — pau — Ie! e) get” =p x" 
(27) he 

hay? —ih?g = — eSulny ot" oD) a —** ee 


When the expression (125) for z’” is substituted in (126), the 
resulting equations are reducible by means of (97), (101) and (106) to 


k C 2 / my 
ee GP |= (2 e®&—ke—K’e) x!” 


a “a pare sites Ox a 2 ls Dex a o2), 


Ou cg Ov 


—7 
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In consequence of (118) we can write the first of (124) in the form 
~Ii my ; OX ; qe 
(129) tn == kD ae + l¢q—. 
From this equation, (38) and (42) we obtain 
wy ge 1 OW ae) 4922.9 
> e(x"—al"? = ea (h? a? p°— 1? b? g*). 
In order that this equation be consistent with the first of (127), 


we must have 


(k—k) 


pe Oe eee en = 0 


Because of (101) and (106) this condition is satisfied identically 
when the expression (125) for x’ is substituted. Again from (129) 
and (88) we have 


De @"— x") @—2) = = (hatp?—it?¢’). 


It is readily found that this equation is consistent with the second 
of (127). Moreover, when we compare the functions (128) giving 
an Fy transform of V with the functions (119) and (123) determining 
a derived net of N3, we find that they differ by the same constant 
factor. Hence: 

Let N be a permanent net on the central quadric (34) and N the 
applicable net; of N is a By transform of N and N3 is an Fy trans- 
form of N, there can be Sound directly a net Nz which is a Br trans- 
form of Ns and an Fy transform of N. 

140. Theorem of permutability of transformations B,. 
Let N be a net applicable to a net N on the central quadric Q 
(34), and N, and WN, nets applicable to nets on @ and obtained 
from N by transformations B; and By respectively, determined by 
the respective pairs of functions 6,, 62 and 43, 64, where 


(130)'0; = 2d exr2', 6,=2 > exrx", 03=2>erx", = 2 >dexa!". 
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From § 50 it follows that the functions 6, and 6,, defined by 


- 0; ; 0; 06;[. 06; 00x 
6,== at (0 FGA phe Ae (6.52! — 4, ‘|. 


au \! dv Ov av \* bu 1 ou 
5 (- Gy ai OO fae 
au Ov Ov Ou)’ 


(131) 


tor 7 == 3,4; 7 = 1, k = 2, determine a W transform of N, which 
is also the W transform of N, defined by the two functions given 
Dye) for == 17 2 a ae 

From (127) it follows that conditions analogous to (93) are 
satisfied. The analogue of (94) is 


2 / 

p~ —-]}s ~ 

€ k'¢ ~POPELE 
tee “s . 


hs ha? p*— ly i b?¢? —— eee ] 


- 
which can be shown to be satisfied identically, by the use of 
methods similar to those used at the end of § 139. Consequently 
the above W transform of N, is in fact a By transform. Hence 
we have: 

If N, and Nz are obtained from the permanent net N of 
a deform of a central quadric Q by transformations By and By 
(ic +k), there can be found directly a net Nis applicable to a net 
on Q such that N, and Noss and Ny and My are in relations Bh. 
and Bi. respectively *®"), 

141. Transformations F), of permanents nets on a para- 
boloid and of surfaces applicable to a paraboloid. For 
the paraboloid P, 


(132) ex? + fy? + 22 = 0, 
we have 
(1393) xe Ve. Wh — ja OR ET 2 
Vidette fey 1 

and 

‘ r l 1 5} » a 
ee, eae Patch a go oe 
where ci = —1/4ef. 


7) Of., Bianchi, 1. ¢., chap. 4, 
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li Pis referred to a net N whose point equation is the second 
of (33), we have 
pi CBee f ay oy 


aid a Laie acu! 


and by processes analogous to those used in § 135 we find 


ae (22) rr (G4|— i £, ‘ el +7(24)— la 


c 


and we prove the theorem: 

A necessary and sufficient condition that a net N on a para- 
boloid (132) be permanent is that the parameters can be chosen so 
that 


(136) ¢ (=) +7(24) +0 (22) +724) = cet tp +B. 


In order to obtain /, transforms of N which are permanent nets 
on P, we take in place of (48) 


(137) 6= 2x2’ +fyy+2’), p= er 7. fy. 


Each set of functions satisfying the completely integrable system 
of equations (59) and (58) with g = 0, and the conditions 


fr a?— 1? b? = @* [(e?—ke) a’? + (f?—kf) yy?) 


(138) 
l7 ha?— 1b? = 2 [(?—ke) xa’ + (f*2—kf) yy’ 


2" 


determine a transformation Fy, of N into a net NV, on P. When 
k =e or f we have two special types of transformations, as 
described in the last theorem of § 135. 

Consider now the net V applicable to NV. From (60) and (137) 
we have in place of (62) 


- (139) (ek) a? + (f—B yy? ket +kh> v”? = 0. 


Proceeding as in the case of (62), we find equations obtained 

from (64), (65), (67) and (68) by putting g = 0. Hence there exists 

for transformations /), of .V theorems similar to the first two theorems 
23 
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of § 136, but there are only two, types of transformations as described 
in the second theorem; they are / and Fy. 

When e =, P is a paraboloid of revolution and the trans- 
formations /;, (k +e) are described by the first theorem of § 136. 
When i =e, equation (139) reduces to > 7/2—z2— 0. Hence 
N’ is a special net 2,0, the complementary function being 2’. In 
this case, as for the central quadric of revolution, the transforms 
of NV are conjugate to the two normal congruences conjugate 
to V. When WN is applied to P, the lines of one of these con- 
gruences pass through the focal point of P on the axis of revolution, 
and the lines of other congruence are normal to the tangent plane 
to P at its vertex (cf. $100). Hence: 

Let N be a net applicable to a net N on a paraboloid of 
revolution P; the lines joining points of N to the focus of P and 
the lines parallel to the axis of PR become two normal congruences, 
G, and Gz, conjugate to N, when N is applied to N; ther : can be 
found by two quadratures «©? nets Ny conju gate toG, and * nets Ne 
conjugate to Gs which are applicable to ©” nets N, and x«* nets No 
on P; the nets N, or Ne can be grouped into 0! families of c+ nets 
such that their corresponding tangent planes envelope a quadric cone, 
and the corresponding points on P lie on uw conic’®). 

142. Transformations B, of surfaces applicable to 
a paraboloid. In this section we establish for surfaces applicable 
to P(132) transformations analogous to those treated in § 138. 
Equations (82) and (83) hold in this case also. In place of (84) 
we have 
(140) 6, = 2lexa'+fyy'+ 2), 05 = 2lexa"+ fyy” +2"). 


In place of (90) and (91) we have 


= defabc(x” y'—2' y”), 


and 
1 y"2 y'2" 1 aoe! —a'ontl 
i bey —_ = a) = = : 
e x"y'—aly”’ y f vy —ay”’ 
Mol onl oll ol ___ al of 
a a al, na! x 7] . 
u¥Y—xY 


Now exa+fyytzt+z=—0. 


'88) Trans. Amer. Math. Soe., Ll. ¢., p. 338. 
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The first two of equations (93) with g = 0 hold and in place of 
the second two we have 


he— Lb (keen - (Of — hf yy’ 
he a®— ly b® = ¢?[(e? — ke) xa" + (f?—kf) yy” 


ke’, 


key, 


(at) | 


and (94) with g = 0 holds. 

By making use of the expressions for a(y’z”—y"z') and 
y (2'x"—2z"x') which are obtainable from (141), we find that 7, 
y and 2 satisfy the condition 


+22+=— =0, 


1 
€ k af k 


that is the net N lies on a quadric confocal with P. 
In place of (100) we have 


0x 4na®b ! , Ox + ab® = ! ! 
SF POL yyy), SE = — Ly, yb) 


From these and analogous equations we obtain, by means of 
equations similar to (95), 


ek (r7)4 Je (FE) — —iatp', 


k—e\du Ou 


OD ead Oy i FR AOY OY. 
k—e du dv ' k—fdu av ”’ 
Ch fous, fk au nae 
ae 


From these equations and (102) we have 


dx \* dX \" On OF Oo Ox 
Bis 2e} | Tae 2 


Ou Ou Ou Ov 8u Ov’ 
| 0x\? OZ \* 
eed v Sy Ou 
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Here the symbol & refers to the three variables, where 


ie (UR ead ass ae 
Ten a= je IG. Yo >= Vae. <i jas 21" 


These are the equations of the transformation of Ivory for P***). 
The other observations for transformations of a central quadric 
hold also for the case of the paraboloid, and consequently we 
have the analogous theorem: 
If N is a permanent net on a paraboloid P, there are w* 
pairs of transformations Fy, of N into nets N, and Nz so that the 
condition 


hy he a? — hy ls Wo [(e? 


hea x" + (f?—kf)y'y"”) 


holds; the locus of the sole M of the plane MM, My with respect 
to P is a net N on a paraboloid confocal to P; as N rolls on tts 
applicable net N the point M describes a net N such that N and N 
are the focal nets of a W congruence, and N is applicable to the 
net on P which is the Ivory transform of the net N. 

These are the transformations J, of surfaces applicable to 
a paraboloid, as found by Bianchi in another manner™®). 

143. Determination of the asymptotic lines on a surface. 
When a surface S is referred to a general system of parametric 
lines, the translations and rotations of a general moving trihedral 
satisfy the conditions [cf. § 69] 


tee 5 ae oh = de Demme! SW os =s EN = —«HY1,-—- HT 
ee bo eae Go.) Oty we Wee? 
ote fea) 04 0 04, : *s 
(142) { aoe aa = PT pPy— pri, a = ee == &7r—6r, 
Oy enon 


Ou au et Pd: is P—OPi-- $01 61g == 0: 


The equation of asymptotic lines on S is [§ 71, (68)] 


(py — 8) du? + (pm—g8i+ 19 —H§) dudv + (im—anki) dv? = 0. 


139) Cf. Bianchi, 1. ¢., p. 80. 
40) Lezioni, vol. 8, chap. 1. 
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If we replace this equation by the two 


| pdu+p, dv = A(Edut+é dv), 
qdutqdy =rzqduty dv), 


(143) 


the function 4 is determined by 


Ae 1 , 
he ses eh yd) Aveo KS 


0; 02 


as is seen by the elimination of du and dv from (143) and [§ 70]. 
If @ and # are the parameters of the asymptotic lines on S, 
we must have 


Ou Ov Ou 
Pine + py uae (ese +5; +, 
eg Ou 
tien Nela, ax) 
(144) : ; 
OU v Ub , v 
7 4 ab i (§ 08 basa, 
Ou, OU i ( Ou | F a 
q 08 | Nn a V] ap | 1 ap . 


If these equations are solved for p, g, #1, g: and the results are sub- 
stituted in (142), we obtain the equations which w and v must satisfy. 

This calculation is simplified, if we note that the first of (142) 
is equivalent to 


Bettn taint 


=(0; a nee) (r ae tng) — ( sg tare) (r re tee, 


On replacing the expressions in parentheses by their values from 
(144), we obtain 
07a Aas Me du du (1 Oké 
< an & = mr 
SaaaR tS 1ea0p | 0a ae Ou i 
ar oa (z Oké, er 1] 
aa 08 Ov mats 
CCU, Ont a2) (5 Oké 1 oké, ig ; ng 
+S a Meee clan Ed a 
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This relation may be replaced by two equations because the trans- 
lations §, &, 7, 7, are not completely determined. In fact, they 
are subject only to the conditions 


K= +77, B= 59%, G= 81: 


If we equate & and &, to zero successively, we obtain the following 
equations due to Darboux"’): 


a" Pl du ou ee 4 eit) 
aa 0B | da 0B \ du ee 
au Ov Ou OU\ | 1 elo , 412) dv Ov {22| 
| Be ey = Sere Sse 5 “ ig Shy SES Ee — 
| (= 08 © 08 a) On Ay ibe OAL ys 
(145) 
071 2 dv Ov (oes ete 
da 0B da OB Au Poi 
bu Ov , du dv\ (1 Glogk , f12|\__ Ou Ow fit, 
| ie ee Bu oul ae p12 {= 


where the symbols te | are formed with respect to the linear element 
of S, w and « being parametric. 

Since the coefficients in (145) involve only #, F, G and their 
derivatives, each pair of solutions enables us to transform the linear 
element, so that it becomes the linear element of a surface referred 
to its asymptotic lines; that is, the complete solution of (145) gives 
not only the asymptotic lines on S but each family of curves which 
correspond to the asymptotic lines on a surface applicable to S. 
Bianchi calls these curves the virtual asymptotic lines on 8. 

From the results of [§ 77] it follows that when a system of 
virtual asymptotic lines are known on S, the function D' of the 
the asymptotic lines, can be found by a quadrature. Hence we have: 

The deformation of « surface and the determination of its virtual 
asymptotic lines are equivalent problems. 

144. Deformations of paraboloids and central quadrics 
of revolution. We apply the results of the preceding section to 
the case when S is a quadric referred to its generators. If e@ and By 


41) Lecons, vol. 3, p. 290. 


(146) 


(149) 
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are the parameters of a family of virtual asymptotic lines on S, in 
consequence of (10), (11) and (42), equations (145) become, since 
p= 1G" 

O° a da da 8 0°8 0B ap a 


2 peice LARPS pee : * 
00008) dao O8o 0a Oe Oe 9 0 ey OBo da O8o OB 


logs Di = 0. 


It is readily found that the first integral of these equations is 


Owner Oe Oss ey: 1 saz) 


ey ay da) 080 0fo  oDb 


In accordance with these equations we introduce a function », thus 


ge Dep p08 BORA Cony 
he day i Bo’ 0By ‘ Bog 


Differentiating these equations with respect to 8) and @ respectively, 
and substituting in the first of (146), we get in consequence of (147) 
Piha O04 OS 8T 1 (O78 i. sewhoe Mote 


BF 98 oh Oe aD Te aa® | 


Expressing the consistency of these equations and the second of 
(146), we obtain 


(150) (ease Naty, a l WE fey lyiien 
Boe Da 0By | dat\oDs) se lanl 


For the paraboloid ex?—fy?+2z = 0, we have 


irc Bie phy Pith 


Ve’ VR™ 


From these expressions we find 


Cee 8 


Bee pes olf + B+ e(@—8)*+ 1]. 


Also 
4 4 1 
dD ow Spee o = Sree 
L aern, oe 
i 1 : : 
—=-~==[f(«e+ £)?+ e(«e—8)?+ 1]. 
Dic walt ) | ( ) 


2) Servant, Bull. Soc. Math. France, vol. 29 (1901), p. 232. 


jas Joye ee Da 


0. 


360 X. Surfaces applicable to a quadric 


2 2 
Hence a3 ae and a 
and equation (150) is reducible to the equation of surfaces of 
constant curvature [$$ 118, 119]. For each solution of (150) the 
above equations for the determination of @ and # as functions of 
a and &) are completely integrable. Hence: 
The determination of surfaces applicable to a paraboloid and 
to a sphere, real or imaginary, are equivalent problems. 
We remark that when the paraboloid is a surface of revolution 


Fara, are equal to the same constant 
oDo 


( equation (150) can be integrated directly. 
In like manner for the central quadric 
e+ fy—ge — 
we have 
ei igad tae es ee 2 " lL, (i= ee 
Vie weds uit ow VPs SAW aie 0 online e 
op eA el ee eae 
efg(e + By 
Donte ee eee 
(a -+ 8) V efg Ho V efg(a+ 8H 
1 ‘iid 2 | 2) ; 2 
Dye -aV erg HO RSet eae al 
When g = —e, the coefficients of e® and e~° in (150) are equal 


to the same constant and we haye: 

The determination of surfaces applicable to a central quadric 
of revolution and to the sphere, real or imaginary, are equivalent 
problems. 

145. Surfaces conjugate in deformation. Following 
Bianchi'™*), we say that two non-developable surfaces, S and S, are 
conjugate im deformation, when the asymptotic lines correspond 
on S and S and to every system of virtual asymptotic lmes on S 
correspond a system of virtual asymptotic lines on S, and vice-verga. 
In order that the latter condition be satisfied, the coefficients of 
the equations (145) must be equal to the corresponding coefficients 
on the similar equations for 8. These conditions may be written 


43) Lezioni, vol. 3, p. 201. 
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aloga Teel Co anete eee 
(151) Ou = es 124 a etale | Lif? 
Ogee ee (12). (1842. faa) (29h 
ee = 2th tit = 13) 120° 
“es DENG) foo 22 
(152) Re TN be tap 1 


where the symbols is are formed with respect to the linear 
element of S, and 


(153) A=, 
From [§ 85] we have that the equation of the geodesic lines 
on S is 
— (2) (aN, (22) _9ft2\) (ae 
|e L1f \du 7“ WON el TG aie 


is fet fiml\ do fii) 
1219 i ite t+ yep=e 


(154) 


Hence from (151) and (152) it follows that the geodesics on S 
and S correspond. 

Suppose, conversely, that the geodesics on two surfaces S 
and S correspond and also the asymptotic lines. Then from (154) 
we have (152) and 


aoe ha (22 (fs (12) Fit (fil Le AR eel 
(155) {3 euety ell re lida bf ayer = 114 219 
and also 
: ja die D Doe ey D" Di 
(156) Eg: H’ a =} De H == jie 


where 2 has the value (153). The Codazzi equations for S are [§ 64] 


iL | Ea a a 2 a 8 le 8 ee 
av ea, < (F) Py) ed, BO) Hi 13 | If . 
OM el? Va 22D es 12) Ds eft) De 
— ar} i tee SMMC E RWS 
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and similar equations for S. Substituting in the latter from (156), 
we find 


Blog’ f4d| ‘fii bloga eae 
Hath tc dak dy fer \abek? av | 2) é 


on condition that S' is not developable. HEquations (151) are satis- 
fied and we have the theorem of Servant’) and Bianchi™’): 

A necessary and sufficient condition that two non-developable 
surfaces be conjugate in deformation is. that the geodesic lines and 
the asymptotic lines respectively correspond on the surfaces. 

When two surfaces S and S are conjugate in deformation, 
each set of solutions of equations (145) leads to a pair of surfaces 
S’ and S’, applicable to S and 8 respectively, upon which the 
asymptotic lines correspond, and since conditions (151) and (152) 
hold for these surfaces, they too are conjugate in deformation. 
Hence: 

If two surfaces are conjugate in deformation, each set of solutions 
of the corresponding equations (145) determine two other surfaces 
conjugate in deformation and applicable to the respective given surfaces. 

Dini'**) solved the problem of finding pairs of surfaces upon 
which the geodesics correspond. We reproduce his results. 

We assume that the surfaces are referred to their common 
orthogonal system. Then equations (155) can be integrated, thus 

BE He G Gti 


(ies G2 Vv?’ 30 = Fe UU? 
e 4 


where U and V are arbitrary functions of w and v respectively. 
From these we have 
(157) ee goes 

1 bh (5 Bale 


By the substitution of the above values of /’ and @ in (152), we get 


an Sih aes 38 
le Pies ON ees yal i ive I a PN yt Y 
ph Bs es Ce 


41) Comptes Rendus, vol. 136 (1903), p. 1239. 
ae) Wo RCee Dae DOG: 
6) Annali, ser. 3, vol. 8 (1869), p. 269. 
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Neglecting the case where U = V = const., that is when S and S 
are homothetic, we have on integration 


E=U?(U—V), G@=V¥*(U—Y) 


where U,; and V; are arbitrary functions of « and v respectively. 
If we choose the parameters so that 


U=ut+h, V=v-+h, 
where / is a constant, we find that the two linear elements are 


ds* = (u—v) (Uj du? + V3 dv’), 
d se iy! 1 ( Uy du® | Va dv? 
f (; a h u+ h u ae h | in a Fe 


both of the Liouville form [cf. § 93]. Since & is arbitrary, there 
are co! surfaces S corresponding to S with geodesics in corre- 
spondence. 

We inquire under what condition two such surfaces are con- 
jugate in deformation’*’). We exclude the case where either U 
or V is constant, that is when S is applicable to a surface of 
revolution (cf. X, Ex. 6). Substituting the values from (158) in 
(151), we find 


(158) 


cS 


eee Ce Ne 
k* a 


where a is a constant. From [§ 64, (12)] we have 


- Soe nal BEEN | wae 
ee re & | VE Ou ' av \V@ ov ’ 


. 


and similarly for k°. Calculating the expressions for / and k, and 
substituting in the above equation, the resulting equation is reducible 
to, on dropping the subscripts of U; and Vj, 


1 Lalla 1 yap 
as CM ENS! Uu—v 2(u+h)? UV? 


ied. | if (- 1 |= 1 Laat. 
| vth a} V?\V u—y», 2(v-+h)? V? ; 
47) Cf, Servant, 1. c.; also Bianchi, Rend. dei Lincei, ser. 5, vol. 11 (1902), 
p. 265. 


(159) 
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Differentiating with respect to wu and v, we find ultimately that U 
and V must be such that 


{( : “| vg = wwe + BU 7, 


uth a}! U? 
be : Lh ahi | 
bee ea a v2 re (au | 28v+y), 


where a, 6 and y are constants which are arbitrary, since these 
expressions satisfy (159). 
When e« + 0 in (160), the functions U? and V? are of the form 


w Au 
 etauha— bu hac 
rin —Av 

~ otavta—dbvta—o’ 


We 


(161) 


72 


where A, ) and are constants different from zero, and the linear 
element of S' is 


udu 


| ds* = A(u—v) es me a)(u-+a—b)(uta—o 


(162) 


Bu vdv* 
w@tawta—b)vwta I 


~ 


When the expressions (161) are substituted in (160), we find that 
h=a. If we put 

1 1 : 
aie ah ileal oa 


(163) Uy + x = 
a 


the linear element of 8 is reducible to 


(164) da? = 2% wy) Uy dy 
be ( ae vt 1 Lh i 1 
fy ere 5} len - 
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Comparing (162) and (164) with [§ 96, (14)] and taking 4 = — 3 f 


we note that S and § are applicable to the quadrics Q and Q whose 
respective equations are 


ean aE 

a a—bv Wee 

(165) fa ; : 
—s | 1G. ® Co ae Eve 
Pala pay a C= a” 


From these equations it follows that when Q is an ellipsoid, Q is 
an hyperboloid of two sheets, and vice-versa; when Q is a hyper- 


boloid of one sheet, so also is Q. Moreover, if Q is a surface of 
revolution (b = c), so also is Q. 
We remark that Q and Q are transformable into one another 


by the projectivity 


ETS ee Wee apo | Ac ee gee | 
a 


Ga veo Os 


2 
(4 
. 


ou 


If in (161) we take « = 0, and proceed as in the general case, 
we obtain (162) with «© =O and in place of (164) we have 


toy) 


Aa y uy duy vy dv; 


OM aie tert a phy tuceg wae 
Hence, as follows from [$ 97, (27)], the quadric Q isa paraboloid. 

If in (160) we take @ = 0, we note that U* is of the form 
Au/(u+a)(u-+a—b) that is Q is a paraboloid. Proceeding as 
above, we find that Q is a central quadric of revolution. These 
results show, as in § 144, that the deformations of paraboloids and 
central quadrics of revolution are equivalent problems. 

The foregoing results lead to the theorem of Servant: 

Aside from surfaces applicable to a surface of revolution, the 
only surfaces admitting surfaces conjugate im deformation are sur- 
Jaces applicable to a quadric, and any such surface has this property. 

146. Transformations H of surfaces applicable to a qua- 
dric. Let Q and Q be two quadrics conjugate in deformation. 
If a surface S applicable to Q is known, we have a set of virtual 


beecercerecrecean! 
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asymptotic lines on Q, that is a solution of equations (145), and 
consequently a deform S of Q is thereby determined intrinsically. 
Bianchi"’) calls the relation between S and 8 a transformation H. 

Suppose that S is a ruled deform of Q. Since the trans- 
formation H of S into S preserves geodesics and asymptotic lines 
it follows that S also is ruled. Hence: 

The transformation H changes every ruled deform of Q into 
a ruled deform of Q. 

Since asymptotic lines correspond on S and S, to each con- 
jugate system on S corresponds a conjugate system on S; the same 
is true for Q and Q. Hence to the conjugate system on S permanent 
in its deformation from Q corresponds the permanent conjugate 
system on S. Therefore: 

The transformation H changes the permanent net on S into 
the permanent net on S. 

Let NV and N denote these permanent nets on S and S, and 
Ny and N, the nets on Q and Q to which they are applicable. 
Let No, denote an /; transform of No, and N, the corresponding 
F;, transform of N in accordance with the results of §§ 136, 141. 
Since Ny, admits the applicable net N,, the net No, on Q corre- 
sponding to No; admits an applicable net M, conjugate in deformation 
to N,. But No is obtained from No, by a projectivity, so that 
Nou is an Fy, transform of No, since any transformation F is trans- 
formed into a transformation /’ by a projectivity. Consequently ,. 
applicable to Nor, can be so placed in space that it is an F; trans- 
form of N. Hence: 

If N and N are nets in relation H, and N, is an F; trans- 
Jorm of N, there casts a net N, which is an Fx transform of N and 
an H transform of N,. 

Thus we have established the permutability of the trans- 
formations F; and H (cf. X, Ex. 12). 

147. Isothermal-conjugate nets on a quadric. From (12) 
it follows that the coordinates of a quadric Q referred to its asymp- 
totic lines satisfy the two equations 


070 06 076 0@ 
6 ae Eee 2 eee 252 te = 
(167) <3 =2- *loga Pir naib ¥ a log a-— 5, 


ae) Bertie vol. 3, p. 214. 
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where a® = Hyo. If we put 
(168) » i w+ 8, i= a4 — 8, 


the parametric lines on Q form an isothermal-conjugate system, 
and every system of this kind is obtained by replacing « and 
by arbitrary functions of @ and & respectively. 

In terms of w and v equations (167) are equivalent to 


076 0°74 0 00 a 00 
ao pees 
(169) Ou? Ov? A pes si av loga Ov’ 
0°90 6=—s«édloga 00 , dloga 36 
audv Ov Ou du av’ 


These equations are of the form (IV, 73). Hence every isothermal- 
conjugate net on a quadric is a net A with equal point invariants. 

When we apply to (169) the conditions (IV, 22) that (169) 
admit three independent solutions, we find that a? must satisfy 
the equation of Liouville 


Oo logg Blogg 
Ou ov 


i ff; 


where / is a constant. The general solution of this equation is 
known [§ 151]. When a solution is substituted in (169), the 
resulting equations are reducible to (167) by (168). Since equations 
(169) are the most general of the form (IV, 73) for which a = 3, 
we have: 

Every isothermal-conjugate net on a quadric is a net R with 
equal point invariants, and these are the only nets R with equal 
point umvariants. 

When a quadric is transformed into a sphere by a projective 
transformation, each net with equal point invariants of the quadric 
becomes an isothermal-orthogonal net on the sphere; this net is 
also isothermal-conjugate. Since an isothermal-conjugate system 
is transformed by a projectivity into an isothermal-conjugate system 
[$$ 82, 84], we have the converse theorem: 

Every net with equal point invariants on a quadric is isothermal- 
conjugate. 
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From the first theorem of § 60 and the preceding considerations 
we have the theorem: 

HKvery isothermal-conjugate system on a quadric has equal 
tangential invariants; and every net on a quadric with equal tangential 
invariants is isothermal-conjugate and has equal pomt mvarrants. 

In § 88 we saw that an isothermal net on a sphere admits «* 
transformations F into nets of the same kind on the sphere. Hence 
the same is true of nets with equal point invariants on any quadric, 
in view of the above remarks (cf. § 148). 

148. Transformations F and W of isothermal-conjugate 
nets on a central quadric. Let N be an isothermal-conjugate 
net on the central quadric @ (34). An F' transform J, also on Q 
is given by (47) and (48). From (II, 81) and (169) we have that 
N, is a K transform, that is N, has equal pot invariants and is 
isothermal-conjugate, if 


bGqnien ko g’ 
0 


(170) h= eWay eee 


where k is a constant. In consequence of (48) these equations 
are equivalent to 


(171) a(h—) —k Dexa! == 0, a?(h2@—2)—k > ex"? can) 


Differentiating these equations and making use of (59), we have 


Oh os a Mem a) 
LAP Yr eae as MG ee 
179) au a ou nae ama Ds 
7 
Ol dues k , Ox 0 
LHS a ne Dex an -|- (h l) >, 108 a. 


These equations and (59) form a completely integrable system. 
For each set of solutions of these equations the left-hand members 
of (171) are constants. Since all of the equations are homogeneous, 
there are ©” sets of solutions satisfying (171) for each value of k. 
Then the conditions (170) are satisfied and we have the theorem: 

An isothermal-conjugate net on a central quadric admits «* 
transformations K into isothermal-conjugate nets on the quadric'**). 


9) Of. Tzitzeica, Bull. Sciences Math., ser. 2, vol. 36 (1912), pp. 151—164. 
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From equations (169) and (31) we have the following expressions 
for the Christoffel symbols formed with respect to the linear 
element (26) of the net N: 


gible 20a oa te {12\ __ nee ie gon Oe 
(173) Lif = oul8y> lee. bee lif au 108 
‘| ful = toe r sl P21 tog 
2 an 2H” een our? Df apy eeligh 
The Codazzi equations for N can be written as the second set 
of (30); then we have by integration D = — D” = —a*‘/H, since 
a is determined by (169) only to within a constant faeter. Hence 
if o* = — K, we have 
(174) Gy oe SSS ars 


In consequence of (173) and (174) we show by methods similar 
to those used in § 135 that 


2 


- pr? 
(175) de (G2)=<, ao eG, de($2)=—<, 


¢ Ou OV 


where ct = — l/efg. 
Suppose now that we have two sets of solutions of (59) and 
(172), namely 2’, y’, 2’, Ii, 1; 2”, y”, 2”, he, le, satisfying the con- 


ditions lip: 

(176) On hi L)—k> exa! = Q, a® (h?— ey jae = 0, 
a (Ng— i era. == O; a? (ha— 1?) — keg? = 0, 

and also 

(177) a® (hy he— |, Ip) —k > ex'x" === @): 


By means of (173), (174), (175) and (176) we show as in § 138 
that the functions 


=2 dYexz', 6,=2 Dd exx" 
are solutions of the equation 


a loga 00 k 
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and the second of (169). Consequently (§ 49) 6, and 6, determine 
a W transform NV of N. Its coordinates Z, 7, Z are given by (88), 
which in turn are reducible to (91). 

From (176) and (177) we have 


: 

Si Ue De eae 
4 

ety [Dax (y"2Z — y AGN Wes — $3 (Inla—hoh) : 


In consequence of these identities we have that N lies on the 
given quadric (34). Hence the congruence of lines joining corre- 
sponding points on N and N degenerates into one set of generators 
of the quadric. 

From (34), (92), (88), (175) and >e#?— 1, we have 


1 ° Ox aa\* ~ 2 
ped eel ela (»5" 7 a=) = De(z—2)* = 


Ou 


Hence (cf.IV,75) N is a net with equal point invariants. 

As at the close of § 138, we remark that there are only two sets 
of solutions #”, y", 2”, he, Is; a", y'”, 2”, hg, Is each of which gives 
with xz’, y’, 2’, m, 4, a net N, say nets N, at N;. These nets are con- 
jugate to the congruence of the lines of intersection of the tangents 
planes to N and its # transform N, by means of 2’, y’, 2’, yu, i; 
and their points are the intersections of the lines of this congruence 
with the generators of the quadric. Accordingly we have the 
theorem: 

If N and MN, are two isothermal-conjugate nets on a central 
quadric in relation F, the points in which the quadric is met by 
the intersections of corresponding tangent planes of N and N, generate 
two isothermal-conjugate nets in relation F?°°), 


Exercises 


1. A necessary and sufficient condition that N whose coordinate 5 satisfy (33) 
lie on a ruled deform of @ is that a/b be a function of w+v or w—v. 

2. A necessary and sufficient condition that the nets permanent in deformation 
on every surface applicable to a surface S be isothermal-conjugate is that S be 
a quadric. Terracini, Annali, vol. 80 (1921), p. 145. 


0) Tzitzeica, Lc., has given a geometrical proof of this theorem. 
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3. When k’=k in § 139, the solutions of (106) and (110) are 


hs — ahit Bho, ls — al+ B ls, 
| ax'+ Ba", ap ze ay'+ By”, gts az'+ Bez". 


In this case the transforms N and Ny, coincide. 

4. Show that the transformations ), and B,, of a deform of a paraboloid are 
permutable. 

5. If NM; and N, are obtained from the permanent net of a deform of 
a paraboloid P by transformations 6, and B,, (k’+k), there can be found 
directly a net Nis applicable to a net on P, such that Ni; and M2, and No and My 
are in relations Bj. and Bj, respectively. Bianchi, Lezioni, vol. 3, chap. 4. 

6. The surfaces of revolution admitting a conjugate in deformation have 
the linear element 


Ley ees 
ee gee ee dr tr2de® 


where a, c and h/ are arbitrary constants. The linear element of the conjugate 
surface is 
h{i— ec? (ar? + 1)] e 
(ar? +1)° 
Bianchi, Rend. dei Lincei, ser. 5, vol. 11 (1902), p. 272. 
7. If two surfaces applicable to a surface of revolution are conjugate in 
deformation, so also are their complementary surfaces [§ 76]. Bianchi, l.c., p. 273. 
8. If two quadrics, @ and Q, correspond in a projectivity which transforms 
the quadrics confocal with Y into the quadrics confocal with Q, then Q and Q are 
conjugate in deformation. Bianchi, Lezioni, vol. 3, p. 208. 
9. If S and S are conjugate in deformation and S is deformed so that one 
of its asymptotic lines remains rigid, then S admits a deformation in which the 
corresponding asymptotic line is rigid. IBV oll, IG, VO eaUsy: 
10. If at points of two corresponding asymptotic lines on two surfaces 
conjugate in deformation tangents are drawn to the geodesics which are the 
deforms of generators of the applicable quadrics, Q@ and Q, the two ruled surfaces 
formed by these tangents are applicable to @ and Q, avd are conjugate in 
deformation. Bianchi, |. c., p. 215. 
11. When the first of equations (165) is written in the form (34) and the 
second @x?+ f72+ 9 72—1, the equations of the projectivity (166) are 


ig 
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and the point equation of a net on Q is 
Oe oO ieee 00 a) ake 00 
CUuOt-—— On row - On > 2 Oy" 


if the equation of the corresponding net on @ is the second of (83). 


B12 X. Surfaces applicable to a quadric 


12. If a permanent net on Q admits a transformation I by means of a set 
of functions x’, y’, 2’, h, l, the corresponding net on @ (cf. Hx. 11) admits 
a transformation #; determined by 
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he=ha—ow, l=le—a 


13. If Nis a By transform of a net NV applicable to Q@ by means of functions 
wy’, 2's a", y", 2"; Ii, i; he, lo, the functions analogous to those of Ex. 12 
determine a Bz transform of N applicable to Q, and this transform and N are in 
relation H. 

Bianchi, |. ¢., p. 231. 

14. Show by means of [§ 127] that the pencils of planes whose axes are polar 
with respect to a quadric meet the latter in an isothermal-conjugate net. 

Bianchi, l.c., p. 244. 

15. When a quadric @ is referred to an isothermal-conjugate net, so also 
is a quadric conjugate in deformation to @, and He= H,o*c, where c is 
a constant. 

16. In order that a net N on a quadric be permanent in more than one 
deformation of the quadric, it is necessary that N be isothermal-conjugate. 

Servant, Bull. Soc. de France, vol. 30 (1902), p. 21. 

17. If Ni and N, are isothermal-conjugate nets on a central quadric @ (34) 
obtained from an isothermal-conjugate net on @ by transformations A), and K,.- 
(k' + k) of § 148, there can be found directly a net Me on @, which is a A), trans- 
form of M, and a Kj, transform of Ny; it is determined by the functions 6// 
and 04 given by (78) and 
OO: 


kOy+ k'0, =k— 


4. 
A, ; 


A, 


+k 


18. Derive the equations of transformations A), of isothermal-conjugate nets 
on a paraboloid similar to those for a central quadric § 148. 

19. If a ruled surface S is subjected to an infinitesimal deformation which 
leaves the surface ruled and through each point of S and in the corresponding 
tangent plane a line is drawn perpendicular to the direction of the deformation, 
these lines form a JW congruence for’ which the other focal surface is ruled; 
this construction gives the most general W congruence with ruled focal surfaces 
and generators corresponding. Bianchi, Comptes Rendus, vol. 148 (1906), p. 635. 

20. If the focal surfaces, Si: and So, of a W congruence are ruled, and if 
the curved asymptotic lines of S. correspond to the generators of Si, then S; 
is a quadric. Segre, Atti di Torino, Dec. 28, 1913; 

Tortorici, Rend. di Napoli, vol. 28 (1922), Jan. 21. 
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Adjoint equation, 9, 22, 88, 93. 

Angle, of two lines 1; of two hyper- 
planes, 2; of two spheres, 234; of two 
surfaces in pentaspherical coordinates, 
282. 

Applicable nets, definition, 61; parallel to 
given pair, 62; transformations J of, 
61, 275, 290, 325, 334; and congruences 
of circles, 272; and cyclic systems, 274; 
which are O, 286; which are 2, O, 298. 
See Nets C and Nets permanent in 
deformation. 

Asymptotic lines, definition, 98; para- 
metric, 99, 123; in Lie line-sphere trans- 
formation, 252; determination of, 356. 

Axis curves, definition, 125; property of, 
126; form a net, 125, 153. 

Axis congruence, definition, 125. 

Beltrami, 272, 299, 310, 312, 314. 

Bianchi, 112, 138, 142, 143, 180, 209, 
PION 2125 214) 215; 216, 229, 230, 292, 
298, 301, 305, 308, 310, 312, 316, 317, 
320, 327, 344,345, 352, 356, 360, 362, 
363, 366, 371, 372. 

Bonnet, 295, 317. 

Calapso, 225, 230, 232, 286, 
320, 331. 

Calo, 318. 

Chieffi, 316. 

Christoffel transformations of isothermic 
surfaces, 229, 286; and transformations 
Dy, 229; nets determined by, 319; of 
special isothermic nets, 230, 291. 

Circles Af, definition, 202; normals to nets 
at points of, 204; of the first kind, 
206; of the second kind, 206, 229; 
form a congruence, 263. 


298, 319, 


Circle- planes of a transformation R, 
definition, 198; envelope of, 199, 213, 
285, 286; pass through a point, 200, 
230; coincident for two transformations, 
206, 211. 

Congruence, definition, 11; developables 
of, 11; focal points of, 11; focal sur- 
faces of, 11; conjugate to a net, 12, 
15, 34; direction equation of 13, 153; 
parallel, 15; middle surface, 16, 21, 32; 
harmonic to a net, 22, 24, 25, 29, 80, 
81, 153; harmonic to a point net, 28; 
conjugate, of a transformation J’, 34; 
harmonic, of a transformation F’, 40, 
153; conjugate to O nets, 167; normal 
to a net, 168. aT 

Congruences I and p, I, definition, 158; 
2,1, normal, 159,294; nets conjugate to, 
159, 168. 

Congruence A, definition, 203; cyclic, 
206; focal points of, 229. 

Congruence R, definition, 113; focal sur- 
faces, 115. 

Congruences of circles, definition, 241; 

characteristic property, 243; focal 

spheres of, 241; focal points of, 243; 

in cartesian coordinates, 243; trans- 

formations / of, 269, 270; parallel 
transformations of, 272; a cyclic system, 

272, 274, 278, 285; envelope of planes 

of, 258, 259, 269, 270, 271, 274. 

Congruence of rolling, 316; focal sur- 
faces of, 317; developables of, 317; 
with coincident developables, 317; 
parallel, 321; normal, 321; with constant 
focal segment, 321; pseudospherical, 
521. 
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Congruences of spheres, definition, 238; 
principal curves of, 238; focal circles 
of, 239, 241; chords of contact of, 239; 
derived, 240, 243; in cartesian co- 
ordinates, 243; null-spheres, 243, 284; 
with applicable central nets, 271; 
cutting a fixed sphere under constant 
angle, 283. 

Congruences F of spheres, definition, 246; 
parallel, 246; transformations fF’ of, 
246; direction-equation with equal in- 
variants, 255; representation in 5-space, 
285; permanent in deformation, 298, 
308, 310. 

Congruences of spheres 
harmonic, 255—259, 264, 265, 267, 
269—271; conjugate, 261—263, 270; 
orthogonal, 266, 267, 285. 

Conics, pencil of, 95. 

Coordinates, cartesian, 1; homogeneous 
point, 69; tangential, 97, 166, 286; 
of a sphere, 233; pentaspherical, see 
Pentaspherical. 

Cosserat, 206. 

Curve, definition, 2, 71; parametric, 2. 

Cyclic congruences, definition, 183; 
parallel, 191; characteristic property, 
280, 285; generation of, 289; multiply, 
185, 188, 191. 

Cyclic systems, definition, 183; circles 
pass through a point, 191; of a trans- 


formation , 197, 206, 285; generation 
of, 272—274, 285, 289; transformations | 


I’ of, 275, 277, 278, 290; representation 
in 5-space, 277—279; envelope of 
planes of, 199, 218, 285, 286. 

Cyclides, 283. 

Darboux, 6, 92, 147, 154, 208, 212, 213, 
239, 254, 274, 281, 282,283, 285, 288, 
2916295, 313, 3817, 358. 

Deform of a quadric, which meets the 
circle at infinity in 4 points, 291; of 
revolution, 293—296, 305, 360; tangent 
to the circle at infinity, 317; permanent 
nets on, 326—3829, 353; 


and circles, | 


R nets on, 
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327, 3828; transformations F% of, 
334—840, 346, 353, 354; transforma- 
tions B,. of, 340—352, 354—356; 
transformations H of, 366, 871, 372. 

Demoulin, 107, 108, 112, 113, 115, 119, 
124, 134, 150, 202, 204, 220, 225, 229, 
254, 284. 

Derivant net, definition, 25; of two trans- 
formations FP’, 54; of two transformations 
K, 61; of two transformations R, 265. 

Derived congruences, definition, 21; of 
a W congruence, 108; of spheres, 
240, 241. 

Derived net, definition, 25; Laplace trans- 
forms of a, 32, 33; parallel, 33, 53; 
transformations F of, 54, 66; of two 
transformations I, 54; reciprocally, 
116; which is O, 289. 

Developable surface, definition, 10; of a 
congruence, 11. 

Dini, 362. 

Direction-parameters, of a line, 1; of a 
congruence, 12, 14, 20, 30; of a cyclic 
congruence, 183, 281. 

Drach, 155. 

Envelope of rolling, definition, 305; lines 
of curvature, 320. 

Envelopes of spheres, with O nets corre- 
sponding, 174, 189, 229; conformal 
mapping of the two sheets, 206, 286: 


principal curves on, 238, 239, 243; 
congruence of chords of contact, 239, 


241, 242, 244, 245, 258, 259, 262, 285; 
with applicable central nets, 272, 274, 
298, 302, 807, 308, 310; cutting a fixed 
sphere under constant angle, 283; with’ 
spherical lines of curvature, 285. 

Equation, point, of a net, 3, 72; direction, 
of a congruence, 13, 153; tangential, 
of a net, 128, 153. 

Focal circles of a congruence of spheres, 
239, 241. 

Focal nets of a congruence, 11, 15; of 
parallel congruences, 21; radial trans- 
forms, 33; in relation Ff, 34, 
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Focal points, of first and second rank, 
11; coordinates of, 10, 14, 29; of a 
ray congruence, 124; of a congruence 
of circles, 245. 

Focal spheres of a congruence of circles, 
241; meeting orthogonally, 183. 

Focal surfaces of a congruence, 11, 15. 

Green, 124, 125, 126. 

Guichard, 5, 12, 26, 124, 156, 165, 200, 
255, 258, 262, 263, 266, 280, 285, 295, 
296, 331. 

Hammond, 77, 85, 87, 93, 94. 

Homogeneous point coordinates, 69; of 
a net in 2-space, 96; of a net in 
3-space, 101, 103; of an # net, 107. 

Hyperplane, definition 2; at infinity, 69. 

Hyperquadric, net on, 90, 254; trans- 
formations J of nets on, 90, 94. 

Hyperspheres, in transformations FR, 171, 
174, 189; focal, 183, 185. 

Invariants of an equation of Laplace, 
definition, 16; equal to zero, 73, 92; 
in a sequence of Laplace, 75, 92. 

Inversion, in transformations R, 175; of 
a sphere, 281; in pentaspherical coor- 
dinates, 281; of a cyclide, 283. 

Tsothermal-conjugate nets, definition, 104; 
preserved by projective transformation, 
104; R nets are, 107; on a quadric, 
112, 367, 872; and nets with equal point 
invariants, 125, 150; characteristic pro- 
perty, 126; on a deform of a quadric, 326. 

Isothermic O nets, definition, 206; special, 
Q12—214,291; are nets 2,231; in penta- 
spherical coordinates, 237; Lie trans- 
formation of, 284; nets with the same 
spherical representation as, 302—3804, 
318,319; sphericalrepresentation of, 319. 
See Transformations D,, and Christoffel 
transformations. _ 

Tsotropic, relation, 157; line, 289, 291,296; 
plane, 289, 296. 

Jonas, 42, 47, 110, 113, 119, 201. 

Kinematically conjugate directions, de- 
finition, 314; axes of rotation, 315; 


auto-conjugate, 315, 320; for con- 
gruences of rolling, 817, 321; para- 
metric, 320; orthogonal, 320. 

Koenigs, 58, 123. 

Laplace equations, 8, 12; invariants of, 
16; sequence of, 74; Moutard form, 237. 

Laplace transforms, definition, 17; in car- 
tesian coordinates, 17; of parallel nets, 
18; of a function, 19, 32; of a derived 
net, 32, 33; of a radial transform, 33; 
transformations F' of, 66, 94; in homo- 
geneous coordinates, 72; of a net R, 
108; in tangential coordinates, 129; 
which are Onets, 192, 193, 286. See Se- 
quences of Laplace and Levy sequences. 

Levy sequences, of the first order, 81, 
93; of higher order, 883—85, 93; per- 
iodic, 85, 86. 

Levy transforms, definition, 19; of parallel 
nets, 32; of radial transforms, 33; and 
transformations /, 66; in homogeneous 
coordinates, 81; in a hyperplane, 81. 

Lie, 249, 288, 284. 

Lie line-sphere transformation, equations 
of, 249, 283; linear complex of, 249, 284. 

Lie transformations of surfaces, definition, 
252; equations of, 283, 284; W con- 
gruence of, 253. 

Linear complex, definition, 248; null-plane 
of, 248, 251, 252; special, 248; lines 
conjugate with respect to, 250, 251, 
284; tangents to a curve lines of a, 284. 

Martin, 32. 


| Minimal surfaces, transformations Dm of, 


215, 217; Onet of, 229; focal sheets 
of a W congruence, 230; in relation R, 
296, 208; deformable transformations R 
of, 304, 305. 

Nets, definition, 3; characteristic property, 
4; tangent planes of, 4; point, 5, 28, 30; 
in 38-space, 6, 100—108, 105; parallel, 
7—12, 124; planar, 9, 96, 123; con- 
jugate to a congruence, 12, 14, 19, 
32, 159; harmonic to a congruence, 22, 
24, 27, 30, 34, 200; of translation, 32, 
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142; spherical representation of, 154, 
155. 

Nets R, definition, 107; equations, 107; 
Laplace transforms of, 108; on a quadric, 
112, 367; reciprocally derived, 118; 
transformations W of, 115—123, 125; 
transformations F of, 124, 125; and 
nets 2, 254; in line coordinates, 255; 
with tangents in one family meeting 
a fixed line, 284; on deforms of a qua- 
dric, 327, 328. 

Nets 2, definition, 218: equations of, 219, 
220; parallel, 221; transformations R 
of, 221—224; isothermic, 231; with 
isothermal spherical representation, 231 ; 
on surfaces of Guichard, 225, 232; and 
nets R, 254. 

Nets with equal point invariants, 16, 32, 
67, 68, 95, 106, 125; characteristic 
property, 124; associate, 59, 67; planar, 
123; and equal tangential invariants, 
150; which are O nets, 206; on a quadric, 
366—368. See Transformations KX. 

Nets with equal tangential invariants, 
definition, 128; which are permanent 
in deformation, 189; and equal point 
invariants, 150; characteristic proper- 
ty, 153; on a quadric, 366—368. See 
Transformations 2. 

Nets with same spherical representation 
as isothermic O nets, 302, 303; trans- 
formations R of, 303, 319, 320. 

Normal parameters of a net, 5. 

Osculating planes of a net, 11; conjugate 
to a congruence, 23; and Laplace trans- 


66; minimal, 32, 66; in relation O, 68, 
146, 154; in homogeneous coordinates, 
72; periodic, 76, 94; in tangential co- | 
ordinates, 127, 128; of plane curves, 
152. See Applicable nets, Derivant | 
nets, Derived nets, Isothermal-conjugate 
nets. 

Nets corresponding with orthogonality of 
linear elements, 63, 146; parallel, 64; | 
transformations F’ of, 64—66. 

Nets C, definition, 200; harmonic to a 
normal congruence, 200; on the enye- 
lope of planes of a cyclic system, 200; 
congruences harmonic to, 287, 288. 
See Applicable nets. 

Nets G, definition, 192; parallel, 192; 
Laplace transforms of, 192, 286; radial 
transforms of, 193; transformations F 
of, 193. 

Nets O, definition, 156, 194; conjugate 
to congruences J, 2,I and 3,1, 160; 
determination of, 165—167; parallel, | 
167; on a hypersphere, 167 ; congruences 
conjugate to, 168; transformations #’ 
of, 168—175, 185—188; radial trans- | 
formations of, 175; inversion of, 
175; transformations R of, 174—182, 
195—197; on a hypercone, 191, 283: 
with isothermal spherical represen- 
tation, 215—218, 229; in pentaspherical 
coordinates, 237, 279; in 5-space and | 
cyclic systems, 277; generated by a rol- 
ling surface, 289, 291, 294; derived, 289. 
See Isothermic O nets. 

Nets 2, O, definition, 156; as central 


nets of transformations R, 171, 189; 
special, 188, 228; transformations F of, 
189—191; on quadrics of revolution, 


forms of a derived net, 32; in homo- 
geneous coordinates, 71; and nets Go, 
286. 


Orthogonal determinant, definition, 163; 
in 5-space, 165, 279; in 3-space, 194. 

Parallel, lines, 1; hyperplanes, 2; nets, 
7—12, 32; congruences, 15, 28. 

Pentaspherical coordinates, of a point, 
235; fundamental spheres, 235, 281; 
equation of a sphere in, 236, 281; 


247; associated with cyclic systems, 279; 
applicable, 298. 
Nets p, O, definition, 156; conjugate to 
congruences, p, I, 160; parallel, 191. 
Nets permanent in deformation, definition, 
139; fundamental coefficients, 189—140; 
transformations $2 of, 141—146; special, 
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special, 237; of an O net, 237, 279; 
of an isothermic net, 237; of a point 
of the plane at infinity, 281; angle 
between displacements in, 282; equation 
of a surface in, 283; transformations R 
in, 283. 

Perpendicular, lines, 1; hyperplanes, 2. 

Plane, in cartesian coordinates, 2; tan- 
gent, of a surface, 3; tangent, of a net, 
4; in homogeneous coordinates, 71. 

Pliicker line coordinates, 247. 

Point equation of a net, in cartesian 
coordinates, 3; in homogeneous co- 
ordinates, 72. 

Point nets, definition, 5; congruences 
harmonic to, 28, 29; harmonic to a con- 
gruence, 30. 

Polar transformation, 100, 125, 153. 

Poles of a circle, definition, 266; points 
on an envelope of spheres, 266, 274; 
of a cyclic system, 285, 286. 

Principal curves on an envelope of spheres, 
238, 239, 243; form a net, 245. 

Problem of order n— 2, 165. 

Projective transformations, of space, 70; 
of nets in relations F, 98; of nets in 
2-space, 97; of asymptotic lines, 100; 
of nets in 3-space, 103, 128; of iso- 
thermal-conjugate nets, 104. 

Quadrics, isothermal-conjugate nets on, 
112, 366—370, 372; nets R on, 112, 
367; osculating, 124; of revolution, 247, 
293--296, 305, 337, 360; deformation 
of, 291, 298, 305, 326, 360; rolling, 
291—296, 317; tangent to the circle 
at infinity, 317; transformations F’ of, 
322, 329—334, 352, 353, 368; perma- 
nent nets on, 323—326, 329—334, 353, 
370, 372; referred to generators, 
323—325; conjugate in deformation, 
365, 871; nets with equal point in- 


variants on, 367, 368; nets with equal | 


tangential invariants on, 367, 368; 
transformations W of, 368—370, 372. 
Quatern of transformations F’, definition, 48. 
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Radial transformations, definition, 31; 
harmonic congruences of, 31; of Laplace 
transforms, 33; of Levy transforms, 33; 
and transformations I”, 40—42, 67, 
153; of every net on a surface, 124; 
of nets O, 175; of nets Go, 193. 

Ray congruence, definition, 105; focal 
points, 124. 

Ray curves, definition, 105; property of, 
124. 

Relation, F, 34; K, 58; O, 68, 
R, 174; isotropic, 157. 

Ribaucour, 16, 89, 174, 239, 245, 285, 
286, 312, 323. 

Rolling surfaces, definition, 288; plane of 
contact, 288; and cyclic systems, 289; 
on a quadric; 291—296, 3175) on a 
surface of revolution, 2983—298, 321, 
kinematically conjugate directions on, 
314-5320; ruled, 314, 315% axes of 
rotation, 315; on a sphere, 317; spheres 
associated with, 318. 

Ruled surfaces, referred to asymptotic 
lines, 123; osculating quadrics of, 124; 
rolling, 314; applicable to a non-ruled 
surface, 314, 316; applicable, 320; 
infinitesimal deformation of, 372; W con- 
gruences whose focal surfaces are, 372. 

Segre, 372. 

Sequences of Laplace, definition, 74; 
equations of, 75, 76, 92; imvariants of, 
75, 76, 92; periodic, 76—80, 93, 94; 
derived nets of, 83—85, 93;  trans- 
formations F' of, 94. 

Servant, 325, 359, 362, 363, 365, 372. 

Spheres, coordinates of, 233; point-, 234; 
null-, 234, 289, 294; power with respect 
to, 234; equations in pentapherical 
coordinates, 236; inversion of, 281; 
rolling, 317. See Congruences of spheres. 

Stetson, 286. 

Surface, definition, 2; tangent planes, 3; 
determination of nets on, 5—7; #, 111; 
of Voss, 148; determination of asymp- 
totic lines on, 856—858; element, 252. 


146; 
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Surfaces applicable to 
Deforms of a quadric. 

Surfaces applicable to a surface of revolu- 
tion, 298—298, 321; compleinentary, 
292, 294—296, 321; conjugate in 
deformation, 371. 

Surfaces conjugate in deformation, defini- 
tion, 860; characteristic property, 362; 
determination of, 362—865, 371; qua- 
drics, 865, 372. 

Surfaces of constant mean 
transformations R of, 229, 295, 310; 
special isothermic nets on, 230; 
generation of, 294, 317; kinematically 
conjugate lines on, 320. 

Surfaces of constant total curvature, 
equations of, 232; transformations £ of, 
232, 295, 339; cyclic systems associated 
with, 286; determination of 360. 

Surfaces of Guichard, definition, 225, 232; 


a quadric, see 


associated surfaces, 225, 228, 232; are 


surfaces 2, 225, 232; transformations 
R of, 227, 231, 232, 286; isothermic 
surfaces associated with, 286, 

Surface of rolling, definition, 301; one 
sheet of envelope of congruence f a, 
302; equations of, 313; lines of curvature 
on, 320. 

Tangential coordinates, of a _ surface, 
definition, 98; referred to asymptotic 
lines, 100; of a net, 127; Laplace 
transforms in, 129; transformations 2” 
in, 129—134, 153; of a net O, 166; 
transformations R in, 178—182. 

Terracini, 370. 

Theorem of permutability, of transforma- 
tions #, 45—51, 90, 182; for parallel 
nets, 50, 67; extended, 55—57, 68, 
224, 230; of W congruences, 124, 138, 
143. For references to the theorem 
of permutability of any type of trans- 
formation see this transformation. 

Tortorici, 372. 

Transformations By of surfaces applicable 
to a quadric, 340—346, 354—856; 


curvature, | 
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permutability with transformations J’, 
346, 371; theorem of permutability of, 
352, 371. 

Transformations Dm, 208, 209, 231; 
theorem of permutability of, 209—211, 
215, 230; of special isothermic surfaces, 
212—214, 230, 291; of minimal surfaces, 
215, 304; isothermic nets determined 
by, 230; parallel nets of, 230; charac- 
teristic property, 285; induced, 286, 
319; generation of, 291; and surfaces 
of rolling, 301, 302; deformable, 304. 

Transformations Hn, 215—217, 231; 
theorem of permutability of, 218, 280; 
characteristic property, 230; deformable, 
305; and envelopes of rolling, 305. 

Transformations 2’, equations in cartesian 
coordinates, 34—37; conjugate con- 
eruence of, 34, 42, 89; inverse of, 37; 
parallel, 88, 50, 67; harmonic con- 
eruence of, 40, 182; and radial trans- 
formations, 40—42, 67, 153; triads of, 
44, 90; theorem of permutability of, 
45—51, 55—57, 67, 90, 1382; of derived 
nets, 54, 66; of applicable nets, 61—63; 
of nets in relation O, 64, 146, 154; of 
Laplace transforms, 66, 94; of Levy 
transforms, 66; in homogeneous coor- | 
dinates, 87—91; of nets on a hyper- 
quadric, 90, 94; projective transforma- 
tions of, 93; of periodic Laplace 
sequences, 94; of nets R, 124, 125; in 
tangential coordinates, 129—134, 153; 
and polar transformations, 153; of nets 
O, 168—175, 185—188; of nets 2, O, 
189—191; of nets G, 198; of nets on 
a sphere, 197, 217; of congruences R 
of spheres, 246; of congruences of 
circles, 269—271; of cyclic systems, 
274—278, 290; of deformable trans- 
formations A, 306; of nets on a quadric, 
322, 323; of isothermal-conjugate nets 
on a quadric, 368, 372. References to 
particular types of transformations / 
are given under these transformations. 
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Transformations Fx, of nets on a quadric, 
329—334, 353; of surfaces applicable 
to a quadric, 334—339, 354; theorem 
of permutability of, 323, 339, 340. 

Transformations H of surfaces applicable 
to a quadric, definition 366; of ruled 
deforms, 366; permutability with trans- 
formations Fy, 366, 372; permutability 
with transformations By, 372. 

Transformation, 9,, definition, 113; of 
surfaces of constant curvature, 124; 
of isothermal systems on a sphere, 124. 

Transformations K, definition, 58; in car- 
tesian coordinates, 57—59, 67; theorem 
of permutability of, 60, 61, 67, 68, 154, 
372; of associate surfaces, 68, 124; of 
Levy transforms, 68; in homogeneous 
coordinates, 94, 95; characteristic pro- 
perty, 95; of nets with equal point and 
equal tangential invariants, 150—152; 
polar transformations of, 153; with 
normal conjugate congruences, 206,221; 
of nets on a quadric, 868—370, 372. 
See Transformations Dm. 

Transformations R, in cartesian coordi- 
nates, 173—177, 195; central nets, 174, 
189, 196, 228; of parallel nets O, 174, 
196, 228; inverse of, 178; in tangential 
coordinates, 178, 181; theorem of per- 
mutability of, 180—182, 202—206; of 
Laplace transforms of a net G, 193; 
spherical representation of, 197; cyclic 
systems of, 197, 206, 285; circle-planes 
of, see Circle-planes; circles K of, see 
Circles K; congruences K of, see Con- 
gruences K; conformal, 206; of iso- 
thermic Onets, see Transformations D» ; 
of minimal surfaces, 215, 296, 304, 305; 
of nets 2, 221—224; of surfaces of 
Giuchard, 227, 231, 232, 286; with con- 
formal spherical representation, 215, 
230, 306; of surfaces of constant mean 
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curvature, 229, 295, 310; of surfaces 
of constant total curvature, 232, 295, 
339; in pentaspherical coordinates, 283; 
deformable of the first type, 296, 308, 
310; deformable of the second type, 
298—806; with applicable central nets, 
297, 302; ofnets with the same spherical 
representation as isothermic O nets, 303, 
319; and surfaces of rolling, 302, 318; 
and envelopes of rolling, 305; trans- 
formations # of, 306. 

Transformations W, of nets R, 115—123, 
125; of isothermal-conjugate nets on 
a quadric, 370; of ruled surfaces, 372. 
See Transformations By. 

Transformations 2, in tangential co- 
ordinates 134—136; theorem of permu- 
tability of, 187, 138, 153, 154; of nets 
permanent in deformation, 141—146; 
in point coordinates 146—149; ofa focal 
surface of a W congruence, 149, 150; of 
nets with equal point and equal tan- 
gential invariants, 150—152; polar 
transformation of, 153. 

MaziizZeica, 33, (4%, 93, 95, 100s LiGe 124" 
327, 368, 370. 

Umbilical points of a quadric, 291. 

Virtual asymptotic lines, definition, 316; 
determination of, 358. 

W congruences, definition, 106; of tan- 
gents to a net R, 107, 113; derived, 
108; and reciprocally derived nets, 116; 
quatern of, 124, 188, 143; with focal 
surfaces of equal curvature, 138, 142, 
143; transformations 2 and K of, 150; 
with minimal focal surfaces, 230; whose 
lines belong to a linear complex, 252, 
253; in Lie transformations of surfaces, 
252, 253; representation in 5-space, 254; 
in Plicker line-coordinates, 254; normal, 
292, 293; with ruled focal surfaces, 572. 

Wilczynski, 105, 123, 125, 126. 


Erratum 


§ 59. Change “focal nets” to “focal surfaces”. 


ie 


—? ‘ 

re 

9 la 
+ 

5 5 
ined" 


, 


517.7 E3b 


VOCE OM 


00692518/b 


ie i af 
, 
~~ yy @ 


Ssbeapshpuerecsrperees! 


racereregs peabsegeet sipeptesseat 


Baits 


